
th





O(Δx2 + Δt2−α) 0 < α < 1





















t = 2 [s]
α 0.999 0.8 (τ = 1)

|u(x, t) − u10,10(x, t)|

‖En,m‖∞
‖En,m‖∞ m = n



σi

α = 1/2

V
1/2
2,0.125 Δx = 0.125

α
V α
2,0.125 Δx = 0.125

V
1/2
2,0.0625 Δx = Δt = 0.0625

V
1/2
1,0.0625

V
1/2
2,0.0625 Δx = Δt = 0.0625



α 1
2

3
4

p t
Δx = 0.002

α 1
2

3
4

q x
Δt = 0.001

α = 0.9

p t Δx = 0.002

α = 0.9

p x Δt = 0.001

L∞
α = 0.5

L∞
α = 0.5

‖ n,m‖∞ n m

‖E‖

‖E‖

m
p

m

p



p

α = 1/4, 1/2, 2/3
V α
2

α
p q

Δt Δx
V α
1 V α

2

p q Δt
Δx

V
1
2
3,Δt

p q

Δt = (Δx)
2
3 Δx

α

q p Δx Δt = (Δx)2

q p
Δx Δt = (Δx)2

V α
2

α
p q

τ h

V
1/2
3

p τ = (h)2/3 h

V
1/2
3

p τ = (h)2/3 h



dny/dxn

dny/dxn n = 1/2 n

1/2



0/0 ∞/∞

n
dneax

dxn = aneax

n!
(Γ (.))

Γ (z) =

∫ ∞

0
tz−1e−t t

Re(z) > 0

B (a, b)

B (a, b) =

∫ 1

0
xa−1 (1− x)b−1 x, Re(a) > 0, Re(b) > 0.



xm dnxm

dxn = m (m− 1) .... (m− n+ 1)xm−n

α β

dαxβ

dxα
=

Γ (β + 1)

Γ (β − α+ 1)
xβ−α

f (x)

f (x) =
1

2π

∫ +∞

−∞
f (z) z

∫ +∞

−∞
t (x− z) t

dnf (x)

dxn
=

1

2π

∫ +∞

−∞
f (z) z

∫ +∞

−∞
tn

(
tx− tz +

nπ

2

)
t

n n



x−a a > 0∫∞
0 ua−1e−xu u u = t

x
du = 1

xdx
∫∞
0 ua−1e−xu u = x−a

∫∞
0 ta−1e−t t = x−aΓ (a)

x−a =
1

Γ (a)

∫ ∞

0
ua−1e−xu u.

x−a

dα (x−a)

dxα
=

(−1)α Γ (a+ α)

Γ (a)
x−α−a



{
1, x, x2, ......, xn−1

}
dny(x)
dxn = 0 y (x) dny(x)

dxn = f (x)
d ≤ x ≤ e f (x)

y(k) (a) = 0 0 ≤ k ≤ n − 1
a ∈ (d, e)

y (x) =
1

(n− 1)!

∫ x

a
(x− t)n−1 f (t) t

n α

y = aJx
αf (x) =

1

Γ (α)

∫ x

a
(x− t)α−1 f (t) t

α ≥ 0 aJ
α
x x

a x

n (n − α) α
n α

aD
α
xf (x) =

dn

dxn
aJ

(n−α)
x f (x)

a = 0
a = −∞

Dnf (z) =
n!

2πi

∫
γ

f (t)

(t− z)n+1 t

Dn n γ f (z)

(t− x)α−1



α

Eα(z) =
∞∑
k=0

zk

Γ(αk + 1)
, z ∈ C, Re(α) > 0

α β

Eα,β(z) =
∞∑
k=0

zk

Γ(αk + β)
, α > 0, β > 0.



Lp

Lip (k)

aD
α
xy = ϕ (x, y)

α > 0 ϕ (x, y) y (x) aD
α
xy





f
[a, b] [a, b]

[a, b] [a, b]

f [a, b] f [a, b]

f : [a, b] → R

F : [a, b] → R

F (x) =

x∫
a

f(t)dt.

F

F ′ =
dF

dt
= f.



D
f Df(x) = f ′(x) Ja

f(x)
[a, b]

Jaf(x) =

x∫
a

f(t)dt, x ∈ [a, b]

Dnf(x) =
d

dt
...
d

dt

df

dt
= D1Dn−1f(x),

Jn
a f(x) =

x∫
a

...

x∫
a

x∫
a

f(t)dt = J1
aJ

n−1
a f(x).

f [a, b]. a ≤ x ≤ b
n ∈ N

Jn
a f(x) =

1

(n− 1)!

x∫
a

(x− t)n−1f(t)dt

m, n ∈ N m > n f
nth [a, b].

Dnf = DmJn−n
a f.

Lp Ω = [a, b] −∞ ≤ a < b ≤ ∞ Lp

f(x) : Ω → R
∫ b
a |f(t)|p dt <∞ (1 ≤ p <∞)

L∞ Ω = [a, b] −∞ ≤ a < b ≤ ∞ L∞
f(x) : Ω → R ∃c ∈ R :

μ({|f | > c}) = 0 μ

Lp

‖f‖p =
⎛⎝ b∫

a

|f(t)|p dt
⎞⎠1/p

,

p = ∞

‖f‖∞ = ess |f(t)|



ess

Cm f : [a, b] → R m ∈ N0 = {0, 1, 2, ...} Cm

f mth f ∈ C0

f ∈ L1[a, b] Jaf
[a, b] DJaf = f [a, b]

f(x)
Ω ε > 0 δ > 0

[ak, bk] ⊂ Ω k = 1, 2, ..., n
∑n

k=1(bk − ak) < δ∑n
k=1 |f(bk)− f(ak)| < ε A(Ω)

An Ω = [a, b].
A(Ω)

f(x) ∈ A(Ω) ⇔ f(x) = c+

x∫
a

ψ(t)dt, ψ(t) ∈ L1(Ω)

f ψ(t) = f ′(t) c = f(a)

n ∈ N = {0, 1, 2, ...} An(Ω)
(n − 1)st f
g ∈ L1(Ω)

f (n−1)(x) = f (n−1)(a) +

x∫
a

g(t)dt.

An(Ω) f(x)

f(x) =
1

(n− 1)!

x∫
a

(x− t)n−1ψ(t)dt+

n−1∑
k=0

ck(x− a)k

ψ(t) ∈ L1(Ω) ck k = 0, 1, ..., n − 1

ψ(t) = f (n)(t) ck = f (k)(a)
k!

n ∈ R+ Jn
a

L1[a, b]



Jn
a f(x) =

1

Γ(n)

x∫
a

(x− t)n−1f(t)dt, x ∈ [a, b].

Jn
a n

Γ(n) =
(n− 1)!

n→0
Jn
a f(x) = f(x) J0

a := I I

α, β ∈ [0,∞) f ∈ L1[a, b]

Jα
a J

β
a f = Jα+β

a f

[a, b] f ∈ C[a, b] α+ β ≥ 1
[a, b]

Jα
a J

β
a f = Jβ

a J
a
af

Γ

m > n f ∈ Cn[a, b]
Dnf = DmJm−n

a f

n

Dnf a Dn
af

α ∈ R+ m ∈ N m > α

Dα
a = DmJm−α

a

m, n ∈ N a

m
m > α m
α



α ∈ R+ m = �α�
α R

aD
α
t f

R
aD

α
xf(x) = DmJm−α

a f(x) =
Dm

Γ(m− α)

x∫
a

(x− t)m−α−1f(t)dt.

n = 0 R
aD

0
t := I

f ∈ A1([a, b]) 0 < α < 1 R
aD

α
xf(x)

[a, b] R
aD

α
xf ∈ Lp([a, b]) 1 ≤ p < 1/α

R
aD

α
xf(x) =

1

Γ(1− α)

⎛⎝ f(a)

(x− a)α
+

x∫
a

(x− t)−αf ′(t)dt

⎞⎠ .

f(x) = 1
a = 0 α = 1/2

R
0D

0.5
x f((x) = 1

Γ(0.5)
√
x

f(t)
t ≥ 0 F (s)

F (s) =

∞∫
0

f(t)e−stdt,

s

∞∫
0

{R0Dα
xf(t)}e−stdt = sαF (s)−

m−1∑
k=0

[
R
0D

α−k−1
x f(t)

]
t=0

, m− 1 ≤ α ≤ m

[
R
0D

α−k−1
x f(t)

]
t=0



α ∈ R+ m = �α� Dmf(t) ∈
L1([a, b]) α (CaD

α
t f)

C
aD

α
xf(x) = Jm−α

a Dmf(x) =
1

Γ(m− α)

x∫
a

(x− t)m−α−1Dmf(t)dt.

α ∈ R+ m = �α� f ∈ An([a, b])

C
aD

α
xf(x) =

R
aD

α
x [f(x)− Tm−1[f(x), a]]

Tm−1[f(x), a] f a

Tm−1[f(x), a] =

m−1∑
k=0

f (k)(a)

k!
(x− a)k.

∞∫
0

{R0Dα
xf(t)}e−stdt = sαF (s)−

m−1∑
k=0

pα−k−1f (k)(0), m− 1 ≤ α ≤ m

f ′(t) = D1f(t) =
h→0

f(t)− f(t− h)

h



∇1
hf(t) = f(t)− f(t− h)

∇2
hf(t) = ∇1

hf(t)−∇1
hf(t− h) = f(t)− 2f(t− h) + f(t+ 2h)

∇n
hf(t) =

∑n
k=0(−1)k

(
n
k

)
f(t− kh).

n ∈ N f ∈ Cn([a, b]) a < t ≤ b

Dnf(t) =
h→0

∇n
hf(t)

hn

n

α ∈ R+ f(t) ∈ C�α�([a, b]) hαN = (t− a)/N
α GL

a Dα
t f

GL
a Dα

t f(x) =
N→∞

∇α
hN
f(t)

hαN
.

∇α
hf(t) =

∑∞
k=0(−1)k

(
α
k

)
f(t− kh).(

α
k

)
=

Γ(α+ 1)

Γ(k + 1)Γ(α− k + 1)
.
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Random Walk

(a)

Perrin could observe and record the Brownian motion 
of a suspended gamboge particle in a liquid of a given 
viscosity and constant temperature.

(b)

X : Ω → E
Ω E Ω X

E = R

X x1, x2, ...
p1, p2, ... expected value

E[X] =
∑∞

i=1 xi pi
X

X f(x)
E[X] =

∫∞
−∞ xf(x) dx

variance (V ar) X
E(X) = μX V ar(X) = E

(
(X − μX)2

)
covariance

Y Z μY μz cov(Y, Z) = E((Y −
μy)(Z − μz))

X Y E(XY ) = E(X)E(Y )
V ar(X + Y ) = V ar(X) + V ar(Y ) X1, X2, ..., Xn μ

σ2 E(X1 + · · ·+Xn) = nμ V ar(X1 + · · ·+Xn) = nσ2



z

time0

( )z n

2 3 4 5 6

l

2l

z(t) z(0) = 0
τi (i = 1, 2, ...)

l

z(t+ τ) =

{
z(t) + l prob. = 1/2
z(t)− l prob. = 1/2

li =

{
+l prob. = 1/2
−l prob. = 1/2

li
t = nτ

E(z(t)) = 0 V ar(z(t)) = nl2

t = nτ z(t) = z(0) + l1 + ... + ln =∑n
k=1 lk E(

∑n
k=1 lk) =

nμ μ = E(li) = (+l)12 + (−l)12 = 0 E(z(t)) =<
z(t) >= 0 < . >

V ar(z(t)) = V ar(
∑n

k=1 lk) = E
(
(
∑n

k=1 lk − E(
∑n

k=1 lk))
2
)

E(
∑n

k=1 lk) = 0

V ar(z(t)) = E
(
(
∑n

k=1 lk)
2
)
= E ((l1 + ...+ ln)(l1 + ...+ ln))

= E

(
l1l1 + ...+ lnln +

∑
i �=j lilj

)
= E (l1l1 + ...+ lnln) + E

(∑
i �=j lilj

)
= E

(
l21
)
+ ...+ E

(
l2n
)
+
∑

i �=j E(lilj).



l2i =

{
(+l)2 prob. = 1/2
(−l)2 prob. = 1/2

E
(
l2i
)
= (+l)2 12 + (−l)2 12 = l2 E(lilj) E(li)E(lj) = 0

li lj

V ar(z(t)) = E
(
(
∑n

k=1 lk)
2
)
=< z(t)2 >= nl2

z
C(z)

C(z) =
dz→0

N[z,z+dz]

dz

N[z,z+dz] [z, z+ dz]
[z, z+ dz] N[z,z+dz] � 1

C(z) dz → 0 a� dx

dx 0

1cm3 0.997g
18.02g/mol 18.02g 6.022 × 1023 0.997g

1cm3 3.33× 1022

N0

N1 N2 z0 z1 z3

C(z) =
dz→0

N[z,z+dz]

dz zi C(zi) = <Ni>
l

< Ni > Ni

(n − 1)τ nτ
z1

∂C(z1)

∂t
= D

∂2C(z1)

∂x2

D



±l
z1 (n−1)τ z0 z2 t = nτ

z1 t = nτ < Nnτ
1 >

z0 z2

< Nnτ
1 >=

1

2
< N

(n−1)τ
0 > +

1

2
< N

(n−1)τ
2 >

C(z1)

∂C(z1)

∂t
=

<Nnτ
1 >
l − <N

(n−1)τ
1 >
l

τ

z0 = z1 − l z2 = z1 + l

∂C(z1)
∂t = 1

2lτ

[
< N

(n−1)τ
0 > + < N

(n−1)τ
2 > −2 < N

(n−1)τ
1 >

]
= 1

2τ [C(z0) + C(z2)− 2C(z1)]
= 1

2τ [C(z1 + l)− 2C(z1) + C(z1 − l)]

= l2

2τ
[C(z1+l)−2C(z1)+C(z1−l)]

l2

∂C(z1)

∂t
=

l2

2τ

∂2C(z1)

∂x2

l → 0 l

τ l2

2τ l τ

∂C(z1)

∂t
= D

∂2C(z1)

∂x2

D = l2

2τ

l → 0 τ → 0
τ l

τ � T l � L T L



z0z 1z 2z

<

( 1)t n t n

0N 1N 2N

z0z 1z 2z

0

2
N 0

2
N 1

2
N 1

2
N 2

2
N 2

2
N

In average, half of the particles
will jump to +l and the other half to -l

∂C(x,t)
∂t = D ∂2C(x,t)

∂x2 D
−∞ ≤ x ≤ +∞

t = 0 C(x, 0) = Mδ(x)

M
(
M =

∫ +∞
−∞ C(x, t)dx ∀t

)
δ(x)

δ(x) = 0 x = 0 δ(x) = +∞ x = 0

x→±∞C(x, t) = 0

C(x, t) = M√
4πDt

(
− x2

4Dt

)
.

f(.)

f(x) = 1√
2πσ2

(
− (x−μ)2

2σ2

)
.

σ2 μ

C(x, t) M,

t = 0



V ar(C(x, t)) = 2Dt
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x x
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1
0.1

D
t

1
1

D
t

0.4
0.1

D
t

0.4
1

D
t

C C

C C

<

t = nτ
z(t) = z(0) + l1 + ...+ ln =

∑n
k=1 lk z(0) 0

z(t) = z(0) + l1 + ...+ ln =
∑n

k=1 lk
⇔ E(z(t)− z(0)) = E(

∑n
k=1 lk)

⇔ E(z(t)− z(0)) = 0

z(0)

E((z(t)− z(0))2) < (z(t)− z(0))2 >

E((z(t)− z(0))2) = E
(
(
∑n

k=1 lk)
2
)

= nl2

= t
τ l

2

= 2Dt.

+l −l z(0) = μ



1

N

N∑
n=1

(zn(t)− zn(0))
2,

N zn(0) = z0
zn(t) t

+l −l

X1, X2, ..., Xn

μ σ2 Sn = X1 + · · · +Xn

nμ nσ2 n

D C[
mol
m3

]
t [s] x [m]

D
[
m2

s

]

D

v
z(t) = vt

< (z(t))2 >
< (z(t))2 >∼ t2

1
< (z(t))2 >∼ t1/2 < (z(t))2 >∼ t1/4 1



0 1 2

Subdiffusion Superdiffusion

Ballistic
Diffusion2( ( )) / 0z t t c

2( ( )) / 0z t t 2( ( )) /z t t

Normal Diffusion

Anomalous Diffusion of a Particle

z(t)
z(0) = 0 τi (i = 1, 2, ...)

l

z(t) + l = z(t+ τ) = prob. = 1.

li = +l prob. = 1.

li

E((z(t)− z(0))2) =< (z(t)− z(0))2 >= l2

τ2
t2 ,

t2

t = nτ z(t) = z(0) + l1 + ... + ln =∑n
k=1 lk E(

∑n
k=1 lk) = nl



z(t) = z(0) + l1 + ...+ ln =
∑n

k=1 lk

E((z(t)− z(0))2) = E
(
(
∑n

k=1 lk)
2
)

= E ((l1 + ...+ ln)(l1 + ...+ ln))

= E

(
l1l1 + ...+ lnln +

∑
i �=j lilj

)
= E

(
l21
)
+ ...+ E

(
l2n
)
+
∑

i �=j E(lilj)

= nl2 + (n2 − n)l2

= l2

τ2
t2

< (z(t))2 >∼ tα

α > 0 (α �= 1) α

< (z(t))2 >∼ tα

∂αC(x, t)

∂tα
= Dα

∂2C(x, t)

∂x2
, 0 < α < 1, x ∈ R, t > 0

Dα −∞ ≤ x ≤ +∞
t = 0 C(x, 0) = δ(x)

x→±∞C(x, t) = 0.

< (z(t))2 >= 2Dα
Γ(1+α) t

α .



α < 1

tα

D

D(x)
∂2u
∂x2

∂
∂x D(x)

∂u
∂x

∂
∂x D(x)

∂u
∂x



Dα(t)u(t) + Au(t) = f(t) 0 < t ≤ T u(0) = u0







0 < α ≤ 2

∂αφ (x, t)

∂tα
= Dα

∂2φ (x, t)

∂x2
x ∈ R, t > 0

Dα [length]2 / [time]α



Dα(x)
∂2φ(x,t)

∂x2
∂
∂x

(
Dα(x)

∂φ(x,t)
∂x

)

C
aD

α
xu(t) = div(p(x)grad(u))− q(x)u+ F (x, t), 0 < α < 1



div grad (x, t) ∈ Ω = G× (0, T )
G ⊂ R

n p ∈ C1(G) q ∈ C(G) p(x) > 0 q(x) ≥ 0 x ∈ G S
G

u|t=0 = u0(x), x ∈ G
u|S = v(x, t), (x, t) ∈ S × [0, T ].

W 1
t ((0, T ]) = {space of functions f ∈ C1((0, T ]) : f ′ ∈

L((0, T ))} u = u(x, t)
G × [0, T ] C(G × [0, T ])

⋂
W 1

t ((0, T ])
⋂
C2
x(G)

F u0 v
C(G× (0, T )) C(G) C(S× [0, T ])

‖F − F̃‖C(Ω) ≤ ε ‖u0−u0‖C(G)≤ε0 ‖v−v‖C(S [0,T ]) ≤ ε1

u u F F
u0 u0 v v

‖u− u‖C(Ω) ≤ {ε0, ε1}+ Tα

(1+α)ε u u

ML f X|S = 0, X ∈ S
f ∈ C1(Ω)

⋂
C2(G) L(f) ∈ L2(G)

G
(0, l) u0 ∈ML

u|t=0 = u0(x), 0 ≤ x ≤ l
u(0, t) = u(l, t) = 0, 0 ≤ t ≤ T

C
aD

α
xu(t) =

∂

∂x

(
p(x)

∂u

∂x

)
− q(x)u < α < 1

u(x, t) =
∑∞

i=1(u0, Xi)Eα(−λitα)Xi(x)
Xi ∈ ML, i = 1, 2, ... λi

L(X) = λX
X|S = 0, X ∈ S

(L(u) = −p(x)∂
2u

∂x2
− ∂p(x)

∂x

(
∂u

∂x

)
+q(x)u) Eα



C
aD

α
xu(x, t) = Δu(x, t) + f(x, t), 0 < α < 1

∂u(x,t)
∂n(x) + β(x, t)u(x, t) = g(x, t) on B = Γ× (0, T ]

u|t=0 = u0(x), x ∈ G

(x, t) ∈ G× (0, T ] G ⊂ R
n f, g, u0(x) G ⊂ R

n n ≥ 2
Γ ∈ C1+λ 0 < λ < 1

g ∈ C(B) u0(x) ∈ C1(G) f ∈ C(B) f(., t)
t ∈ [0, T ] f(·, t) ⊂ G t ∈ [0, T ]

‖u(x, t)‖C(G) ≤ C
(
‖f‖C(G) + ‖g‖C(B) + ‖u0‖C1(G)

)

Δ
x

∂αT (x, t)

∂tα
= A

∂

∂x

(
k (x)

∂T (x, t)

∂x

)
−BT (x, t)+C 0 < t < T ∗, 0 < x < L,

∂α

∂tα α

∂αT (x, t)

∂tα
=

1

Γ (1− α)

∫ t

0
(t− s)−α ∂T (x, s)

∂s
ds

0 < α < 1 A B C
k (x) x

T



− k(x)
∂T (x, t)

∂x

∣∣∣∣
x=0

= q0, t > 0

− k(x)
∂T (x, t)

∂x

∣∣∣∣
x=L

= 0, t > 0,

T (x, 0) = Ta, x ∈ (0, L).

x = 0
T

− k(x)
∂T (x, t)

∂x

∣∣∣∣
x=0

= q0cos (ωt) , t > 0.

ω

[0, L]
xi = iΔx i = 0, . . . , N Δx = L

N
T ∈ C4

∂

∂x

(
k (x)

∂T (x, t)

∂x

)∣∣∣∣
x=xi

=
k+i T (xi+1, t)−

(
k+i + k−i

)
T (xi, t) + k−i T (xi−1, t)

(Δx)2

+O((Δx)2)

k+i = k
(
xi +

Δx
2

)
k−i = k

(
xi − Δx

2

)
Δt = T ∗/R

tl = lΔt, l = 0, 1, ..., R
T ∈ C2

∂αT (x, t)

∂tα
= (
t)−α

Γ(2−α)

l∑
m=0

a
(α)
m,l (T (x, tl−m)− T (x, 0))

+O((Δt)2−α)



a
(α)
m,l =

⎧⎨⎩
1, m = 0,

(m+ 1)1−α − 2m1−α + (m− 1)1−α , 0 < m < l,

(1− α) l−α − l1−α + (l − 1)1−α , m = l.

a
(α)
m,l

a
(α)
m,l < 0, m = 1, 2, ..., l − 1

l−1∑
m=0

a
(α)
m,l > 0, l = 1, 2, . . . .

T (xi, tl) T l
i k

(
xi ± Δx

2

)
k±i

O((�x)2) O((�t)2−α)

(�t)−α

Γ (2− α)

l∑
m=0

a
(α)
m,l

(
T l−m
i − T 0

i

)
= A

k+i T
l
i+1 −

(
k+i + k−i

)
T l
i + k−i T

l
i−1

(Δx)2

+f
(
xi, tl, T

l
i

)
i = 1, ...., N − 1, l = 1, ...., R,

f (xi, tl, T (xi, tl)) ∼ f
(
xi, tl, T

l
i

)
= −BT l

i + C
i = 2, ...., N−2

T ∈ C3

∂T (x, tl)

∂x

∣∣∣∣
x=0

=
−T (x2, tl) + 4T (x1, tl)− 3T (x0, tl)

2Δx
+O((Δx)2),

∂T (x, tl)

∂x

∣∣∣∣
x=L

=
3T (xN , tl)− 4T (xN−1, tl) + T (xN−2, tl)

2Δx
+O((Δx)2)

x0
xN

T l
0 ≈ −1

3
T l
2 +

4

3
T l
1 +

2Δxf0(t)

3k(0)



T l
N ≈ 4

3
T l
N−1 −

1

3
T l
N−2 −

2ΔxfL (t)

3k (L)

f0 (t) q0 q0cos (ωt) fL (t) 0
f0 (t) fL (t)

u(x)
u(x) ∈ C4 x = x1

∂

∂x

(
k(x)

∂u(x)

∂x

)∣∣∣∣
x=x1

� k+1 u(x2)−
(
k+1 + k−1

)
u(x1) + k−1 u(x0)

(Δx)2

u(x0) =
4

3
u(x1)− 1

3
u(x2)− 2

3
Δx

(
∂u(x0)

∂x

)
+

2(Δx)3

9

(
∂3u(x0)

∂x3

)
O(Δx)2

∂
∂x

(
k (x) ∂u(x)

∂x

)
= f(x)

k (x)
∂u(x)

∂x

∣∣∣∣
x=x0

= A

A u(x)
x = x0

u(x1) = u(x0) + Δx

(
∂u(x0)

∂x

)
+

(Δx)2

2!

(
∂2u(x0)

∂x2

)
+
(Δx)3

3!

(
∂3u(x0)

∂x3

)
+O((Δx)4)

u(x2) = u(x0) + 2Δx

(
∂u(x0)

∂x

)
+

(2Δx)

2!

(
∂u2(x0)

∂x2

)
+
(2Δx)3

3!

(
∂3u(x0)

∂x3

)
+O((Δx)4)

x0
x = x0

x1

− 3

2
u(x0) + 2u(x1)− 1

2
u(x2) = Δx

(
∂u(x0)

∂x

)
− 2(Δx)3

3!

(
∂3u(x0)

∂x3

)
+O((Δx)4)



∂u(x)

∂x

∣∣∣∣
x=0

=
−u(x2) + 4u(x1)− 3u(x0)

2h
+O((Δx)2)

u(x0)

u(x0) =
4

3
u(x1)−1

3
u(x2)−2

3
Δx

(
∂u(x0)

∂x

)
+
2(Δx)3

9

(
∂3u(x0)

∂x3

)
+O((Δx)4)

u(x0) =
4

3
u(x1)− 1

3
u(x2)− 2Δx

3

A

k(x0)
+

2(Δx)3

9

(
∂3u(x0)

∂x3

)
+O((Δx)4).

u(x0)

f(x1) =
k+1 u(x2)−

(
k+1 + k−1

)
u(x1) + k−1 u(x0)

(Δx)2
+O((Δx)2)

f(x1) =
k+1 (u(x2)− u(x1))− k−1 (u(x2)− u(x1))

(Δx)2

+
2
3k

−
1 (u(x2)− u(x1))

(Δx)2
+

−2k−1
3

ΔxA
k(0) +

2k−1 h3

9

(
∂3u(x0)
∂x3

)
(Δx)2

+O((Δx)2)

u(x1) = u(x0) + Δx
(
∂u(x0)
∂x

)
+ (Δx)2

2!

(
∂2u(x0)
∂x2

)
+ (Δx)3

3!

(
∂3u(x0)
∂x3

)
+O((Δx)4),

u(x2) = u(x0) + 2Δx
(
∂u(x0)
∂x

)
+ (2Δx)2

2!

(
∂2u(x0)
∂x2

)
+ (2Δx)3

3!

(
∂3u(x0)
∂x3

)
+O((Δx)4)

u(x2)− u(x1) = Δx
(
∂u(x0)
∂x

)
+ 3(Δx)2

2

(
∂2u(x0)
∂x2

)
+ 7(Δx)3

6

(
∂3u(x0)
∂x3

)
+O((Δx)4).



f(x1) =
k+1 (u(x2)− u(x1))− k−1 (u(x2)− u(x1))

(Δx)2

+

2
3k

−
1

[
Δx

(
∂u(x0)
∂x

)
+ 3(Δx)2

2

(
∂2u(x0)
∂x2

)
+ 7(Δx)3

6

(
∂3u(x0)
∂x3

)]
(Δx)2

+
−2k−1

3
ΔxA
k(0) +

2k−1 (Δx)3

9

(
∂3u(x0)
∂x3

)
(Δx)2

+O((Δx)2)

f(x1) =
k+1 (u(x2)− u(x1))

(Δx)2
− u(x1))− k−1 (u(x2)− u(x1))

(Δx)2

+
(Δx)2k+1

(
∂2u(x0)
∂x2

)
(Δx)2

+
(Δx)3k−1

(
∂3u(x0)
∂x3

)
(Δx)2

+O((Δx)2).

u(x2) = u+1 +
Δx

2

∂u+1
∂x

+
(Δx/2)2

2!

∂2u+1
∂x2

+
(Δx/2)3

3!

∂3u+1
∂x3

+O((Δx)4)

u(x1) = u+1 − Δx

2

∂u+1
∂x

+
(Δx/2)2

2!

∂2u+1
∂x2

−(Δx/2)3

3!

∂3u+1
∂x3

+O((Δx)4)

u(x2) = u−1 +
3Δx

2

∂u−1
∂x

+
(3Δx/2)2

2!

∂2u−1
∂x2

+
(3Δx/2)3

3!

∂3u−1
∂x3

+O((Δx)4)

u(x1) = u−1 +
Δx

2

∂u−1
∂x

+
(Δx/2)2

2!

∂2u−1
∂x2

+
(Δx/2)3

3!

∂3u−1
∂x3

+O((Δx)4)

u
(
xi± 1

2

)
= u±i

u(x2)− u(x1) = Δx
∂u+1
∂x

+
(Δx/2)2

3

∂2u+1
∂x2

+O((Δx)4),

u(x2)− u(x1) = Δx
∂u−1
∂x

+ (Δx)2
∂2u+1
∂x2

+
13(Δx)3

24

∂3u−1
∂x3

+O((Δx)4).



f(x1) =
k+1

∂u+
1

∂x − k−1
∂u−

1
∂x

Δx
+O((Δx)2)

∣∣∣∣k+1 (u(x2)− u(x1))

(Δx)2
− u(x1)− k−1 (u(x2)− u(x1))

(Δx)2

+
(Δx)2k+1

(
∂2u(x0)
∂x2

)
(Δx)2

+
(Δx)3k−1

(
∂3u(x0)
∂x3

)
(Δx)2

− f(x1)

∣∣∣∣∣∣ = g (x)

g(x) =

(Δx)3

24 k+1
∂3u+

1
∂x3 − (Δx)3

24 k−1
∂3u−

1
∂x3

(Δx)2

−k−1

⎡⎣(Δx)2
∂2u−

1
∂x2 − (Δx)2 ∂2u(x0)

∂x2 + (Δx)3

2
∂3u−

1
∂x3 − (Δx)3 ∂3u(x0)

∂x3

(Δx)2

⎤⎦
+O((Δx)2).

(Δx)3

24
k+1

∂3u+1
∂x3

− (Δx)3

24
k−1

∂3u−1
∂x3

= O((Δx)2)

=
(Δx)2

24

[
∂

∂x

(
k (x1)

∂3u(x1)

∂x3

)
+O((Δx)2)

]

(Δx)2
(
∂2u (x0)

∂x2

)
= (Δx)2

∂2u
(
x1− 1

2

)
∂x2

− (Δx)3

2

∂3u
(
x1− 1

2

)
∂x3

+O((Δx)4)

(Δx)3
(
∂3u (x0)

∂x3

)
= (Δx)3

∂3u
(
x1− 1

2

)
∂x3

+O((Δx)4)

∣∣∣∣k+1 (u(x2)− u(x1))

(Δx)2
− u(x1)− k−1 (u(x2)− u(x1))

(Δx)2

+
(Δx)2k+1

(
∂2u(x0)
∂x2

)
(Δx)2

+
(Δx)3k−1

(
∂3u(x0)
∂x3

)
(Δx)2

− f(x1)

∣∣∣∣∣∣ = O((Δx)2),

O((Δx)2)



i = 1 i = N − 1

(�t)−α

Γ (2− α)

l∑
m=0

a
(α)
m,l

(
T l−m
1 − T 0

1

)
=

(
k 3

2
− 1

3
k 1

2

)
DT l

2

−
((

k 3
2
− 1

3
k 1

2

)
D +B

)
T l
1 + 2k 1

2
D
f0 (t)Δx

3k0
+ C,

(�t)−α

Γ (2− α)

l∑
m=0

a
(α)
m,l

(
T l−m
N−1 − T 0

N−1

)
= −

((
k 2N−3

2
− 1

3
k 2N−1

2

)
D +B

)
T l
N−1

+

(
k 2N−3

2
− 1

3
k 2N−1

2

)
DT l

N−2 − 2k 2N−1
2
D
fL (tl)Δx

3kN
+ C.

i = 2, ...., N − 2

(�t)−α

Γ (2− α)

l∑
m=0

a
(α)
m,l

(
T l−m
i − T 0

i

)
= ki+ 1

2
DT l

i+1

−
((
ki+ 1

2
+ ki− 1

2

)
D +B

)
T l
i + ki− 1

2
DT l

i−1 + C,

D =
A

(Δx)2

�x =
[
x1 x2 . . . xN−1

]
,

l =
[
T l
1 T l

2 · · · T l
N−1

]
,

∂2

∂x2
(�x, tl)

[
∂2T
∂x2 (x1, tl)

∂2T
∂x2 (x2, tl) · · · ∂2T

∂x2 (xN−1, tl)
]
,

l

A
∂2

∂x2
(�x, tl)−B l + C ≈ l + l,

l =
[
C + 2k 1

2
D Δx

3k(0)f0 (tl) C · · · C C − 2k 2N−1
2
DΔx

3k0
fL (tl)

]

=

⎡⎢⎢⎢⎣
ϕ1(−1,−1

3)D −B ϕ1(1,−1
3)D 0 . . . 0 0

k 5
2
D −ϕ2(1, 1)D −B k 3

2
D 0 . . . 0

. . . . . .

0 ki+ 1
2
D −ϕi(1, 1)D −B ki− 1

2
D . . .

0 . . . . . . 0 ϕN−1(−1
3 , 1)D ϕN−1(

1
3 ,−1)D −B

⎤⎥⎥⎥⎦ ,



ϕi(w1, w2) = w1ki+ 1
2
+ w2ki− 1

2

(x, t) = (xi, tl)

∂αT

∂tα
(xi, tl) ≈ (�t)−α

Γ (2− α)

(
T l
i +

l−1∑
m=1

a
(α)
m,l

(
T l−m
i

)
−

l−1∑
m=1

a
(α)
m,lT

0
i − T 0

i

)
,

∂α

∂tα
(�x, tl) ≈ (�t)−α

Γ (2− α)

(
l +

l−1∑
m=1

a
(α)
m,l

l−m −
l−1∑
m=1

a
(α)
m,l

0 − 0

)
.

l

l +

l−1∑
m=1

[
a
(α)
m,l

l−m
]
− 0

l−1∑
m=1

a
(α)
m,l − 0 = Λ l + Λ l

Λ =
Γ (2− α)

(�t)−α

( − Λ ) l = −
l−1∑
m=1

[
a
(α)
m,l

l−m
]
+ 0 + 0

l−1∑
m=1

a
(α)
m,l + Λ l

− Λ (N − 1) × (N − 1)
− Λ

l = ( − Λ )−1

(
−

l−1∑
m=1

[
a
(α)
m,l

l−m
]
+ 0 + 0

l−1∑
m=1

a
(α)
m,l + Λ l

)

ρ( ) ≤ ‖ ‖ ρ( ) ε > 0
‖.‖ε ‖ ‖ε ≤ ρ ( ) + ε



A n × n aij i ∈ {1, . . . , n} Ri =∑
j �=i |aij | i − th
D(aii, Ri) aii Ri

A D(aii, Ri)

0 < ε ≤ Δt

l
1

l
2

(
0
1 �= 0

2

)
l = l

1 − l
2

( − Λ ) l = −
l−1∑
m=1

[
a
(α)
m,l

l−m
]
+ 0 + 0

l−1∑
m=1

a
(α)
m,l

ε > 0 ‖.‖ε∥∥∥( − Λ )−1
∥∥∥
ε
≤ ρ

(
( − Λ )−1

)
+ ε.

l = 1∥∥ 1
∥∥
ε
=

∥∥∥( − Λ )−1 0
∥∥∥
ε

≤
∥∥∥( − Λ )−1

∥∥∥
ε

∥∥ 0
∥∥
ε

≤
(
ρ
(
( − Λ )−1

)
+ ε

)∥∥ 0
∥∥
ε

Λ D B ki
ρ ( − Λ ) > 1

ρ
(
( − Λ )−1

)
< 1.

∥∥ 1
∥∥
ε
≤ (1 + ε)

∥∥ 0
∥∥
ε
.

∥∥∥ k
∥∥∥
ε
≤ (1 + ε)k

∥∥ 0
∥∥
ε
k = 1, 2, ..., l∥∥ l+1

∥∥
ε
≤ (1 + ε)l+1

∥∥ 0
∥∥
ε

∥∥∥ l+1
∥∥∥
ε

≤
∥∥∥( − Λ )−1

∥∥∥
ε

∥∥∥∥∥
l∑

m=1

[(
−a

(α)
m,l+1

)
l+1−m

]
+ 0 + 0

l∑
m=1

(
a
(α)
m,l+1

)∥∥∥∥∥
ε

≤ (1 + ε)

(∥∥∥∥∥
l∑

m=1

[(
−a

(α)
m,l+1

)
l+1−m

]∥∥∥∥∥
ε

+

[
1 +

l∑
m=1

(
a
(α)
m,l+1

)]∥∥ 0
∥∥
ε

)

≤ (1 + ε)

([
l∑

m=1

(−a
(α)
m,l+1)

]
(1 + ε)j

∥∥ 0
∥∥
ε
+

[
1 +

l∑
m=1

(a
(α)
m,l+1)

]
(1 + ε)l

∥∥ 0
∥∥
ε

)

≤ (1 + ε)l+1
∥∥ 0

∥∥
ε
≤ e(l+1)ε

∥∥ 0
∥∥
ε



0 < ε ≤ Δt ∥∥∥ l+1
∥∥∥
ε
≤ eT

∗ ∥∥ 0
∥∥
ε
,

l

l =
[
el1, e

l
2, ..., e

l
N−1

]
, l = 1, 2, ..., ,

eli = T (xi, tl) − T l
i l = 1, 2, ..., i = 1, ..., N − 1

l
an =

[
T (x1, tl) T (x2, tl) · · · T (xN−2, tl) T (xN−1, tl)

]
i l

l
an

( − Λ ) l
an = −

l−1∑
m=1

[
a
(α)
m,l

l−m
an

]
+ 0

an + 0
an

l−1∑
m=1

a
(α)
m,l

+Λ l + Λ l

l = [Rl
1, Rl

2, ....., R
l
N−1] (N − 1)× 1

T (x, t)

(xi, tl), i = 1, . . . , N − 1

Rl
i = O

(
(Δx)2

)
+O

(
(�t)2−α

)
.

l

( − Λ ) l = −
l−1∑
m=1

[
a
(α)
m,l

l−m
]
+ 0 + 0

l−1∑
m=1

a
(α)
m,l + Λ l.

0 = [0, 0, ..., 0]

l = ( − Λ )−1

(
l−1∑
m=1

[(
−a(α)m,l

)
l−m

]
+ Λ l

)

l = 1, 2, . . . , R∥∥∥ l
∥∥∥
ε

≤ (1 + ε)

∥∥∥∥∥
l−1∑
m=1

[(
−a(α)m,l

)
l−m

]∥∥∥∥∥
ε

+ Λ(1 + ε)
∥∥∥ l

∥∥∥
ε

≤ (1 + ε)

l−1∑
m=1

(
−a(α)m,l

)∥∥∥ l−m
∥∥∥
ε
+ Λ(1 + ε)

∥∥∥ l
∥∥∥
ε
,



ε ε < Δt
{pl}l∈N0 pl − pl+1 = a

(α)
m,l+1, m = 0, 1, . . . , l− 1

pl = (l + 1)1−α − l1−α, l = 0, 1, . . . pl
l

∥∥∥ l
∥∥∥
ε
≤ CΛ (1 + ε)l p−1

l−1

(
(Δt)2−α + (Δx)2

)
, l = 0, 1, . . . .

∥∥ 1
∥∥
ε
≤ Λ (1 + ε)

∥∥ 1
∥∥
ε
≤ CΛ (1 + ε) p−1

0

(
(Δt)2−α + (Δx)2

)
,

l = 1∥∥ j
∥∥
ε

≤ C Λ (1 + ε) p−1
j−1

(
(Δt)2−α + (Δx)2

)
, j = 1, 2, . . . , l

∥∥ l+1
∥∥
ε

≤ C Λ (1 + ε) p−1
l

(
(Δt)2−α + (Δx)2)

)
.

pl a
(α)
m,j

∥∥∥ l+1
∥∥∥
ε

≤ (1 + ε)

l∑
m=1

(
−a(α)m,l+1

)
CΛ (1 + ε)l−m p−1

l−m−1

(
(Δt)2−α + (Δx)2

)
+ (1 + ε)CΛ

(
(Δt)2−α + (Δx)2

)
≤ C

(
(Δt)2−α + (Δx)2

)
(1 + ε)l+1 p−1

l

(
l∑

m=1

(
−a(α)m,l+1

)
+ pl

)

l∑
m=1

(
−a(α)m,l+1

)
+ pl = (p0 − p1 + p1 − p2 + ...+ pl−1 − pl) + pl = p0 = 1,

∥∥∥ l+1
∥∥∥
ε
≤ C

(
(Δt)2−α + (Δx)2

)
(1 + ε)l+1 p−1

l ,

l ∈ N

0 < ε ≤ Δt (2.10) C2 t
C4 x C0 Δx Δt∥∥∥ l

∥∥∥
ε
≤ C0

(
(Δt)2−α + (Δx)2

)
, l = 0, 1, . . . .



∥∥∥ l
∥∥∥
ε∥∥∥ l

∥∥∥
ε

≤ l−α

pl
CΓ(2− α)lα (Δt)α (1 + ε)l

(
(Δt)2−α + (Δx)2

)
≤ l−α

pl
CΓ(2− α)T ∗α (1 + ε)l

(
(Δt)2−α (Δx)2

)
, l = 0, 1, . . . .

l→∞
l−α

pl
=

l→∞
l−α

(l + 1)−α − l−α

=
1

1− α l→∞

(
1− 1

l

)α

=
T ∗α

1− α
.

0 < ε ≤ �t (1 + ε)n+1 ≤ eT
∗

C0
Δt Δx

α

(xi, tl)

εΔx,Δt =
i=1,...,N, l=0,...,R

∣∣∣T (xi, tj)− T l
i

∣∣∣ ,
T l
i (xi, tl)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂αT (x, t)

∂tα
=

∂

∂x

(
(x+ 1)

∂T (x, t)

∂x

)
+ t3/2x2

(
3

2
− x

)
−T (x, t)− 3t3/2

(
1− 3x2

)− 3
√
πt3/2−αx2 (2x− 3)

8Γ
(
5
2 − α

)
T (x, 0) = 0, x ∈ (0, 1)

∂T (x, t)

∂x

∣∣∣∣
x=0,1

= 0, t ∈ (0, 1)

T (x, t) = t3/2x2
(
3
2 − x

)



α 1
2

3
4

p t Δx = 0.002

α = 3/4 α = 1/2

Δt Δx εΔx,Δt p εΔx,Δt p

1/16 0.00207 − 0.00185 −
1/32 0.00090 1.19 0.00075 1.33
1/64 0.00039 1.21 0.00030 1.35
1/128 0.00017 1.22 0.00012 1.35

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂αT (x, t)

∂tα
=

∂

∂x

(
(x+ 1)

∂T (x, t)

∂x

)
− (t) t2

(
x− x4

4

)
−t2 (−1 + 3x2 + 4x3

)
(t)

−(−4 + x3)xt−α

4

⎛⎜⎜⎝2t2 2F3

({
1, 32

}
,
{
1
2 ;

3
2 − α

2 , 2− α
2

}
;− t

2

4

)
Γ(3− α)

⎞⎟⎟⎠
+
(−4 + x3)xt−α

4

⎛⎜⎜⎝6t4 2F3

({
2, 52

}
,
{
3
2 ;

5
2 − α

2 , 3− α
2

}
;− t

2

4

)
Γ(5− α)

⎞⎟⎟⎠
−T (x, t))

T (x, 0) = 0, x ∈ (0, 1)
∂T (x, t)

∂x

∣∣∣∣
x=0

= t2 (t),
∂T (x, t)

∂x

∣∣∣∣
x=1

= 0, t ∈ (0, 1)

T (x, t) = (t) t2
(
x− x4

4

)
2F3 (...; ...; ...)

α 1
2

3
4

t = 0

α
(
O
(
(�t)2−α

))
1.5 α = 0.5 1.25 α = 0.75

2

α = 0.5 α = 0.75



α 1
2

3
4

q x Δt = 0.001

α = 3/4 α = 1/2

Δt Δx εΔx,Δt q εΔx,Δt q

0.001 1/8 0.02687 − 0.02929 −
0.001 1/16 0.00718 1.91 0.00780 1.91
0.001 1/32 0.00183 1.97 0.00201 1.96
0.001 1/64 0.00045 2.04 0.00051 1.99

α = 0.9

p t Δx = 0.002

α = 0.9

Δt Δx εΔx,Δt p

1/10 0.00929 −
1/20 0.00449 1.05
1/40 0.00213 1.08
1/80 0.00100 1.09

α = 0.9

p x Δt = 0.001

α = 0.9

Δt Δx εΔx,Δt q

0.001 1/4 0.06052 −
0.001 1/8 0.01855 1.71
0.001 1/16 0.00513 1.85
0.001 1/32 0.00038 1.90



ρtct
∂T (x, t)

∂t
= k

∂2T (x, t)

∂x2
+Wbcb (Ta − T ) + qm, t > 0, 0 < x < L,

ρt ct
[
kg/m3

]
[J/ (kg ◦C)]

k [J/(s.m ◦C)] Wb[
kg/

(
s.m3

)]
cb qm[

J/(s.m3)
]
Ta

[◦C] T Wbcb (Ta − T )
Wb

Wb

∂T (x,t)
∂t

0 < α < 1 A =
1

ρtctτα−1 B = Wbcb
ρtctτα−1 , C = WbcbTa+qm

ρtctτα−1

τ [s]

x 0 0.005 [m]
0.23 0.45 0.19 [W/(m ◦C)]

ρt = 1000 ct = 2675

k (x) = 0.23 +
(
1 + e[m(−x+0.00008)]

)−1
0.45−

(
1 + e[m(−x+0.00208)]

)−1
0.26

L = 0.005 [m] m k
m = 100000

Wb = 0.5 cb = 3770



Epidermis

Derma

Subcutaneous
tissue

Muscle
tissue

0.08 [mm]

2 [mm]

Venous capillaries

Arterial capillaries

18 [mm]

(a) (b)
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a=0.8

a=999

x [m]

C

t = 2 [s]
α 0.999 0.8 (τ = 1)

Ta = 37
qm q0[

J/(s.m3)
]

t =
2 [s] α

1 cm
12◦C
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��
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ta-1=0.5248

a=0.96

a=1

Te
m

pe
ra

tu
re

[º
C

]

t [s]

12ºC

needle

water

Location in the forearm where the temperature is measured

(a) (b)

α = 0.96 τα−1 = 0.5248



33.6C ρt = ct = 1 g/cm3 ρb = cb = 1 [cal.g−1.C−1] qm = 0.0001 [cal.s−1.cm−3]
k = 0.0015 cal.s−1.cm−1.C−1 Wbcb = 0.000016

∂T (x, t)

∂x

∣∣∣∣
x=0

= 0,

− k
∂T (x, t)

∂x

∣∣∣∣
x=4 [cm]

= 0.0075 (T − 12) .

2

2t t b c a m
T Tk W c T T q

t x
c

3

º
º

kg J C
m kg C s 2

º
º

J C
sm C m 3 º

º
kg J C
sm kg C 3

J
sm

3

J
sm 3

J
sm

1

1 3

º
º

kg J C
m kg C s

3

J
s m

2

º
º

J C
sm C m 3

J
sm

3

J
sm

3 º
º

kg J C
sm kg C

t tc







< (z(t))2 >∼ tα

∫ 1

0
c(α)

∂αu(x, t)

∂tα
dα =

∂2u(x, t)

∂x2
+ f(x, t), 0 < t ≤ a, 0 < x < b,

c(α)

c(α) ≥ 0

∫ 1

0
c(α) dα = C > 0. c(β) =

δ(α)

Dα
δ()

c(α) [time]α / [length]2

u(0, t) = φ0(t), u(b, t) = φb(t), 0 < t < a,

u(x, 0) = g0(x), 0 < x < b.



W 1
t ((0, a)) =

{
g ∈ C1((0, a]) g′ ∈ L((0, a))

}
.

MΔ =

{
g ∈ C1

t ([0, a]) ∩ C2
x(0, b)

∂2g

∂x2
∈ L2((0, b)) and g(0, t) = g(b, t) = 0

}
.

f(x, t) ∈ C((0, b)×(0, a)) φ0(t), φb(t) ∈ C([0, a]) g0(x) ∈ C([0, b])
u(x, t) ∈ Ct([0, a]) ∩W 1

t ((0, a)) ∩ C2
x((0, b))

‖u− ũ‖∞ ≤ {ε0, ε1, ε2}+ aα

C Γ(1 + α)
ε,

u ũ f, g0, φ0, φb f̃ , g̃0, φ̃0, φ̃b‖f − f̃‖∞ ≤ ε, ‖g0 − g̃0‖∞ ≤ ε0, ‖φ0 − φ̃0‖∞ ≤ ε1
‖φb − φ̃b‖∞ ≤ ε2

φ0(x) = φb(x) ≡ 0
φ

u ∈ Ct([0, a]) ∩ W 1
t ((0, a)) ∩ C2

x((0, b))

f ∈MΔ

g0 ∈ MΔ u(x, t)
Ct([0, a]) ∩W 1

t ((0, a)) ∩ C2
x((0, b))



t = 0

C4,2
x,t



C6,3
x,t C4,3

x,t

n Tn(z) = (n (z))
[−1, 1] [0, L] L > 0

z = 2t/L − 1

TL,n(t) = Tn

(
2t

L
− 1

)

TL,n(t) = n

n∑
k=0

(−1)n−k 2
2k(n+ k − 1)!

(2k)!(n− k)!Lk
tk, n = 1, 2, . . . ,

TL,i(0) = (−1)i TL,i(L) = 1,

∫ L

0
TL,j(t)TL,k(t)ωL(t)dt = δkjhk,

ωL(t) =
1√

Lt− t2
h0 = π hk = π

2 k = 1, 2, . . .

f(x, t) (x, t) ∈ [−1, 1] × [−1, 1]



f(x, t) =

∞∑
i=0

∞∑
j=0

aijTi (t)Tj (x) =

∞∑
i=0

∞∑
j=0

aijTj i (x, t) ,

Tj i (x, t) = Ti (t)Tj (x)
f(x, t)

(x, t) ∈ [0, b]× [0, a]

f(x, t) =
∞∑
i=0

∞∑
j=0

aijTa,i(t)Tb,j(x) =
∞∑
i=0

∞∑
j=0

aijT
(b,a)
j i (x, t)(t),

Ta,i(t) = Ti

(
2t

a
− 1

)
Tb,j(x) = Tj

(
2x

b
− 1

)
T
(b,a)
j i (x, t) = Ta,i(t)Tb,j(x)

aij

aij =
ei ej

〈
f(x, t), T

(b,a)
j i (x, t)

〉
π2

=
ei ej
π2

∫ a

0

∫ b

0

f(x, t)Ta,i(t)Tb,j(x)√
at− t2

√
bx− x2

dx dt,

i, j = 0, 1, 2, . . .

ei =

{
1, i = 0

2, i > 0
.

(n+ 1) (m+ 1)
f(x, t) (x, t) ∈ [−1, 1]×

[−1, 1]

Pn,m (f) (x, t) ≡ fn,m(x, t) =

n∑
i=0

m∑
j=0

aijTi(t)Tj(x),

Pn,m (f) (x, t) ≡ fn,m(x, t) =

n∑
i=0

m∑
j=0

aijTa,i(t)Tb,j(x),

(x, t) ∈ [0, b]× [0, a]

f
ε > 0 n (ε) mk = m (k; ε)∥∥f − Pn(ε),mk

∥∥
∞ ≤ ε ‖f‖∞ =

(x,t)∈[−1,1]×[−1,1]
|f(x, t)| .

[0, b]× [0, a]

‖f‖∞ =
(x,t)∈[0,b]×[0,a]

|f(x, t)| .

J = [0, b]× [0, a] E(J)

‖f‖2∗ =
1

π2

∫ a

0

∫ b

0
|f(x, t)|2 1√

at− t2
1√

bx− x2
dx dt.



g E(J) J = [0, b] × [0, a] ∂2g
∂x∂t ∈ E(J)

Pn,m

‖(I − Pn,m)g‖∞ ≤ BnmQ

Bnm = γ(m) + γ(n) + γ(0) (γ(n) + γ(m)) ,

Q =

{∥∥∥∥dhdt
∥∥∥∥
∗
,

∥∥∥∥dpdx
∥∥∥∥
∗
,

∥∥∥∥ ∂2g

∂x∂t

∥∥∥∥
∗

}
,

γ2(n) = 2
∑

j≥n+1

1

j2
,

h(t) =
1

π

∫ b

0
g(x, t)

1√
at− t2

1√
bx− x2

dx,

p(x) =
1

π

∫ a

0
g(x, t)

1√
at− t2

1√
bx− x2

dt.

g E(J) J = [0, b]× [0, a] ∂k+lg
∂xk∂tl

, ∂sg
∂xs ,

∂sg
∂ts ∈

E(J) 1 ≤ k ≤ p 1 ≤ l ≤ p 0 ≤ s ≤ 2p p ≥ 2 Pn,m

‖(I − Pn,m)g‖∞ ≤ B̃nmQ̃,

B̃nm = 2

(
ba

4

)2p

⎛⎜⎜⎜⎜⎜⎝
1

√
nm

p−2∏
k=0

(n− k)

p−2∏
k=0

(m− k)

+

√
n+ 1

√
m

2p−2∏
k=0

(m− k)

+

√
m+ 1

√
n

2p−2∏
k=0

(n− k)

⎞⎟⎟⎟⎟⎟⎠



Q̃ =

{∥∥∥∥ ∂2pg

∂xp∂tp

∥∥∥∥
∗
,

∥∥∥∥∂2pg∂x2p

∥∥∥∥
∗
,

∥∥∥∥∂2pg∂t2p

∥∥∥∥
∗

}
.

g(x, t)

‖(I − Pn,m)g‖∞ ≤ AnmC,

Anm C

m = n Bnm ∼ C1√
n

B̃nm ∼ C2
n2p−1 C1

C2

f φ0 φb g0

u(x, t) ∈ Ct([0, a]) ∩W 1
t ((0, a)) ∩

C2
x((0, b)) u

un,m(x, t)

s ωq βq

1

2

s∑
q=1

ωqc

(
βq + 1

2

)
∂

βq+1

2 un,m(x, t)

∂t
βq+1

2

=
∂2un,m(x, t)

∂x2
+ f(x, t).

∂αun,m(x, t)

∂tα
=

n∑
i=�α�

m∑
j=0

aijTb,j(x)

i∑
k=�α�

w
(α)
i,k t

k−α,

∂2un,m(x, t)

∂x2
=

n∑
i=0

m∑
j=2

aijTa,i(t)

j∑
γ=2

ωj,γx
γ−2,

w
(α)
i,k

w
(α)
i,k = (−1)i−k 22ki(i+ k − 1)!Γ(k + 1)

(i− k)!(2k)!Γ(k + 1− α)ak
,

ωj,γ



ωj,γ = (−1)j−γ 2
2γj(j + γ − 1)!γ(γ − 1)

(j − γ)!(2γ)!bγ
.

1

2

s∑
q=1

ωqc

(
βq + 1

2

) n∑
i=�βq+1

2
�

m∑
j=0

aijTb,j(x)

i∑
k=�βq+1

2
�
w

(
βq+1

2
)

i,k tk−
βq+1

2 =

n∑
i=0

m∑
j=2

aijTa,i(t)

j∑
γ=2

ωj,γx
γ−2 + f(x, t).

βq+1
2 ∈ [0, 1], q = 1, . . . , s �βq+1

2 � = 1, q = 1, . . . , s
aij

tp =
a
2

( (πp
n

)
+ 1

)
, p =

0, . . . , n x� =
b
2

( (
π�
m

)
+ 1

)
, � = 0, . . . ,m

aij , i = 0, . . . , n, j = 0, . . . ,m
un,m(x, t)

(x�, tp) � = 1, . . . ,m− 1, p = 0, . . . , n− 1

1

2

s∑
q=1

ωqc

(
βq + 1

2

) n∑
i=�βq+1

2
�

m∑
j=0

aijTb,j(x�)

i∑
k=�βq+1

2
�
w

(
βq+1

2
)

i,k t
k−βq+1

2
p =

n∑
i=0

m∑
j=2

aijTa,i(tp)

j∑
γ=2

ωj,γx
γ−2
� + f(x�, tp).

un,m(x, t)

[0, b]×[0, a] Tb,j(0) =
(−1)j Tb,j(1) = 1 aij un,m(x, t)
u

n∑
i=0

m∑
j=0

aijTa,i(tp)(−1)j = φ0(tp),

n∑
i=0

m∑
j=0

aijTa,i(tp) = φb(tp),

n∑
i=0

m∑
j=0

aij(−1)iTb,j(x�) = g0(x�),

p = 0, . . . , n− 1, � = 0, . . . ,m.

(n+ 1)× (m+ 1) aij (n+ 1)× (m+ 1)



∂αun,m(x, t)

∂tα
=
∂2un,m(x, t)

∂x2
+ f(x, t).

n∑
i=�α�

m∑
j=0

aijTb,j(x)

i∑
k=�α�

w
(α)
i,k t

k−α =

n∑
i=0

m∑
j=2

aijTa,i(t)

j∑
γ=2

ωj,γx
γ−2 + f(x, t).

(n+1)× (m+1)
(n+ 1)× (m+ 1) aij

u(x, t) un,m(x, t)
u âij

ûn,m(x, t) =

n∑
i=0

m∑
j=0

âijTa,i(t)Tb,j(x), (x, t) ∈ [0, b]× [0, a].

u(x, t) un,m(x, t)

u
un,m

u(x, t)
∂4u

∂t ∂x3
J ∥∥∥∥(I − Pn,m)

∂2u

∂x2

∥∥∥∥
∞

≤ AnmMx,

Anm Mx

u(x, t)
∂3u

∂t2 ∂x
J ∥∥∥∥(I − Pn,m)

∂u

∂t

∥∥∥∥
∞

≤ AnmMt,

Anm Mt



α u
0 < α < 1

∂αu(t, x)

∂xα
=

1

Γ(1− α)

∫ t

0
(t− s)−α∂u

∂s
(x, s) ds,

u(x, t)
∂3u

∂t2 ∂x
J ∥∥∥∥(I − Pn,m)

∂αu

∂tα

∥∥∥∥
∞

≤MαAnm,

Mα =
Mt a

1−α

Γ(1− α)(1− α)
.

∥∥∥∥(I − Pn,m)
∂αu

∂tα

∥∥∥∥
∞

≤ 1

Γ(1− α)

∫ t

0
(t− s)−α

∥∥∥∥(I − Pn,m)
∂u

∂s

∥∥∥∥
∞
ds

≤ MtAn,m

Γ(1− α)

∫ t

0
(t− s)−α ds

≤ MtAnm t
1−α

(1− α)Γ(1− α)
≤ MtAnm a

1−α

(1− α)Γ(1− α)
.

Az = B,

A B
z (âij − aij) i =

0, . . . , n, j = 0, . . . ,m

‖[âij − aij ]‖ ≤ C1 (‖R(s, x, t)‖∞ + ‖E(n,m, x, t)‖∞) ,

‖·‖ R(s, x, t) s

E(n,m, x, t) =
1

2

s∑
q=1

ωqc

(
βq + 1

2

)
(I − Pn,m)

(
∂

βq+1

2

∂t
βq+1

2

u(x, t)

)

+(I − Pn,m)

(
∂2

∂x2
u(x, t)

)
.



L1(u(x, t)) =

∫ 1

0
c (α)

∂α

∂tα
u(x, t)dα− ∂2

∂x2
u(x, t),

L2(u(x, t)) =
1

2

s∑
q=1

ωqc

(
βq + 1

2

)
∂

βq+1

2

∂t
βq+1

2

u(x, t)− ∂2

∂x2
u(x, t).

L2(ûn,m(x�, tp)) = f(x�, tp) = L1(u(x�, tp))

⇔ L2(ûn,m(x�, tp)) = L1(u(x�, tp))− L2(u(x�, tp)) + L2(u(x�, tp))

− L2(un,m(x�, tp)) + L2(un,m(x�, tp))

� = 1, . . . ,m− 1, p = 0, . . . , n− 1.

L2((ûn,m − un,m)(x�, tp)) = [L1(u(x�, tp))− L2(u(x�, tp))]

+ [L2(u(x�, tp))− L2(un,m(x�, tp))]

L1(u(x, t))−L2(u(x, t)) s
R(s, x, t)

[L1(u(x�, tp))− L2(u(x�, tp))] = R(s, x�, tp) =
((s)!)4

(2s+ 1)((2s)!)4
∂2sG

∂α2s
(θ, x�, tp)

≈ π

4s
∂2sG

∂α2s
(θ, x�, tp), θ ∈ [0, 1],

G

G(α, x, t) = c

(
α+ 1

2

)
∂

α+1
2

∂t
α+1
2

u(x, t).

[L2(u(x�, tp))− L2(un,m(x�, tp))] = E(n,m, x�, tp).

L2((ûn,m − un,m)(x�, tp)) = R(s, x�, tp) + E(n,m, x�, tp).



n∑
i=0

m∑
j=0

(aij − âij)(−1)jTi(tp) = (ûn,m − un,m)(0, tp) = (u− un,m)(0, tp)

= (I − Pn,m) (u(0, tp)) = E(n,m, 0, tp)
n∑

i=0

m∑
j=0

(aij − âij)Ti(tp) = (ûn,m − un,m)(b, tp) = (u− un,m)(b, tp)

= (I − Pn,m) (u(b, tp)) = E(n,m, b, tp),
n∑

i=0

m∑
j=0

(aij − âij)(−1)iTj(x�) = (ûn,m − un,m)(x�, 0) = (u− un,m)(x�, 0)

= (I − Pn,m) (u(x�, 0))

= E(x�,0)(n,m, x�, 0),

p = 0, . . . , n− 1, � = 0, . . . ,m.

A

A
tp
i =

s∑
q=1

i∑
k=1

ωqc

(
βq + 1

2

)
w

(
βq+1

2

)
i,k t

k−
(

βq+1

2

)
p ,

Bxl
m =

m∑
k=2

ωm,kx
m−2
l

B R
x�,tp
s = R(s, x�, tp) E

x�,tp
n,m = E(n,m, x�, tp)

n m
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
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n T
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m
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T
tn−1

a,0 −T tn−1

a,0 T
tn−1

a,0 ... (−1)mT
tn−1

a,0 ..... T
tn−1
a,n −T tn−1

a,n T
tn−1
a,n ... (−1)mT

tn−1
a,n

T t0
a,0 T t0

a,0 T t0
a,0 ... T t0

a,0 ..... T t0
a,n T t0

a,n T t0
a,n ... T t0

a,n

T
tn−1

a,0 T
tn−1

a,0 T
tn−1

a,0 ... T
tn−1

a,0 ..... T
tn−1
a,n T

tn−1
a,n T

tn−1
a,n ... T

tn−1
a,n

T x1
b,0 T x1

b,1 T x1
b,2 ... T x1

b,m ..... (−1)nT x1
b,0 (−1)nT x1

b,1 (−1)nT x1
b,2 ... (−1)nT x1

b,m

T
xm−1

b,0 T
xm−1

b,1 T
xm−1

b,2 ... T
xm−1

b,m ..... (−1)nT
xm−1

b,0 (−1)nT
xm−1

b,1 (−1)nT
xm−1

b,2 ... (−1)nT
xm−1

b,m

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

[
Rx1,t0

s + Ex1,t0
n,m , ..., R

xm−1,t0
s + E

xm−1,tn−1
n,m , E0,t0

n,m, ..., E
0,tn−1
n,m ,

Eb,t0
n,m, ..., E

b,tn−1
n,m , , Ex0,0

n,m , ..., E
xm,0
n,m

]



A

‖z‖ = ‖[âij − aij ]‖ ≤ ∥∥A−1
∥∥ (‖R(s, x�, tp)‖+ ‖E(n,m, x�, tp)‖)

≤ C1 (‖R(s, x, t)‖∞ + ‖E(n,m, x, t)‖∞) .

u

G(α, x, t) ∈ C2s([0, 1]) α (x, t) ∈ [0, b]× [0, a]
G s

u(x, t) ∂3u
∂t2 ∂x

∂4u
∂t ∂x3 J

‖un,m − ûn,m‖∞ ≤ C4

(
4−s +Anm

)
,

Anm

‖Ta,i‖ ≤ 1 ‖Tb,j‖ ≤ 1

‖ûn,m − un,m‖∞ ≤
n∑

i=0

m∑
j=0

|âi,j − ai,j | ‖Ta,i‖∞ ‖Tb,j‖∞ ≤ ‖[âi,j − ai,j ]‖1

≤ C∗ ‖[âi,j − ai,j ]‖∞
≤ C∗C1 (‖R(s, x, t)‖∞ + ‖E(n,m, x, t)‖∞) .

G

(x,t)∈[0,b]×[0,a]
|R(s, x, t)| = ‖R(s, x, t)‖∞ ≤ C2

4s
.

‖E(n,m, x, t)‖∞ ≤ C3Anm.

C4 = {C2, C3}.

en,m(x, t) = u(x, t)− ûn,m(x, t),

‖en,m‖∞ ≤ C
(
4−s +Anm

)
.

‖en,m‖∞ ≤ ‖u− un,m‖∞ + ‖un,m − ûn,m‖∞ .

‖u− un,m‖∞
‖u− un,m‖∞ ≤M AnmC.



L∞

‖ n,m‖∞ =
i,j

|u(xi, tj)− un,m(xi, tj)| , (xi, tj) ∈ [0, b]× [0, a].

f(x, t) = t2

(
−2x

(
x2 − 1

)
t−α (x)

Γ(3− α)
− x

((
x2 − 7

)
(x) + 6x (x)

)
+ 2 (x)

)
,

u(x, t) = t2x
(
1− x2

)
(x), (x, t) ∈ [0, 1]× [0, 1]

f(x, t) = tα
(
2 (x)− x

((
x2 − 7

)
(x) + 6x (x)

))
+
πx

(
x2 − 1

)
(πα) (x)

Γ(−α) ,

u(x, t) = x
(
1− x2

)
tα (x), (x, t) ∈ [0, 1]× [0, 1]

Cos(x)

L∞

≈ 60000



L∞
α = 0.5

τ = h L∞ m = n L∞
0.0033 5.42 · 10−6 732.4 6 8.38 · 10−6 0.2 446.2
0.0017 1.65 · 10−6 22425.3 7 4.61 · 10−7 0.375 59800

L∞
α = 0.5

τ = h L∞ m = n L∞
0.0125 4.00 · 10−3 5.4 10 4.61 · 10−3 2.8 1.9
0.0063 3.31 · 10−3 40.9 15 1.16 · 10−3 21.7 1.9
0.0031 2.66 · 10−3 1398.9 20 9.60 · 10−4 95.7 14.6

≈ 15

L∞

c(α) = Γ (4− α) ; f(x, t) = t2
(
x(6t+ t (t)− 6) (x)

(t)
− 2t (x)

)
,

u(x, t) = t3xsin(x), (x, t) ∈ [0, 1]× [0, 1]

c(α) = Γ

(
7

2
− α

)
; f(x, t) =

t3/2
(
15
√
π(t− 1)(x− 1)2x+ 16t(2− 3x) (t)

)
8 (t)

,

u(x, t) = t5/2x(1− x)2, (x, t) ∈ [0, 1]× [0, 1]

c(α) = Γ

(
5

2
− α

)
;



f(x, t) =

√
t(x− 1)2 (3

√
π(t− 1)(x− 1)2x2− 8t(5x(3x− 2) + 1) (t))

4 (t)
,

u(x, t) = t3/2x2(1 − x)4, (x, t) ∈ [0, 1] × [0, 1]

‖ n,m‖∞

n = m

1 3.142 · 10−1 1.481 · 10−2 2.193 · 10−2

3 3.469 · 10−3 3.313 · 10−4 1.297 · 10−2

5 8.382 · 10−6 2.397 · 10−5 1.207 · 10−3

7 1.275 · 10−8 4.761 · 10−6 1.059 · 10−5

9 1.020 · 10−11 1.429 · 10−6 4.473 · 10−6

11 3.709 · 10−14 4.402 · 10−7 1.685 · 10−6

‖ n,m‖∞ n m

L∞
n m

m n
u(x, t)

C∞([0, 1])

∼ 10−14

|u10,10(x, t)|

t = 0 t = 0

d

c(α) = Γ

(
d+ 1

d
− α

)
;

f(x, t) =

(x− 1)2
(

(t−1)(x−1)2x2Γ( d+1
d )

(t) − 2t(5x(3x− 2) + 1)

)
td/d+1

,



|u(x, t) − u10,10(x, t)|

u(x, t) = t1/d(1 − x)4x2; , (x, t) ∈ [0, 1] × [0, 1]
d d = {1, 2, 3, ..., 9, 10, 12, 14, 16, ..., 28, 30}

‖En,m‖∞
1/d

m = n

0.0E+00

2.0E-03

4.0E-03

6.0E-03

8.0E-03

1.0E-02

1.2E-02

1.4E-02

1.6E-02

1.8E-02

0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

m=n=5
m=n=7
m=n=9
m=n=11
m=n=15
m=n=20

,n mE

1/ d

‖En,m‖∞

2−α
h

2

(xi, tj) xi = iΔx tj = jΔt
Δx Δt



Δt h = Δx m = n = 5 m = n = 7 m = n = 9
‖E‖ ‖E‖ ‖E‖ ‖E‖

0.25 0.5 5.06 · 10−3 8.402 · 10−6 1.275 · 10−8 9.431 · 10−12

0.0625 0.25 1.60 · 10−3 7.440 · 10−6 1.275 · 10−8 9.431 · 10−12

0.015625 0.125 2.80 · 10−4 7.440 · 10−6 1.275 · 10−8 9.431 · 10−12

0.00390625 0.0625 4.97 · 10−5 8.225 · 10−6 1.275 · 10−8 9.7358 · 10−12

‖E‖

Δt h = Δx m = n = 5 m = n = 7 m = n = 9
‖E‖ ‖E‖ ‖E‖ ‖E‖

0.25 0.5 8.40 · 10−3 1.007 · 10−3 2.054 · 10−6 6.001 · 10−7

0.0625 0.25 2.45 · 10−3 1.074 · 10−3 5.705 · 10−6 2.199 · 10−6

0.015625 0.125 6.36 · 10−4 1.074 · 10−3 1.048 · 10−5 5.071 · 10−6

0.00390625 0.0625 1.62 · 10−4 1.185 · 10−3 1.05 · 10−5 5.338 · 10−6

‖E‖

n m

m n
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‖En,m‖∞ m = n







Dαy(t) = f(t, y(t)), t ∈ (0, T ],

y(0) = y0,

α > 0

y [0, T ]
T > 0 α = p

q p ≥ 1 q ≥ 2

f f(t, y(t)) = f(t1/q, y(t)), wheref
(0, y(0))

t1/q

y(t) =

∞∑
k=0

akt
k/q, t ∈ [0, r),

r < T ak k ≥ 0

α
α = p

q p ≥ 1 q ≥ 2
α

m ∈ N

y(t) = y(1)(t) + y(2)(t) y(1) ∈ Cm ([0, T ])
m ≥ 1 y(2) y

f(t, y)
[0, T ]×R

y(t) = y0 +
1

Γ(α)

∫ t

0
(t− s)α−1f(s, y(s)) ds, t ∈ (0, T ].

m ∈ N �−

V α
m = span {tυk , k = 1, .., �} ,

υk ∈ {i+ jα : i, j ∈ N0, i+ jα < m}.
y



t0 t1 t2 tN-1 tNti ti+1

σiσ σN

ti1 til

V α
m m ∈ N

[0, T ] N
σi = (ti, ti+1] i = 1, . . . , N − 1 τ σ0 = [0, t1]

σi � tik = ti+ck k = 1, .., �
ck ∈ [0, 1]

V α
τ,m =

{
v : v|σi

∈ V α
m , i = 1, .., N − 1

}
u ∈ V α

τ,m

u (tik) = y(0) +
1

Γ(α)

∫ tik

0
(tik − s)α−1f (s, u (s)) ds,

i = 0, 1, ..., N − 1, k = 1, 2, ..., �.

Pτ : C([0, T ]) → Vα
τ,m

(Pτg) (s) =

�∑
k=1

Lik(s)g(tik), s ∈ σi,

Lik ∈ V α
m

Lik(t) =
�∑

p=1

βipkt
νp ,

i = 1, ..., N − 1 k = 1, . . . , � βipkLik(tij) = δjk k, j = 1, ..., �
Pτg(tik) = g(tik) f(s, u(s)) σi

i = 0, ..., N − 1



f(s, u(s)) ≈ Pτf(s) =

�∑
k=1

Lik(s)f(tik, u(tik)).

s ∈ [ti, tik] i = 0, 1, ..., N − 1 k = 1, ..., �

f(s, u(s)) ≈ Pτf(s) =
�∑

γ=1

Lk
iγ(s)f(ti + τcγck, u(ti + τcγck)).

Lk
iγi = 0, 1, ..., N −1 k = 1, ..., � γ = 1, ..., �

ti + τcγck
f(s, u(s))

v (tik) = y(0) +
1

Γ(α)

i−1∑
j=0

�∑
γ=1

�∑
p=1

∫ tj+1

tj

(tik − s)α−1sυpdsβiγpf(tjγ , v(tjγ)),

+
1

Γ(α)

�∑
γ=1

�∑
p=1

∫ tik

ti

(tik − s)α−1sυpdsβikγpf(ti + τcγck, v(ti + τcγck)).

wj,p
ik =

1

Γ(α)

∫ tj+1

tj

(tik − s)α−1sνpds, j < i,

wi,p
ik =

1

Γ(α)

∫ tik

ti

(tik − s)α−1sνpds, i = 0, 1, ..., N − 1, k = 1, ..., �,

v (tik) = y(0) +
1

Γ(α)

i−1∑
j=0

�∑
γ=1

�∑
p=1

wj,p
ik β

i
γpf(tjγ , v(tjγ)),

+
1

Γ(α)

�∑
γ=1

�∑
p=1

wi,p
ik β

ik
γpf(ti + τcγck, v(ti + τcγck)).

y(s) ≈
�∑

k=1

yjkLjk(s), s ∈ σj , j = 0, ..., N − 1.

α

y f(t, y(t)) = βy(t)+g(t) v ∈ V α
m

τ τ C τ



‖y − v‖∞ ≤ Cτm.

Dα (t) = A (t) + (t), t ∈ (0, T ]

(0) = ,

A A = [aij ]i,j=1,...,n = [y1 y2 . . . yn]
T

(t) = [f1(t) f2(t)...fn(t)]
T = [y01 y02 . . . y0n]

T y0i =
yi(0), i = 1, ..., n.

[0, T ] i0

(
N
i0

)m
α ≤ N

(
N

i0−1

)m
α
>

N N ′ = N − i0 + 1 [0, T ]

t0 = 0, ti =

(
i0 + i− 1

N

)m
α

T, i = 1, 2, . . . , N ′ − 1,

N ′

σ0 = [0, t1], σi = (ti, ti+1], i = 1, 2, . . . , N ′ − 1,

τi = ti+1 − ti i = 0, 1, . . . , N ′ − 1 τi
τ = {τi, i = 0, 1, . . . , N ′ − 1}

i0

N1−α/m ≤ i0 ≤ N(N − 1)−α/m,

c

τi ≤ c(i+ i0 − 2)
m−α

α N−m
α ≤ cN−1.



V α
m

Sm
τ ([0, T ]) =

{
u ∈ C([0, T ]) : u

∣∣
σ0

∈ V α
m

∣∣
σ0
, u

∣∣
σl

∈ Pm−1

∣∣
σl
, l = 1, 2, . . . , N ′ − 1

}
,

Pm−1 m− 1 σi, i =
0, 1, ...., N ′ − 1

v
v ∈ Sm

τ v
σ0 � t0j = cjτ0, j =

1, . . . , �, cj ∈ [0, 1] σl l = 1, . . . , N ′ − 1 m
tlj = tl + cjτl, j = 1, . . . ,m, cj ∈ [0, 1]

yi(t) = y0i +
1

Γ(α)

∫ t

0
(t− s)α−1

(
n∑

k=1

aikyk(s) + fi(s)

)
ds,

v = [v1 v2 . . . vn]
T vi ∈ Sm

τ ([0, T ]) i =
1, 2, . . . , n

vi(t0j) = y0i +
1

Γ(α)

∫ t0j

0
(t0j − s)α−1

(
n∑

k=1

aikvk(s) + fi(s)

)
ds,

j = 1, . . . , �,

vi(tpj) = y0 +
1

Γ(α)

∫ tpj

0
(tpj − s)α−1

(
n∑

k=1

aikvk(s) + fi(s)

)
ds,

p = 1, . . . , N ′ − 1, j = 1, . . . ,m.

vi(t0j) i = 1, . . . , n j = 1, . . . , �
L0j

∣∣
σ0

∈ Vα
m

∣∣
σ0
, j = 1, . . . , �,

L0j(t0k) = δjk, k = 1, . . . , �.

L0j(t) =

�∑
i=1

βjit
νi ,

j = 1, . . . , � βji

Pτ : C([0, T ]) → Vα
m

∣∣
σ0

(Pτg) (s) =

�∑
k=1

L0k(s)g(t0k), s ∈ σ0 = [0, τ0].



t ∈ σ0 vi ∈ Vα
m

∣∣
σ0

i = 1, . . . , n

vi(t) =

�∑
k=1

vi(t0k)L0k(t).

σj j = 1, . . . , N ′ − 1 yi
vi ∈ Pm−1

vi(t) =

m∑
γ=1

Ljγ(t)vi(tjγ), t ∈ σj ,

Ljγ j = 1, . . . , N ′−1 γ = 1, . . . ,m,
tjγ = tj + τjcγ

Ljγ(t) =

m∏
p=1

p �=γ

t− tjp
tjγ − tjp

.

Pj : C([0, T ]) → Pm−1

(Pjg) (s) =

m∑
γ=1

Ljγg (tjγ) , s ∈ τj , j = 1, ..., N ′ − 1.

vi(t0k), k = 1, ...� vi(tlk), l = 1, ...N ′−1, k = 1, ...,m i = 1, . . . , n
vi(t)

vi(t0j) = y0i +
1

Γ(α)

∫ t0j

0
(t0j − s)α−1

⎛⎝ n∑
p=1

aip

�∑
γ=1

vp(t0γ)L0γ(s) + fi(s)

⎞⎠ ds,

j = 1, . . . �,

vi(tlk) = y0i +
1

Γ(α)

∫ t1

0
(tlk − s)α−1

⎛⎝ n∑
p=1

aip

�∑
γ=1

vp(t0γ)L0γ(s)

⎞⎠ ds

+
1

Γ(α)

l−1∑
j=1

∫ tj+1

tj

(tlk − s)α−1

⎛⎝ n∑
p=1

aip

m∑
γ=1

Ljγ(s)vp(tjγ)

⎞⎠ ds

+
1

Γ(α)

∫ tlk

tl

(tlk − s)α−1

⎛⎝ n∑
p=1

aip

m∑
γ=1

L
(k)
lγ (s)vp(tl + τckcγ)

⎞⎠ ds,

+
1

Γ(α)

∫ tlk

0
(tlk − s)α−1fi(s)ds,

l = 1, . . . , N ′ − 1, k = 1, . . . ,m,

L
(k)
lγ l = 1, . . . , N ′ − 1 γ = 1, . . . ,m

tl + τlcγck



v =
[vi]

n
i=1

vi(t) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
�∑

k=1

vi(t0k)L0k(t), t ∈ σ0,

m∑
k=1

vi(tjk)Ljk(t), t ∈ σj , j = 1, . . . , N ′ − 1.

x A

‖x‖ = ‖x‖∞ =
i

{|xi|} , ‖A‖ = ‖A‖∞ =
i

⎧⎨⎩∑
j

|aij |
⎫⎬⎭

f ∈ C([a, b])
‖f‖[a,b] =

t∈[a,b]
|f(t)|

L0k, k = 1, ..., � σ0 =
[0, t1] Δ0

‖L0k‖σ0
≤ Δ0, k = 1, . . . , �.

m ∈ N f(t) = f1(t) + f2(t) f1 ∈ Cm([0, T ]) f2 ∈ V α
m

‖f − Pτf‖σ0
≤ c̄τm0

∥∥∥f (m)
1

∥∥∥
σ0

,

c̄

j = 1, . . . , � t0j

e0j =
[
e10j e

2
0j . . . e

n
0j

]T
,

ei0j = yi(t0j)− vi(t0j), i = 1, 2, . . . , n.

y = [yk]
n
k=1 v = [vk]

n
k=1

σ0

1≤k≤n
‖yk − vk‖σ0

≤ CN−m,

C N



i = 1, . . . , n j = 1, . . . , l

∣∣ei0j∣∣ = |yi(t0j)− vi(t0,j)| ≤ 1

Γ(α)

∫ t0j

0
(t0j − s)α−1

n∑
k=1

|aik| |yk(s)− vk(s)| ds

≤ 1

Γ(α)

n∑
k=1

|aik| ‖yk − vk‖σ0

∫ t0j

0
(t0j − s)α−1 ds

≤ tα0j
Γ(α+ 1)

n∑
k=1

|aik| ‖yk − vk‖σ0

‖yk − vk‖σ0
k = 1, . . . , n

‖yk − vk‖σ0
≤ ‖yk − Pτyk‖σ0

+ ‖Pτyk − vk‖σ0
.

yk k = 1, . . . , n yk(t) = y
(1)
k (t) + y

(2)
k (t)

y
(1)
k (t) ∈ C(m)([0, T ]) y

(2)
k (t) ∈ Vα

m

‖yk − Pτyk‖σ0
≤ c1τ

m
0

∥∥∥∥ dmdtm y(1)k

∥∥∥∥
σ0

.

vk ∈ Vα
m vk = Pτvk

‖Pτyk − vk‖σ0
≤

j=1,...,�
‖L0j‖σ0

�∑
j=1

|yk(t0j)− vk(t0j)|

≤ Δ0

�∑
j=1

|yk(t0j)− vk(t0j)| ,

Δ0

‖yk − vk‖σ0
≤ c1τ

m
0 Cd +Δ0

�∑
j=1

|yk(t0j)− vk(t0j)| , k = 1, ..., n,

Cd Cd =
1≤k≤n

∥∥∥∥ dmdtm y(1)k

∥∥∥∥
σ0

i = 1, . . . , n j = 1, . . . , �

∣∣ei0j∣∣ ≤ tα0j
Γ(α+ 1)

⎛⎝c1Cdτ
m
0

n∑
k=1

|aik|+Δ0

n∑
k=1

|aik|
�∑

j=1

∣∣∣ek0j∣∣∣
⎞⎠ .

τ0 ≤ cN−1 c
N

1≤i≤n

∣∣ei0j∣∣ ≤ C1N
−m + C2

�∑
j=1

1≤k≤n

∣∣∣ek0j∣∣∣ ,



C1 C2 N

1≤j≤� 1≤i≤n

∣∣ei0j∣∣ ≤ C1N
−m + C3

1≤j≤� 1≤k≤n

∣∣∣ek0j∣∣∣ ,
C3 = �C2.

N C4

1≤j≤� 1≤i≤n

∣∣ei0j∣∣ ≤ C4N
−m,

1≤k≤n
‖yk − vk‖σ0

≤ C5N
−m,

C5 N

j = 1, . . . ,m k = 1, . . . , N ′ − 1
tkj

ekj =
[
e1kj e

2
kj . . . e

n
kj

]T
,

eikj = yi(tkj)− vi(tkj), i = 1, 2, . . . , n.

y = [yk]
n
k=1 v = [vk]

n
k=1

σk k = 1, . . . , N ′ − 1

1≤i≤n
‖yi − vi‖σk

≤ CN−m,

C N

j = 1, . . . ,m k = 1, . . . , N ′ − 1

eikj = yi (tkj)− vi (tkj) =
1

Γ(α)

∫ t1

0
(tkj − s)α−1

n∑
l=1

ail (yl(s)− vl(s)) ds

+
1

Γ(α)

k−1∑
γ=1

∫ tγ+1

tγ

(tkj − s)α−1
n∑

l=1

ail (yl(s)− Pγ(yl)(s) + Pγ(yl)(s)− vl(s)) ds+

+
1

Γ(α)

∫ tkj

tk

(tkj − s)α−1
n∑

l=1

ail (yl(s)− Pk(yl)(s) + Pk(yl)(s)− vl(s)) ds,

Pγ γ = 1, ...N ′ − 1
τi ≤ cN−1 k = 1, ..., N ′ − 1∫ tγ+1

tγ

(tkj − s)α−1ds ≤ c̄ τα(k − γ)α−1 ≤ c̄1N
−α(k − γ)α−1, γ = 1, ..., k − 1,∫ tkj

tk

(tkj − s)α−1ds ≤ c̄ τα ≤ c̄1N
−α, j = 1, ...,m,

c̄1 N vl ∈ Pm−1



Pγ(vl)(s) = vl(s), s ∈ τσ, σ = 1, ..., N ′ − 1 s ∈ σγ , γ = 1, 2, ..., N ′ − 1

Pσ(yl)(s)− vl(s) =

m∑
j=1

Lγj(s) (yl(tγj)− yl(tγj)) , σ = 1, ..., N ′ − 1.

∣∣eikj∣∣ ≤ 1

Γ(α)

n∑
l=1

|ail| ‖yl − vl‖σ0

∫ t1

0
(tkj − s)α−1ds

+
1

Γ(α)

n∑
l=1

|ail|
k−1∑
γ=1

‖yl − Pγ(yl)‖σγ

∫ tγ+1

tγ

(tkj − s)α−1ds

+
1

Γ(α)

n∑
l=1

|ail| ‖yl − Pk(yl)‖σk

∫ tkj

tk

(tkj − s)α−1ds

+
mΔmc̄1
Γ(α)

N−α
n∑

l=1

|ail|
k−1∑
γ=1

(k − γ)α−1

p=1,...,m

∣∣∣elγp∣∣∣
+

mΔmτ
α

Γ(α+ 1)

n∑
l=1

|ail|
p=1,...,m

∣∣∣elkp∣∣∣ ,
Δm c1, ..., cm‖yl − vl‖σ0

≤ C N−m l = 1, . . . , n
‖yl − Pγ(yl)‖σγ

l = 1, . . . , n γ = 1, . . . , N ′ − 1

τi ≤ cN−1 i =
1, . . . , N ′ − 1

‖yl − Pγ(yl)‖σγ
≤ d1τ

m
γ

t∈σγ

∣∣∣∣dmydtm
(t)

∣∣∣∣ ≤ d2τ
m
γ

t∈σγ

∣∣tα−m
∣∣ ≤ d2τ

m
γ t

α−m
γ

= d2τ
m
γ

(
i0 + γ − 1

N

)m
α
(α−m)

,

f
f(t) = f1(t) + f2(t) f1 ∈ Cm([0, T ]) f2 ∈ V α

m

∣∣f (m)(t)
∣∣ ≤ c tα−m

t ≥ t1
τi ≤ c (i+ i0 − 2)

m
α
−1N−m

α

‖yl − Pγ(yl)‖σγ
≤ c̄2N

−m, γ = 1, ..., N ′ − 1,

c̄2 N
N

i=1,...,n p=1,...,m

∣∣eikp∣∣ ≤ C̄2N
−m + C̄3N

−α
k−1∑
γ=1

(k − γ)α−1

i=1,...,n p=1,...,m

∣∣∣elγp∣∣∣ ,
C̄2 C̄3

i=1,...,n p=1,...,m

∣∣eikp∣∣ ≤ C̄4N
−m.



Pγ γ = 1, . . . , N ′ − 1

k=1,...,n
‖yk − vk‖σγ

≤ c̄2N
−m +mΔm

k=1,...,n j=1,...,m

∣∣∣ekγj∣∣∣ ,
k = 1, . . . , n

‖yk − vk‖σγ
≤ C̄5N

−m, γ = 1, ..., N ′,

C̄5 N

tj

ετ =
i=1,...,n p=1,...,N ′

|yi(tp)− vi(tp)|

vi i

{
D

1
2 y(t) = 1

2y(t), t > 0
y(0) = 1.

y(t) = E1/2(0.5
√
t)

{
Dαy1(t) = y2(t)

Dαy2(t) = −y1(t)− y2(t) + tα+1 + π (πα)t1−α

Γ(−α−1)Γ(2−α) +
πt (πα)
Γ(−α−1) ,

y1(0) = 0 y2(0) = 0 y1(t) = t1+α y2(t) = πα(α +
1)t (πα)/Γ(1− α)

Vα
2 Vα

3 Vα
4 Vα

5 Vα
6

κ(A) = ‖A‖∞
∥∥A−1

∥∥
∞

κ(A)max

κ(A)min

κ(A)
m = 4

N



m
p

m = 2 m = 2
N N ′ ετ p κ(A)min κ(A)max ετ p κ(A)min κ(A)max

10 5 1.47 · 10−3 − 1.19 16.9 5.70 · 10−5 4.92 26.87
20 11 4.45 · 10−4 1.72 1.09 9.58 1.42 · 10−5 3.56 16.84
40 25 1.21 · 10−4 1.88 1.04 5.33 3.56 · 10−6 2.70 10.71
80 54 3.15 · 10−5 1.94 1.02 3.69 8.90 · 10−7 2.14 7.01
160 116 8.05 · 10−6 1.97 1.01 2.67 2.23 · 10−7 1.78 4.78

m = 3 m = 3
N N ′ ετ p κ(A)min κ(A)max ετ p κ(A)min κ(A)max

10 4 5.01 · 10−4 − 1.47 135.5 1.50 · 10−9 3.36 115.52
20 8 7.65 · 10−5 2.71 1.23 88.04 1.50 · 10−10 2.44 59.97
40 19 1.05 · 10−5 2.86 1.10 35.42 1.60 · 10−11 1.93 32.45
80 42 1.39 · 10−6 2.92 1.05 19.43 1.80 · 10−12 1.62 18.37
160 92 1.78 · 10−7 2.96 1.02 11.15 2.07 · 10−13 1.42 10.93

m = 4 m = 4
N N ′ ετ p κ(A)min κ(A)max ετ p κ(A)min κ(A)max

10 3 2.23 · 10−4 − 2.14 426.1 3.83 · 10−13 1.48 253.57
20 7 1.77 · 10−5 3.65 1.38 148.5 1.64 · 10−14 1.31 129.68
40 15 1.23 · 10−6 3.84 1.18 85.18 − − −
80 34 8.14 · 10−8 3.92 1.08 41.44 − − −
160 76 5.23 · 10−9 3.96 1.04 21.26 − − −

m

p

m = 5
N N ′ ετ p κ(A)min κ(A)max

10 3 2.13 · 10−5 − 3.35 1.05 · 106
20 6 8.51 · 10−7 4.65 1.85 5.36 · 105
40 13 2.96 · 10−8 4.85 1.37 2.63 · 105
80 29 9.78 · 10−10 4.92 1.17 1.23 · 105
160 64 3.16 · 10−11 4.95 1.08 6.10 · 104

m = 6
N N ′ ετ p κ(A)min κ(A)max

10 2 1.38 · 10−5 − 128.46 4.81 · 108
20 5 3.72 · 10−7 5.21 14.95 1.07 · 108
40 11 6.66 · 10−9 5.80 2.48 4.79 · 107
80 25 1.16 · 10−10 5.84 1.63 2.05 · 107

m = 6

m = 4 α =
1/4, 1/2, 2/3

α

α = 1/4



p

α = 1/4, 1/2, 2/3

α = 1/4 α = 1/2 α = 2/3
N N ′ ετ p N ′ ετ p N ′ ετ p

2.11 · 10−6 1.94 · 10−7 56.6 5.53 · 10−8 142.2
1.45 · 10−7 1.27 · 10−8 51.0 3.58 · 10−9 162.4
9.43 · 10−9 8.13 · 10−10 52.2 2.28 · 10−10 170.2
6.00 · 10−10 5.14 · 10−11 60.0 1.44 · 10−11 173.4

∂αu(x, t)

∂tα
= Dα

∂2u(x, t)

∂x2
+ f(x, t), t > 0, 0 ≤ x ≤ L,

u(x, 0) = g(x),

u(0, t) = u0, u(L, t) = uL,

Dα u0 uL
0 < α < 1

∂αu(x, t)

∂tα
=

1

Γ(1− α)

∫ t

0
(t− s)−α∂u(x, s)

∂s
ds.

t
t



[0, L]

xi = iΔx i = 0, . . . , n Δx =
L

n

∂2u(xi, t)

∂x2
≈ u(xi+1, t)− 2u(xi, t) + u(xi−1, t)

(Δx)2
, i = 1, . . . , n− 1.

yi(t) ≈ u(xi, t)
n− 1

∂αyi(t)

∂tα
= D

yi+1(t)− 2yi(t) + yi−1(t)

(Δx)2
+ f(xi, t), i = 1, . . . , n− 1.

y0(t) = u0 yn(t) = uL

yi(0) = g(xi), i = 1, . . . , n− 1,

n − 1

n ∈ t ≥ 0

(t) = [y0(t) y1(t) y2(t) . . . yn−1(t) yn(t)] = [u0 y1(t) y2(t) . . . yn−1(t) uL] .

⎧⎨⎩ ∂αyi(t)

∂tα
= Fi(t, (t)), i = 1, . . . , n− 1,

yi(0) = g(xi), i = 1, . . . , n− 1,

Fi

Fi(t, (t)) = D
yi+1(t)− 2yi(t) + yi−1(t)

(Δx)2
+ f(xi, t), i = 1, . . . , n− 1.

(n − 1)
T > 0

[0, T ]

Fi(s, (s)) [0, T ]

yi (t) = yi(0) +
1

Γ(α)

∫ t

0
(t− s)α−1Fi(s, (s))ds, i = 1, . . . , n− 1,



yi(0) = g(xi), i = 1, . . . , n− 1

[0, T ] N σ0 = [0, t0]
σi = (ti, ti+1], i = 1, . . . , N − 1 h σi �

tik = ti+ckΔt k = 1, .., � ck ∈ [0, 1]

(t) = (u1 (x1, t) , u2 (x2, t) , ..., un−1 (xn−1, t))

uj (xj , t) ∈ V α
τ,m (j = 1, .., n− 1)

uj (xj , t) =
�∑

k=1

ajikt
υk , t ∈ σi, i = 1, . . . , n− 1.

ik = [a1ik, . . . , a
n
ik]

(t) tik

uj (xj , tik) = yj(0) +
1

Γ(α)

∫ tik

0
(tik − s)α−1Fj (s, (s)) ds,

i = 0, 1, ..., N − 1, k = 1, 2, ..., �, j = 1, 2, ...n− 1.

i � (n− 1)
Fj (s, u (s)) V α

Δt,m

û ∈ V α
Δt,m

ûj (tik) = yj (0) +
i−1∑
ς=1

�∑
γ=1

�∑
p=1

wς,p
ik β

ς
γpFj (tς +Δtcγ , û (tς +Δtcγ))

+

�∑
γ=1

�∑
p=1

wi,p
ik β

ik
γpFj (ti +Δtckcγ , û (ti +Δtckcγ)) ,

j = 1, . . . , n− 1, i = 0, . . . , N − 1, k = 1, . . . , �.

wσ,p
ik =

1

Γ(α)

∫ tσ+1

tj

(tik − s)α−1sνpds, j < i,

wi,p
ik =

1

Γ(α)

∫ tik

ti

(tik − s)α−1sνpds, i = 0, 1, ..., N − 1, k = 1, ..., �,

βςγp, β
ik
γp

Fj

j = 1, . . . , n − 1
ûj (tik) i = 0, . . . , N − 1, k = 1, . . . �



y1(t01)

�

y1(t0�)
y2(t01)

�

y2(t0�)

�
�
�
�
�
�
�
�
�

yn-1(t01)
�

yn-1(t0�)
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��
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� �

� � �

�

�
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� � �

�

��

��

��

��

� �

�

σi

yj(t) ≈ ûj(t) =

�∑
k=1

yjik (tik)Lik (t) , t ∈ σi, i = 0, 1, ..., N − 1, j = 1, . . . , n− 1,

yjik = ûj (tik) Lik ∈ V α
m

m
Dαy(t) = βy(t) + f(t)

y(t) = y1(t) + y2(t) y1 ∈ Cm([0, T ]) y2 ∈ V α
m

(n−1)
m V α

m

yi(t) = y1i (t) + y2i (t)
m y1i ∈ Cm([0, T ]) y2i ∈ V α

m

(xi, tj)

εΔx,Δt =
i=1,...,n, j=1,...,N

|u(xi, tj)− yi (tj)| , N =
1

Δt
, n =

L

Δx

yi i

⎧⎪⎪⎨⎪⎪⎩
∂αu(x, t)

∂tα
=
∂2u(x, t)

∂x2
+

Γ(4 + α)

6
x4(2− x)t3 − 4x2(6− 5x)t3+α, t > 0, 0 ≤ x ≤ 2,

u(x, 0) = 0,
u(0, t) = u(2, t) = 0.

u(x, t) = x4(2− x)t3+α



⎧⎪⎪⎨⎪⎪⎩
∂1/2u(x, t)

∂t1/2
=
∂2u(x, t)

∂x2
+

3Γ (1/2)

4
tx4(x− 1)− 4x2(5x− 3)t3/2, t > 0, 0 ≤ x ≤ 1,

u(x, 0) = 0,
u(0, t) = u(1, t) = 0,

t = 0 u(x, t) = x4(x− 1)t3/2

m = 1, 2, 3

V α
1,Δt V

α
2,Δt V α

3,Δt

α = 1/3 c1 = 0.15, c2 = 0.3, c3 = 0.4, c4 = 0.5, c5 = 0.7, c6 =
0.85 m = 2

α = 1/2 c1 = 0.25, c2 = 0.5 m = 1 c1 = 0.15, c2 =
0.25, c3 = 0.5, c4 = 0.75 m = 2 c1 = 0.15, c2 = 0.3, c3 = 0.4, c4 =
0.5, c5 = 0.7, c6 = 0.85 m = 3

α = 2/3 c1 = 0.15, c2 = 0.3, c3 = 0.5, c4 = 0.7, c5 = 0.85
m = 2

p q

V α
2 α

p ∼ 2
q ∼ 2

V α
2

α
p q Δt Δx

α = 2/3 α = 1/2 α = 1/3

Δt Δx εΔx,Δt p = q εΔx,Δt p = q εΔx,Δt p = q

0.5 0.5 3.92 · 10−1 − 4.53 · 10−1 − 4.74 · 10−1 −
0.25 0.25 1.03 · 10−1 1.94 1.16 · 10−1 1.96 1.27 · 10−1 1.90
0.125 0.125 2.61 · 10−2 1.97 2.92 · 10−2 1.99 3.18 · 10−2 1.99
0.0625 0.0625 6.54 · 10−3 2.00 7.31 · 10−3 2.00 8.00 · 10−3 1.99
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α = 1/2

V
1/2
2,0.125 Δx = 0.125

α = 1/2
V α
2,0.125 Δx = 0.125

(x, 0.25i), i =
1, 2 . . . , 4

V α
2,0.125

α

t = 0

V α
1 V α

2

p q Δt Δx

V α
1 V α

2

Δt Δx εΔx,Δt p q Δt Δx εΔx,Δt p = q

0.25 0.25 2.04 · 10−2 − 0.25 0.25 2.04 · 10−2 −
0.0625 0.125 5.48 · 10−3 0.95 1.90 0.125 0.125 5.55 · 10−3 1.88

0.0156225 0.0625 1.39 · 10−3 0.99 1.98 0.0625 0.0625 1.39 · 10−3 2.00
0.00390625 0.03125 3.11 · 10−4 1.08 2.16 0.03125 0.03125 3.48 · 10−4 2.00

V α
2,0.0625 Δx = Δt = 0.0625

(x, 0.25 · i), i =
1, 2 . . . , 4

(x, i · 0.25), i = 1, 2, . . . , 4
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m = 3 α = 1/2

V
1
2
3,Δt

p q Δt = (Δx)
2
3 Δx

Δt Δx εΔx,Δt p q Δt Δx εΔx,Δt p q
0.5 0.5 4.34 · 10−1 − − 0.3333 0.25 2.04 · 10−2 − −

0.3333 0.25 1.15 · 10−1 2.87 1.91 0.25 0.125 5.55 · 10−3 2.82 1.88
0.25 0.125 2.91 · 10−2 2.98 1.98 0.1429 0.0625 1.39 · 10−3 3.0 2.0

0.01429 0.0625 7.21 · 10−3 3.02 2.01 0.09091 0.03125 3.57 · 10−4 2.94 1.96

Δt Δx



α

q p Δx Δt = (Δx)2

α = 2/3 α = 1/2 α = 1/3

Δt Δx εΔx,Δt p q εΔx,Δt p q εΔx,Δt p q

1/4 1/2 2.75 · 10−1 − − 3.76 · 10−1 − − 4.47 · 10−1 − −
1/16 1/4 7.71 · 10−2 0.92 1.83 1.05 · 10−1 0.92 1.85 1.23 · 10−1 0.93 1.87
1/64 1/8 2.16 · 10−2 0.92 1.83 2.76 · 10−2 0.96 1.92 3.13 · 10−2 0.98 1.97
1/256 1/16 5.81 · 10−3 0.95 1.90 7.10 · 10−3 0.98 1.96 7.95 · 10−3 0.99 1.98

q p
Δx Δt = (Δx)2

Δt Δx εΔx,Δt p q

1/16 1/4 2.04 · 10−2

1/64 1/8 5.55 · 10−3

1/256 1/16 1.39 · 10−3

1/1024 1/32 3.47 · 10−4

m
V α
m

[0, T ]
v = [v1 v2 . . . vn]

T vi ∈ Sm
τ ([0, T ]) i = 1, 2, . . . , n

vi(tpj) = y0 +
D

Γ(α)

∫ tpj

0
(tpj − s)α−1

(
vi+1(s)− 2vi(s) + vi−1(s)

h2
+ f(xi, s)

)
ds,

p = 0, . . . , N ′ − 1, j = 1, . . . ,mp

m0 = � mp = mp = 1, ..., N ′ − 1.

(xi, tj)

εh,τ =
i=1,...,n, j=1,...,N

|u(xi, tj)− yi (tj)| , N =
1

τ
, n =

L

h



yi i u(xi, tj)
(xi, tj)

⎧⎪⎪⎨⎪⎪⎩
∂αu(x, t)

∂tα
=
∂2u(x, t)

∂x2
+

Γ(4 + α)

6
x4(2− x)t3 − 4x2(6− 5x)t3+α, t > 0, 0 ≤ x ≤ 2,

u(x, 0) = 0,
u(0, t) = u(2, t) = 0.

u(x, t) = x4(2− x)t3+α

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
π(x− 1)x4 (πα) (x)

Γ(−α) − x2tα(2x(5x− 4) (x) + ((x− 5)x(x+ 4) + 12) (x)),

t > 0, 0 ≤ x ≤ 2,
u(x, 0) = 0,
u(0, t) = u(2, t) = 0.

u(x, t) = x4(1− x)tα (x)

V α
2,τ V α

3,τ

α = 1/3 c1 = 0.15, c2 = 0.3, c3 =
0.4, c4 = 0.5, c5 = 0.7, c6 = 0.85 m = 2

c1 = 0.25, c2 = 0.75 m = 2

α = 1/2 c1 = 0.15, c2 = 0.25, c3 =
0.5, c4 = 0.75 m = 2 c1 =
0.25, c2 = 0.75 m = 2

α = 2/3 c1 = 0.15, c2 = 0.3, c3 =
0.5, c4 = 0.7, c5 = 0.85 m = 2
c1 = 0.25, c2 = 0.75 m = 2

p q

V α
2

α p ∼ 2
q ∼ 2

κ(A) = ‖A‖∞
∥∥A−1

∥∥
∞



V α
2

α
p q

τ h

α = 2/3

N N ′ h εh,τ p = q κ(A)min κ(A)max (A)

8 4 0.125 3.17 · 10−1 − 86.7 1.14 · 10+4 75/30
16 10 0.0625 9.59 · 10−2 1.73 151.7 2.60 · 10+4 155/62
32 22 0.0313 2.53 · 10−2 1.92 281.1 6.57 · 10+4 315/126
64 48 0.0156 6.21 · 10−3 2.02 494.8 1.73 · 10+5 635/254

α = 2/3

N εh,τ p = q κ(A)min

8 2.61 · 10−2 2.93 · 10+2

16 6.54 · 10−3 8.19 · 10+2

32 1.64 · 10−3 2.20 · 10+3

64 4.09 · 10−4 6.64 · 10+3

α = 1/2

N N ′ h εh,τ p = q κ(A)min κ(A)max (A)

8 4 0.125 4.16 · 10−1 − 101.2 744.3 60/30
16 8 0.0625 1.39 · 10−1 1.58 251.1 2.36 · 1032 124/62
32 19 0.0313 3.95 · 10−2 1.81 529.1 5.88 · 10+3 252/126
64 42 0.0156 1.03 · 10−2 1.94 1144 1.67 · 10+4 508/254

α = 1/2

N εh,τ p = q κ(A)min

8 2.92 · 10−2 2.27 · 10+2

16 7.31 · 10−3 6.84 · 10+3

32 1.83 · 10−3 2.04 · 10+3

64 4.57 · 10−4 6.08 · 10+3

α = 1/3

N N ′ h εh,τ p = q κ(A)min κ(A)max (A)
8 3 0.125 5.75 · 10−1 − 125.1 3.26 · 10+6 90/30
16 6 0.0625 2.21 · 10−1 1.38 372.6 1.10 · 10+7 186/62
32 15 0.0313 6.90 · 10−2 1.68 934.0 2.72 · 10+7 378/126
64 32 0.0156 1.92 · 10−2 1.85 2699 8.88 · 10+7 762/254
128 71 0.0078 5.00 · 10−3 1.94 7278 2.86 · 10+8 1530/510

α = 1/3

N εh,τ p = q κ(A)min

8 3.18 · 10−2 5.81 · 10+3

16 8.00 · 10−3 1.66 · 10+4

32 2.00 · 10−3 5.07 · 10+4

64 5.00 · 10−4 1.67 · 10+5

V α
m

κ(A)max



κ(A)
κ(A)min κ(A)

κ(A)min

(A)
a/b a× a b× b

(A) = a × a

V
1/2
3

(τmmax) + (h2)

V
1/2
3

p τ = (h)2/3 h

α = 1/2 V
1/2
3

N N ′ h εh,τ p
16 6 0.0156 2.13 · 10−2 −
25 11 0.0078 6.58 · 10−3 2.55
40 19 0.0039 1.78 · 10−3 2.83
64 32 0.00195 4.60 · 10−4 2.93

V
1/2
2

V
1/2
3

p τ = (h)2/3 h

α = 1/2 V
1/2
2

N N ′ h εh,τ p = q
8 4 0.0625 1.75 · 10−3 −
16 8 0.0313 4.17 · 10−4 2.01
32 19 0.0156 1.04 · 10−4 2.00
64 42 0.00785 2.60 · 10−5 2.00



(τmmax) + (h2)



O(Δx2 + Δt2−α) 0 < α < 1
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