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ABSTRACT 

Motion of a space tether system in the atmosphere 

Dmitrii Elenev 

 

The space tether system under consideration consists of two rigid bodies with 

significantly different ballistic coefficients. Because of this difference one of the bodies acts 

as a stabilizer for the main body – a spacecraft – during the motion of the tether system in 

the atmosphere. 

The investigations are focused on the stability of motion of the tether system in the 

atmosphere. During its motion in the atmosphere the tether system makes use of torques 

from aerodynamic forces to maintain a desired orientation. This aerodynamic method of 

stabilization is passive and does not require energy expenses. 

Such a tether system can be used to stabilize the motion before landing onto the surface 

of Earth or other planets with atmospheres. The aerodynamic tether system is helpful for 

returning payloads from outer space, especially using small landing modules. It is also 

possible to utilize in the removal of space debris by reducing the altitude of their orbits. By 

achieving the spacecraft motion stability during descent the tether system enables a reduction 

in the target landing area at the final stage of the descent. 

The modelling of motion of the tether system includes two parts – (i) the deployment 

of the tether system, and (ii) the descent of deployed tether system through the dense layers 

of the atmosphere.  

The motion of the deployed tether system is investigated with regard to the terms of 

its stability. The tether system can be in stable motion even if either or both bodies are 

statically unstable. The stability of the system is assessed relative to the parameters – the 

mass, the geometrical dimensions of the bodies and the length of the tether. It is found that 

increasing the length of the tether, as a controlled part of the deployment process during 

descent, can provide an additional stabilizing factor for the tether system. 

The model of the deployment process, based on the model of an elastic tether, 

represents the tether as a set of nodes with mass and with elastic connections. The control of 

the deployment is based on the length and the rate of change of the length of the tether. The 

aerodynamic resistance of the tether and its mass characteristics are both taken into 

consideration during modelling of the deployment.  

The described and numerically realized mathematical models allows the parameters 

for the space tether system motion in the atmosphere to be determined. 
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1. INTRODUCTION 

1.1. Context of the research 

The space tether system can be used for a wide number of applications and purposes. 

The most obvious application of an aerodynamic tether system is to provide the 

appropriate orientation of a spacecraft during descent. This method does not require any 

energy expenses, works basing on aerodynamic forces and requires only the presence of the 

atmosphere. Therefore, the aerodynamic stabilization using the tether system can be used 

not only during descent to Earth, but to stabilize the motion before landing onto the surface 

on other planets. It is not possible to use this method to explore the closest space object – 

Moon – but there is a possibility to use such tether system on the orbit of, for example, Mars 

or Venus. 

The aerodynamic tether system is applicable for returning payloads from outer space 

to the surface of the planet, especially using small landing modules from the space station. 

The payload in small modules can include, but is not limited to, the materials manufactured 

in the absence of gravity, the devices for service and maintenance or examples of space 

objects. In this case, the tether system is helpful to lower the orbit of the landing module 

before descent and to obtain stable motion during the second stage of descent.  

Tethered aerodynamic stabilization can be used to target the detachable stages of 

rocket launchers after their separation from the launcher with greater accuracy towards the 

desired landing site area.  

The problem of reducing the search area over which detachable parts of the launchers 

might land has a great economic and ecological significance, because without aerodynamic 

stabilization these areas can cover up to thousands of square kilometres. Solutions to this 

problem have been researched for a long time, but so far experts have not agreed on any 

particular stabilization method, which can be both easily implemented from the design point 

of view, and economically profitable.  

The tether system can be used for ecological purposes by collecting space debris and 

burning them out in the atmosphere. For specific debris with dangerous contents it may be 

preferable to collect them into the landing module for descending onto the surface of the 

Earth and further recycling. Aerodynamic tether systems can help to solve this problem by 
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predictable reduction of the altitude of the orbit during deployment and reducing the landing 

area at the final stage. 

The tether system can establish a connection between space objects like space stations. 

This connection can be used for transportation of payloads between spacecraft and space 

station without docking and berthing of spacecraft.  

1.2. Summary of the novel contributions to science 

This section describes the contents of the following chapters and obtained results. 

Chapter 2, literature survey, refers to the investigation previously made on tether 

systems. Here there is a review of: major models of the tether, methods used for 

mathematical modelling of the tether systems, and, in short, real tether space experiments. 

Chapter 3 describes the background of the stabilization of motion of the tether 

systems. The definition of stability of motion, which is used in the following chapters, is 

made here. As the following chapters address the aerodynamic stabilization which is passive 

stabilization of motion of a spacecraft, the terms and ideas are described there. The 

description of models of the atmosphere and numerical methods are also included. 

Chapter 4 concentrates on the mathematical model for 3D motion of the deployed 

tether system in the dense layers of the atmosphere. The definitions and assumptions for the 

tether system itself, the forces acting on the mechanical system, and for the coordinate 

systems used for deriving the governing equations are described. The use of the second body 

as an aerodynamic stabilizer enables the stable motion of the spacecraft during descent. The 

mathematical model is presented here. The described mathematical model is the basis for 

determining the conditions of stability of motion of the system. 

Chapter 5 investigates the influence of parameters of the tether system on its motion. 

The tether system is stable when it is able to sustain a previously defined orientation during 

its motion. Here, the conditions of static stability, which are necessary conditions of stability, 

are determined based on the undisturbed motion of the tether system. It is found, that the 

tether system can be in stable motion even if either or both bodies are statically unstable. 

The dependence of stability on the natural frequencies of the system is assessed relative to 

the parameters. Here, the method for choosing the parameters of the tether system is offered 

to obtain stable motion. These parameters are the mass, the geometrical dimensions and the 
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length of the tether. It is found that the deployment process during descent can add the 

stabilization to the motion of the tether system. 

Chapter 6 describes the process of deployment of a tether system. This process is 

based on the aerodynamic forces. The initial condition for the deployment model is that of a 

spacecraft with a rigidly connected stabilizer in a circular orbit about the planet. Because of 

the difference in ballistic coefficient of the bodies, the tension of the tether enables the 

deployment of the tether system. The deployment is then controlled by the tether release 

mechanism on the time and tether parameters bases. The tether release mechanism unreels 

the tether and controls the rate at which the tether is unreeled, but is not able to pull the tether 

back in. Different methods of deployment and system dynamics are investigated. The model 

uses elastic tether, but its mass and aerodynamic force are not considered. 

Chapter 7 is focused on the modelling tether system as a system with distributed 

parameters. The modelling is based on the model obtained in previous chapter. The tether is 

split into a number of parts by intermediate nodes, and the multi-point model includes the 

series of separations of material points, describing stabilizer and nodes on the tether, from 

the spacecraft. The multi-point model takes into consideration the elasticity of the tether and 

aerodynamic forces acting on the tether. This model allows to calculate numerically elastic 

deformations and curvature of the tether. 

The comparison of results obtained by the two-point and multi-point models is made. 

The change in mass after adding each node and the influence of aerodynamic forces acting 

on the tether leads to differences in values of the tension force and angles describing the 

orientation of the bodies. Therefore, the model allows to make a more accurate estimation 

of specified parameters. 

Chapter 8 makes the conclusions of work done in previous chapters and gives the 

recommendations for further work. The origins of perturbations and possible applications 

are also discussed there. 

1.3. Assumptions 

The motion of the tether system considered in the following chapters includes the 

deployment process of the tether system and the motion of previously, or already deployed 

tether system. 
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The major assumption made for modelling purposes, is that the aerodynamic influence 

caused by one body on the other or on the tether can be disregarded.  

The assumed path that the tether system takes is through low density gas, for which 

the hypothesis of the diffuse reflection of gas molecules is applicable. This assumption 

means that vectors of the aerodynamic forces are co-linear with the vectors of velocities of 

the bodies. This assumption is valid for low atmospheric density and avoids having to do 

complicated CFD calculations. The typical change of Mach numbers of spacecraft during 

descent are described below in §4.3. 

During the motion through the atmosphere, the dynamic pressure arising from the 

airflow creates the aerodynamic force that acts on all of the components of the tether system: 

the spacecraft, the stabilizer and the tether. The possibility of a wake effect is not taken into 

consideration in the modelling, as the aerodynamics in the model is limited to the diffuse 

reflection of gas molecules hypothesis. However, the aerodynamic forces acting on the 

bodies and on the thin tether can be comparable if the tether is long enough. The definitions 

for short and long tether in terms of modelling are made below in §7.2. 

In the modelling of the deployed tether system, in which the motion is assumed to take 

place in the dense layers of the atmosphere, the gravity torque is ignored because of its small 

value in comparison to the aerodynamic torque. At this stage of motion, the mass of the 

tether is considered to be equal to zero, thus providing a geometric constraint between the 

spacecraft and the stabilizer. The variation in the acceleration due to gravity within the size 

of the system is assumed to be negligible since the tether system is comparatively small. The 

full list of assumptions made for motion of deployed tether system can be found in §4.3. 

The deployment of tether system takes place in higher layers of atmosphere where 

aerodynamic torques are not significant in comparison to the gravity torques, and the gravity 

torque is taken into consideration. There is a simplification in the model of unreeling device. 

It is assumed that it works on unreeling only and cannot pull the tether back in. The 

multipoint model of the tether splits the tether in massless parts, but the mass of the tether is 

represented by a number of intermediate nodes. 
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2. LITERATURE SURVEY 

2.1. The ideas for space tether systems 

First space tether system was described by K. E. Tsiolkovsky who proposed the idea 

of artificial gravity on a space station in 1903 (Levin, E., 2007). The spacecraft is connected 

by the tether with a body with equal mass, and the tether system rotates around its centre of 

mass. A few years later, F. Zander (Zander F., 1977) proposed another idea of a space 

elevator from the surface of Moon to the direction of Earth. The length of the tether to be 

used in this project should be more than 60 thousand km, extending further than the Earth-

Moon Lagrange point; at this point the effect of the centrifugal force becomes equal to the 

effect from Moon’s gravity force. The loose part of the tether would be prevented from 

falling onto the surface of the Moon by Earth’s gravity. Later, Zander found that the existing 

materials were not acceptable for such tether system.  

These ideas were improved by Yu. Artsutanov, who showed that the space elevator 

can have no connection with the surface of the Earth (Artsutanov, Yu., 1969). The orbital 

and rotational parameters of a spacecraft and the motion of the tether system connecting two 

satellites can be selected to enable one satellite to hang over the surface of the Earth for a 

short period, to take the payload and move it into orbit. This idea was invented by H.Moravec 

and called a “non-synchronous orbital skyhook” (Moravec, H., 1977). 

The artificial gravity arising from the rotation of the tether system, even when its value 

is small, simplifies the experience of living on a spacecraft by removing the problems of 

micro-gravity, such as motion of unrestrained objects, and problems with the transfusion of 

liquids such as water and fuel. The idea of application of a tether system as an 

electrodynamic system was proposed by M. Grossi (Grossi, M., 1973). It was suggested that 

an orbital conducting tether could be used as a dipole antenna. These ideas for an 

electrodynamic space tether system were tested during the TSS-1 (1992) and TSS-1R (1996) 

space experiments. 

The tether systems can be used to investigate the high layers of the atmosphere by 

using a light probe connected to the spacecraft (Colombo, G., 1975). 

The investigations of tether systems focus on two major processes – (i) the motion of 

the deployed tether system, and (ii) the process of deployment of a tether system. 
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The most comprehensive investigations of tether systems were associated with 

National Aeronautics and Space Administration (NASA). The results are included into the 

book (Cosmo, M. L., 1997), where the models of motion and deployment are described, as 

well as results of experiments on tether systems. The estimations of heating and 

deformations of the tether under the influence of gravity forces are included into this book.  

Tether systems are applicable to investigations of the higher layers of the atmosphere, 

where the flight of traditional aircraft is not possible (Kumar, K. 2006, Alpatov, A.P., 2010), 

to stabilize the motion of spacecraft (Levin, E., 2007), for removing space debris (Aslanov 

V.S., 2014, Sabatini, M., 2016) and for deep space investigations (Mantellato, R., 2015). 

The tether system with an atmospheric probe is a prospective technology for gathering 

important information about higher layers of the atmosphere of Earth, at altitudes about 100-

150 km. The density of the atmosphere at these heights is too low for normal aircraft 

operations, on the other hand, traditional spacecraft would meet comparatively high 

aerodynamic drag. This problem can be solved by using an atmosphere probe, connected by 

tether to a spacecraft operating at altitude about 200 km (Levin, E, 1993, Johnson, L., 1999). 

E. Levin also investigated electromagnetic space tether systems. He found that direct 

current can lead to motion instability in the tether system, and that, by changing the amperage 

in the tether, it is possible to stabilize the motion of the tether system.  

The tether system can provide deceleration of the spacecraft before landing, but it is 

necessary to mention that in this case the tether tension force is significantly higher than for 

upper atmospheric use (Puig-Suari, J., 1991). 

It is necessary to mention that all tether systems, and especially tether systems with 

long tethers, are vulnerable for micrometeorite attacks and space debris impact. For example, 

the tether in the real space tether system SEDS-2 was cut a few days after the deployment 

(Cosmo, M. L., 1997). 

2.2. Mathematical models of motion 

The motion of the space tether system is a motion of a system with distributed 

parameters. The placement of each rigid body can be defined by the position of the centre of 

mass of the body and the orientation of the body in space. The orientation of the body is 

described by its rotation around its centre of mass, and, as Euler’s rotation theorem states, 
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an arbitrary rotation can be described by three angles. Therefore, the rigid body in space is 

described by six parameters. 

The tether system is a complex non-linear dynamical system where parameters are 

distributed. In general, the tether is a flexible mechanical connection which has a distributed 

mass along its length. Within the tether, there are complex longitudinal, bending and torsion 

oscillations. 

It is possible to name the following types of model for tethers. 

1. The model of the rigid rod. This model is a simple model of the tether that ignores 

its extensibility and flexibility. In other words, the tether has infinite rigidity. This model 

was used for an estimation of the possibility to use tether system for atmosphere 

investigations (Pradeep, S., 2003). 

2. The model of the elastic rod. Like the previous model, the tether is a straight rod, 

but it can be stretched axially. This model ignores the flexibility of the tether, but the 

extensibility is taken into consideration (Jin, D., 2006, Williams, P, 2006). 

3. The billiard model takes into consideration both the axial stretch ability and bending 

flexibility of the tether. The tether in this model is a weightless flexible spring. The model 

allows the bending oscillations to be described, and enables limitations on transversal 

displacements of the tether to be made (Beletsky, 1996). This model is inappropriate for 

describing the dynamics of parts of the tether. This model makes it possible to research the 

motion of the tether system in the gravity field of the planet.  

4. The model of rigid rods with swivel joints was used (Williams, P. 2008, Williams, 

P. 2010) to find the parameters of optimal deployment of the tether. This model has zero 

torsional stiffness and does not take into consideration the longitudinal oscillations and 

encounters difficulties in describing the sag of the tether. 

5. The beads model describes the tether by a number of material points, also called 

nodes, with masses. The nodes have masses and are connected to neighbouring nodes by 

weightless springs. A number of points is defined during the mathematical modelling. The 

more intermediate points included into the mathematical model, the more accurate is the 

model; however, increase in the number of nodes leads to increase in the number of degrees 

of freedom thus greatly increasing the number of equations and time required for 

calculations. Therefore, this model is commonly used to validate other models (Zhong, R. 

2011, Zabolotnov, 2015, Dong, 2017). 
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Mathematical models of the tether system can be obtained using different but 

equivalent methods, including the Lagrange Equations, Newton’s Laws (Mankala, K.K., 

2008) and Kane’s method originally called Lagrange’s form of the D’Alembert principle 

(Kane, T.R., 1980).  

The Lagrange Equations are widely used to build the mathematical model of motion 

of the tether systems and other mechanical systems. Newton’s Laws have the most simple 

implementation and are useful for a mathematical model with distributed parameters. Kane’s 

method does not use functions of energy thus allowing the mathematical model to be built 

without differentials.  

The implementations of space tether systems require a method for the control of the 

deployment process. Tether systems with non-electrical tethers use rocket engines for centre 

of mass motion correction, and special devices to control the unreeling of the tether 

(Wen, H., 2008). The control of the unreeling can be with or without feedback. 

It is necessary to discuss the validation of the various mathematical models. The 

complexity of the dynamics of a tether system means that the mathematical model can be 

fully validated only by orbital experiment, because the results of experiments on the 

deployment and the subsequent motion of the deployed tether system cannot give accurate 

results while under the influence of gravity that they would experience if they were to take 

place on the surface of the Earth or in the lower layers of the atmosphere. Therefore, the 

results of the mathematical modelling should be compared with previously obtained research 

results and should be demonstrated not to contradict known results from experiments. 

The aim of the real space experiments described below in section §2.4 was to validate 

mathematical models of deployment and the subsequent motion of a space tether system in 

space and in the higher layers of the atmosphere (Cosmo, M. L., 1997). The major difficulty 

in space tether experiment lies in the deployment process because of the risk of breakage of 

the long tether or jamming in the unreeling device. These accidents were the cause of 

previous of the TSS-1 and TSS-2 (NASA Science, 2016) tether space experiment failures. 

There are investigations in related scientific areas that can be of interest for the 

modelling of the tether. For example, the dynamics of the tether are similar to the dynamics 

of a three-dimensional elastic string pendulum attached to a rigid body (Lee, T., 2010) or the 

dynamics of extensible cables (Tjavaras, 1996). 
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2.3. Tethers 

The tether is a component that joins two space objects to make the tether system. The 

properties of the tether have high significance for the deployment and operation of the tether 

system. The tether, on the one hand, should have a high tensile strength and, on the other 

hand, low density to have minimal mass. 

Zander’s idea for a space elevator met the difficulties with suitable materials for the 

tether. The best steels existing during the beginning of 20th century were too heavy to make 

such a tether system possible.  

The simplest synthetic material for the tether is nylon – a polyamide material which is 

inexpensive, but its properties are not as good as those of the newer fibre called Dyneema®.  

The Dyneema® fibre is a lightweight and stronger material made from high 

performance poly ethylene (HPPE).  

Kevlar®, and analogues such as Technora®, Nomex® and others, are aramid fibres. 

The most significant difference between these materials and Dyneema® is that they have a 

high melting temperature. This property can be of great value during the descent through the 

denser layers of the atmosphere. 

Carbon nanotubes, or CNTs, are allotropes of carbon with a cylindrical nanostructure. 

Carbon nanotubes may by formed by rolling up a single or multiple sheets of graphene. 

These nanotubes are very lightweight but their tensile strength greatly exceeds other 

materials. For example, the carbon nanotube has at least 100 times the specific strength of 

steel and 30 times that of Kevlar®. 

The more general utilization of carbon nanotubes is limited by the current level of 

manufacturing technology. When there are only a few topological defects in the carbon 

nanotube, its mechanical performance decreases greatly (Zhu, Wang and Ding, 2016). 

The tether, during its motion through the magnetic field of the planet, could be used to 

generate electrical power needed for the spacecraft. This opportunity could be very important 

for orbital space stations connected by the tether, but for tether systems used for stabilization 

prior and during the descent, the amount of electrical current going through the tether could 

change the parameters of motion of the tether system. Such tether systems would require of 

the tether to be made of conducting material. 
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2.4. Tether space experiments 

For testing the tether systems on Earth before implementation in space, different 

experiments may take place on Earth using special devices for modelling space conditions.  

As a result of such investigations, a number of real tether space experiments took place. 

The list of these experiments is shown in Table 1.1. It is necessary to pay attention to some 

of them. 

In the controlled deployment of space tether systems it is assumed that the tether length 

is regulated (Alpatov, A.P., 2010). There are programs set to ensure a constant rate of change 

of the tether length, or to provide a rate of change of tether length based on the length of an 

already deployed tether. 

The deployment of the tether system with control, based on the rate of change of the 

length of the tether, was implemented in joint NASA and Italian Space Agency experiments 

on Space Shuttles Atlantis (TSS-1, 1992) and Columbia (TSS-1R, 1996) with proposed 

length of the tether equal to 20 km (NASA Science, 2016). This experiment was to verify 

the concept of tether gravity stabilization, and to investigate physics and electrodynamics. 

The separating spacecraft had engines to accelerate a satellite at the beginning of separation. 

During the first experiment, the tether was deployed to a length of 256 meters before getting 

stuck. During the second experiment, the tether almost reached its full length, but then broke. 

All methods of space tether system deployment for which the tether length is regulated 

have a common disadvantage; the inability to avoid the longitudinal oscillations of the tether 

system caused by the elasticity of the tether. Should the intensity of the longitudinal 

oscillations increase sharply, the tether may sag and snatch, thus causing the deceleration 

device to fail in operation. It is likely that this disadvantage was the underlying reason for 

the failure of those two experiments. 

In 1992 and 1994 NASA performed tether experiments SEDS-1 and SEDS-2 (Small 

Expendable Deployer System Experiments). These experiments (Carroll, J., 1995) used a 20 

km tether and showed the possibility to use a tether system for placement of a re-entry 

capsule into the re-entry orbit. The experiment used the deployment control model based on 

the tension of the tether. This method allows damping of the longitudinal oscillations during 

the deployment. 
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Table 2.1 – Tether systems in space 

Tether system Country Year 

Gemini-11/12 USA 1966 

TPE-1 USA /Japan 1980 

TPE-2 USA /Japan 1981 

Charge-1 USA / Japan 1983 

Charge-2 USA / Japan 1984 

Charge-2B USA / Japan 1992 

Oedipus-A/C Canada / USA 1989/1995 

TSS-1 USA / Italy  1992 

PMG USA 1993 

SEDS-1 USA 1993 

SEDS-2 USA 1994 

TSS-1R USA / Italy 1996 

TiPS USA 1996 

YES European project 1997 

ATEx USA 1998 

MAST USA 2007 

YES2 Europe 2007 

T-REX USA / Japan 2010 

 

The Young Engineers’ Satellite 2 (YES2) tether system was implemented is 2007 to 

collect experiment data on the Space Mail concept (Kruijff, M., 2008). This concept uses a 

tether system to return small payloads from space to Earth. The final length of the tether 

reached 30 km and the deployment was successful, but the landing capsule was not found 

after descent to the surface of the Earth. At the present time, this project holds the record for 

the longest tether implemented in space.   
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3. BACKGROUND 

3.1. Methods of stabilization of spacecraft motion 

The orientation, or attitude, is the part of the description of the placement that the rigid 

body occupies in space. The other component of placement is its linear position. The attitude 

is defined by the angles between the longitudinal axis of the spacecraft and some reference 

line or plane (Space Primer, 2009) such as the vector of velocity of the air flow. In this 

context, “stabilization” means the process of maintaining attitude during motion or tending 

to restore the original attitude after receiving a displacement or perturbation. For a 

spacecraft, attitude control is the process of achieving and maintaining a desired orientation 

in space by a corrective action.  

The attitude control can be active or passive. Active control methods use hardware and 

algorithms of making decisions to ensure the motion remains stable. These methods use 

thrusters, electromagnets, and reaction wheels (Space Primer, 2009). Active methods have 

significant energy expenses. 

Methods of passive stabilization enable the maintenance of the attitude by making use 

of torques from the environment. Methods of passive stabilization use gravity forces, solar 

sails or, for lower orbit, where the density of the atmosphere is high enough, aerodynamic 

forces. 

The choice of the method of control is highly dependent on the mission of the 

spacecraft.  

3.2. Passive stabilization  

Methods of passive spacecraft motion stabilization are widely used for control of 

spacecraft motion. If design properties are chosen properly, these methods are considerably 

more effective and easier than methods of active stabilization that invariably require energy 

expenditure. Methods of passive stabilization are based on different physical principles. 

Depending on the nature of the harnessed environmental force to be applied – gravitational, 

aerodynamic or magnetic – the appropriate method of stabilization of the spacecraft motion 

can be distinguished.  
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In the physical sense, any type of passive spacecraft motion stabilization involves the 

generation of a stabilizing torque. This torque provides steady oscillations with respect to 

the appropriate direction. Depending on the type of stabilization, this direction can be:  

 Local vertical, for gravitational stabilization;  

 The direction of the magnetic field, for magnetic stabilization;  

 The direction of the velocity relative to the air flow, for aerodynamic stabilization.  

The stabilizing torque is provided by the appropriate choice of parameters for the 

mechanical system. For example, during gravitational stabilization, the axis of to the 

spacecraft’s minimal rotational inertia makes a periodic motion relative to the local vertical 

axis. The magnetic stabilization uses the axis through the poles of a magnet placed on a 

spacecraft. The aerodynamic stabilization axis goes through centre of mass of the spacecraft 

and through its centre of pressure.  

When passive stabilization is used, it is possible to include dissipative torques to obtain 

asymptotic stability of equilibrium of the system. 

The application of tethered space systems opens up new opportunities for the use of 

any type of passive spacecraft stabilization, but for the tether system, as a mechanical system 

with distributed parameters, the problem is to know how to choose design parameters to 

obtain stable motion since these systems cannot be regarded as rigid bodies. 

3.3. Aerodynamic stabilization 

The aerodynamic motion stabilization method is the main method for providing steady 

motion for uncontrolled spacecraft, including landing modules and capsules, through the 

dense layers of the atmosphere, when returning payloads from space to the surface of the 

Earth or other planets.  

The stability condition for the spacecraft moving through the atmosphere is rather 

simple: the centre of mass of the spacecraft should be located between the front part of the 

spacecraft (with thermal protection) and the centre of the aerodynamic forces, or 

aerodynamic centre. When using a tethered space system with an aerodynamic stabilizer, the 

analysis of the motion and the choice of parameters becomes complex because the relative 

position of the bodies changes within the system. At the same time, the position of the centre 

of mass of bodies relative to the centre of mass of the system changes continuously. 
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The idea of using a tethered system to enable the aerodynamic stabilization of 

spacecraft motion was proposed by K.K. Alekseev (1974). In order to enhance the stabilizing 

action of the aerodynamic moment it was proposed to use stabilizers attached by tethers. 

Various design-layout schemes for tethered aerodynamic stabilization systems for spacecraft 

motion are reported. Figures 3.1 and 3.2 illustrate spherical and planar shaped stabilizers, 

for use at different altitudes, as suggested by Alekseev.  

Stabilizers should have a foldable or inflatable construction in order to be stored 

conveniently within the limited space within the spacecraft, and to enable an easy 

deployment of the stabilizer into orbit (Wilson A., 1981, Babuscia, A., 2014).  

 

V  

Stabilizer 

Spacecraft 
  

 

Figure 3.1 – Spacecraft with a spherical stabilizer 

 

V  

Spacecraft   

Stabilizer   

 

Figure 3.2 – Spacecraft with a planar stabilizer 

The aerodynamic stabilization can be used to stabilize the motion of rocket launchers. 

Some theoretical and experimental studies of aerodynamic stabilization for the example of 

stages from the Proton and Rus launchers was carried out by Central Research Institute of 

Mechanical Engineering (TSNIImash, 2017). It was noted that if the stabilizers were not 

used during the active part of the flight, then including the stabilizers for stages as a part of 
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design of the launcher would increase the mass of the rocket and thus reduce its effectiveness 

(Daydkin, A.A. 2002). In answer to this criticism, it is proposed to re-use elements from the 

rocket/stage construction to act as stabilizers.  

The effectiveness of the aerodynamic stabilization method for the first stage of the 

Proton launcher and second stage of the Rus launcher was investigated experimentally on 

scaled models. The models used parts from the fuel tanks as stabilizers. Models were made 

at two scales: the large model 1:25 and the small model 1:50, because the drop altitude for 

the large model was insufficient for the steady flight mode to be reached. Drop tests of 

models at subsonic flight speeds were conducted from the altitude of 20 m. The length of 

the tether varied from 0.6 to 8.6 of the diameter of the models. According to the experimental 

results, by connecting a fuel tank with a tether to a stage enables a significant improvement 

in the stability of the fall to Earth of that stage. 

According to preliminary estimates and the results of test models during free flight at 

subsonic speeds, these stabilizing devices reduce the amplitudes of oscillations within the 

system, thus allowing to reduce the possible landing area by up to 10 times. 

It is necessary to note that comprehensive analysis of motion of tether systems in the 

atmosphere, taking into account shape, mass and inertial properties of the spacecraft and the 

stabilizer, had not been carried out before. 

A similar problem of stabilizing the motion of an uncontrolled body in the atmosphere 

arose when considering the delivery of a small payload from a near-Earth orbit by means of 

a descent capsule (project YES2 – “Space Mail”). YES2 is the second project in the Young 

Engineers Satellite programme. The goal of the project was to test and produce data on the 

Space Mail concept, where a tether system is used instead of conventional chemical 

propulsion, to return material from space to Earth (Kruijff, M., 2008).  

This project was implemented in an experiment in September 2007 by the use of the 

Foton spacecraft. Initially, the capsule with payload was located on the spacecraft moving 

in a low orbit of the Earth at an altitude about 300 km. The tethered capsule system was 

deployed to an altitude of about 270 km. The full length of the tether in this experiment was 

30 km (Kruijff, M., 2011). 

After that, the tether was cut from both sides and the capsule moved freely through the 

high layers of the atmosphere and entered the dense layers (altitude about 100 km) for 

landing in the predetermined area. Initially, the capsule was designed to be conical with a 

spherical apex with a cone angle equal to 90 degrees. A large cone angle means a large 
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midsection area of the capsule, thus providing sufficiently low landing velocity (about 25 

m/s) to make a parachute system unnecessary for the Space Mail application.  

Computational studies of the dynamics of such a capsule showed that the large cone 

angle conical capsule has a dynamic instability of motion. The amplitudes of the oscillations 

of the capsule begin to increase and the angle of attack of the capsule reaches unacceptable 

values of about 90° (Zabolotnov, Y.M., 2003). Therefore, as an alternative descent scheme, 

tethered aerodynamic stabilization was employed. This method of stabilization makes it 

possible to provide dynamic stability of the motion of the large cone angle capsule 

throughout the complete descent. 

3.4. Models of the atmosphere 

The atmosphere is the environment through which the spacecraft moves during its 

descent. The motion of the spacecraft in the atmosphere depends on the properties of the 

atmosphere, because the atmosphere is the source of the aerodynamic forces and damping, 

and which leads to heating of the spacecraft. The most important parameters of the 

atmosphere include its density, temperature, pressure and winds. The listed parameters 

depend on the altitude, latitude, season, time of the day, activity of Sun and other factors. 

For modelling purposes, a model of the atmosphere requires atmosphere parameters at 

the given position. Usually such a model of the atmosphere comprises a conditional 

distribution of density, pressure and temperature of the air, expressed as a function of altitude 

above mean sea level. Such a model of the atmosphere is based on average values. The 

deviations of parameters from the standard values, and the phenomenon of wind, are 

atmospheric disturbances that would also have influence on the motion of the body. 

“Wind” is any motion of the air relative to the surface of Earth, arising as a result of 

differences in air pressure in different parts of the atmosphere. Wind is a chaotic 

phenomenon, but in some cases winds have a large scale structure where the average 

properties like the velocity of air flow remain almost the same on a length scale of tens to 

hundreds of kilometres. The “monsoon” is an example of such wind.  

Such global motions are accompanied by local motions of air flow called “turbulence” 

which are chaotic states of the airflow.  
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Here, it is necessary to mention that the motion of a spacecraft takes place through 

different layers of the atmosphere, and the velocity of the spacecraft decreases as the altitude 

reduces as a result of the influence of the aerodynamic forces.  

The most commonly used model of the atmosphere is the International Standard 

Atmosphere published by the International Organization for Standardization as an 

international standard ISO 2533:1975. This standard consists of the values of parameters of 

the atmosphere at various altitudes as a table of values. The intermediate values can be 

obtained by interpolation. The International Standard Atmosphere does not provide any 

meteorological information with current conditions of the atmosphere. It models a standard 

day without difference in time of the day or season. The International Standard Atmosphere 

was extended to the altitude of 80 km by The International Civil Aviation Organization 

Standard Atmosphere in 1993. This model of the atmosphere provides accurate parameters 

of the atmosphere for the altitudes up to 80 km above mean sea level. 

The U.S. Standard Atmosphere (U.S. Standard Atmosphere, 1976) gives values for 

density, pressure and temperature of the atmosphere for a wider range of altitudes. This 

model of the atmosphere coincides with the International Standard Atmosphere for altitudes 

from 0 to 32 km. 

U.S. Air Force Space Command and Space Environment Technologies provides a 

model of the atmosphere named JB2008. This model gives values of parameters of the 

atmosphere from 120 to 2000 km and takes into account solar irradiances and time evolution 

of geomagnetic storms. This standard is widely recommended for mass density where drag 

is a significant factor. 

The atmospheric models listed above are based on tabylated values. Their 

disadvantage is the complexity of calculating the parameters of the atmosphere at a given 

altitude. Therefore, for preparatory numerical modelling, simpler and faster models of the 

atmosphere are used for the calculations in the following chapters of this thesis. 

The exponential model of the atmosphere provides a method to find the density of the 

atmosphere at given altitude based on a simple dependence 

𝜌(ℎ) = 𝜌0𝑒
−𝜆ℎ 

where 𝜌0 =  is the density of the atmosphere at mean sea level, 𝜆 ≈ 1 7000⁄  1/m is the 

logarithmic density coefficient and is constant. 

For altitudes over 140 km the density of the atmosphere can be approximated more 

accurately by the equation  
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𝜌(ℎ) = 𝑒−(𝑎0+𝑎1ℎ+𝑎2ℎ2+𝑎3ℎ3+𝑎4ℎ4+𝑎5ℎ5) 

where 𝑎𝑘 , 𝑘 = 0. .5 are constants. Figure 3.3 shows the change in density of the atmosphere 

with respect to the altitude according to this model. 

It is necessary to mention that these two last models of the atmosphere are used for 

computational time saving purposes, they are not part of the mathematical model and can be 

replaced by more accurate models of the atmosphere if needed.  

 

Figure 3.3 – Density of the atmosphere 

For the mathematical models in the following chapters, the major parameter of the 

atmosphere is its density. The density of the atmosphere and the velocity of the spacecraft 

define the dynamic pressure of the airflow, which has high importance in calculating the 

aerodynamic forces. Even at high altitudes, when the density of the atmosphere is 

comparatively low, the velocity of entry of a spacecraft into the atmosphere is about 7800 

km/s, and any change in density leads to a corresponding change in the aerodynamic force 

acting on a body. 
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3.5. Numerical methods used for modelling 

As will be demonstrated in the following chapters, the motion of the tether system is 

described by a system of ordinary differential equations, including dynamic and kinematic 

equations, and the equations for the centre of mass of the system. 

These ordinary differential equations are written in matrix form, and it is necessary to 

solve for the variables. At this stage, the systems of dynamic equations can be treated as a 

system of linear equations with respect to the differentials. The most widely used method is 

Gauss–Jordan elimination which inverts the matrix by using of three types of elementary 

row operations to reduce the matrix to row echelon form, thus expressing the variables in 

the system of equations. The calculations can be made either analytically and numerically. 

The numerical calculations mean that prior to matrix inversion the matrix coefficients are 

calculated numerically. 

Because of the complexity of the dynamic equations, it is not possible to find the 

solutions of the system of equations analytically using symbolic computation; however, it is 

possible to find a numerical approximation of the solution.  

The calculations will show how the parameters of the system vary during the descent 

for a given set of initial conditions, meaning that it is necessary to solve the initial value 

problem also known as Cauchy problem (Hirsch, M., 1974).  

Methods that can be used for solving such initial value problems are divided into two 

main groups: linear single-step methods and multistep methods. Single-step methods use 

only one previous point to determine the current value, while multistep methods make use 

of results from previous steps to obtain high numerical efficiency. Runge-Kutta methods are 

multistep methods that use intermediate steps instead of keeping results of previous steps. 

The most widely used Runge-Kutta method is the explicit fourth-order Runge-Kutta 

method with the total accumulated error of the order of 𝑂(ℎ4), where ℎ > 0 is the step size.  

Classical Runge-Kutta methods use a constant step size, but for “stiff equations”, 

meaning the equations where the frequencies of variables are high, it is necessary to use a 

small step size. The small and constant step size with many additional calculations is very 

time and memory consuming, so the fourth order Runge-Kutta method with variable step 

size is used in following chapters to calculate the motion of the tether system during descent 

and deployment. 
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4. MODELLING THE MOTION OF THE SYSTEM IN THE ATMOSPHERE 

Modelling of the motion of the tether system requires definitions for 

the tether system itself, for the forces acting on the mechanical system, and 

for the coordinate systems used for deriving the governing equations. For 

the purposes of this chapter, the motion is assumed to take place in dense 

layers of the atmosphere. The tether system considered here is a system of 

two rigid bodies connected by a massless and relatively short tether. The 

use of the second body as an aerodynamic stabilizer is made possible by 

the difference in dimensions and masses between the two bodies. This 

enables the stable motion of the spacecraft (the first body) during descent. 

The modelling uses some assumptions, those are described in this chapter. 

The derivation of the mathematical model for spatial motion is 

presented here. The conditions of undisturbed motion are described at the 

end of the chapter. The undisturbed motion provides the basis for 

determining the conditions of stability of motion of the system that will be 

examined in Chapter 5. The validation of mathematical model is made 

numerically using the integrals of undisturbed motion of the tether system.  

4.1. Forces acting on the system  

Let us consider the derivation of the dynamic equations of motion of two rigid bodies, 

connected by a tether, governing their spinning motion in the atmosphere. Every rigid body 

in the atmosphere is affected by aerodynamic force �⃗⃗� and gravity force �⃗�. Usually, when 

obtaining the equations for the rotating motion of rigid bodies in the atmosphere, the gravity 

torque is ignored because of its small value in comparison to the aerodynamic torque 𝜏 

(Zabolotnov Yu.M, 2012). The resultant of the aerodynamic forces of each body acts at 

pressure centres, the positions of which are determined by the given aerodynamic 

characteristics of the spacecraft and the aerodynamic stabilizer. In addition to aerodynamic 

and gravity forces, each body is also affected by the tether tension force �⃗⃗�. When deriving 

the equations of the mechanical system motion let us consider that the tether has zero mass, 

treating it as a geometric constraint between the bodies of the system. Hereinafter, indices 1 

and 2 are used for the spacecraft and stabilizer respectively. 
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Figure 4.1 – Forces acting on the mechanical system 

Figures 4.1-4.3 depict forces, acting on the whole mechanical system, spacecraft and 

aerodynamic stabilizer. 

It is possible to make an assessment to show how the acceleration due to Earth gravity 

changes within the system. The formula for the acceleration due to gravity at any given 

altitude ℎ is 

𝑔(ℎ) =
𝐺𝑀

(𝑅𝐸 + ℎ)2
,  (4.1) 

where 𝐺 is the gravitational constant, 𝐺 = 6.674 × 10−11 m3/(s2∙kg), 𝑀 = 5.972 ∙ 1024 

kg is the mass of Earth, 𝑅𝐸 = 6.357 ∙ 106 m – radius of Earth.  
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Figure 4.2 – Forces acting on the spacecraft 

 

 

Figure 4.3 – Forces acting on the aerodynamic stabilizer 
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According to this formula, the maximum difference in acceleration due to gravity 

between the spacecraft and the stabilizer occurs when the system is oriented vertically and 

the difference in height is equal to difference in tether length. It is obvious that   

∆𝑔 =
𝑔 (ℎ −

𝑑
2) − 𝑔 (ℎ +

𝑑
2)

𝑔 (ℎ −
𝑑
2)

, 

 

where 𝑑 is the size of the system defined by the length between centres of mass of spacecraft 

and stabilizer. 

Figure 4.4 shows the results of assessment made for short tether systems with sizes of 

0.1, 0.2, 0.5 and 1.0 km. The relative change of the acceleration due to gravity depends 

mostly on the dimension of the system. For a system with a short tether of less than 100 

metres, the value for 𝑔(ℎ) varies by less than 4×10-3 of one percent within the dimension of 

the system, at any atmospheric altitude. On this basis, it is reasonable to ignore gravitational 

force variation within the tether system. 

  

Figure 4.4 – Relative change of acceleration due to gravity 
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4.2. Coordinate systems 

For derivation of equations for each body let us use the following coordinate systems 

(Figure 4.5). 

The bound coordinate system 𝑂𝑥𝑦𝑧. This coordinate system is based on the body and 

rotates with the body. The origin of the coordinate system, O, is in line with the centre of 

mass of each body, the Ox axis – longitudinal body axis, is ideally coincident with its line of 

symmetry, the Oy and Oz axes generate a right-handed coordinate system along with Ox 

axis. 

The 𝑂𝑥 axis defines the reference line of the body, and the angle between the 𝑂𝑥 axis 

and the direction of the oncoming air flow is the angle of attack, 𝛼. 

The 𝑂𝑥𝑦𝛼𝑧𝛼 coordinate system is related to the angle of attack 𝜶. Here the Ox axis is 

coincident with the axis of the 𝑂𝑥𝑦𝑧 coordinate system, the 𝑂𝑦𝛼 axis is situated in the plane 

of the angle of attack 𝛼, and the 𝑂𝑧𝛼 axis completes the right-handed coordinate system. 

The 𝑂𝑥𝐾𝑦𝐾𝑧𝐾 trajectory coordinate system: The 𝑂𝑥𝐾 axis is directed to the �⃗⃗� velocity 

vector of the body, the 𝑂𝑦𝐾 axis is directed upwards perpendicular to the vertical plane of 

flight, defined by �⃗⃗� × �⃗�, the 𝑂𝑧𝐾 axis completes the right-handed coordinate system.  

These coordinate systems are related to each other by a series of rotational 

transformations. The angles of rotation of these coordinate systems are shown in Figure 4.5, 

where 𝛼 –angle of attack, 𝜑 – aerodynamic banking angle (roll), 𝛾 – banking angle of the 

plane of the angle of attack relative to vertical plane (yaw).  
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Figure 4.5 – Coordinate systems 

4.3. Equation of motion  

Let us consider the body moving in the incompressible inviscid flow of the air. As it 

follows from Bernoulli’s equation (Clansy, 1975, pp.19-21), the pressure and velocity of the 

flow along the streamline and throughout the whole field of flow are related by the equation 

𝑝 +
𝜌𝑉2

2
= 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 = 𝑝0, 

where 𝑝 is the static pressure or the air flow, 𝜌𝑉2 2⁄  is the dynamic component usually called 

dynamic pressure, and 𝑝0 is the total (or stagnation) pressure. The static pressure of the air 

flow here can also be treated as the static pressure of the atmosphere at given altitude. 

The aerodynamic force acting on a body that is a solid of rotation is usually written in 

terms of projections onto the axis of 𝑂𝑥𝑦𝛼𝑧𝛼 coordinate system. 

𝑅𝑥 = 𝑐𝑥𝑞𝑆, 𝑅𝑦 = 𝑐𝑦𝛼
𝑞𝑆, 𝑅𝑧 = 𝑐𝑧𝛼

𝑞𝑆, 
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where 𝑞 = 𝜌𝑉2 2⁄  – dynamic pressure of the air flow, 𝑆 – body reference area usually 

defined as cross-sectional area at the maximum diameter (midsection), 𝜌 = 𝜌(ℎ) – density 

of the atmosphere (as a function of altitude), 𝑉 – magnitude of oncoming air flow velocity 

(assuming that the flow can be considered to be unidirectional over the complete spacecraft 

and stabilizer system), 𝑐𝑥, 𝑐𝑦𝛼
, 𝑐𝑧𝛼

 – are non-dimensional aerodynamic force coefficients 

(Clansy, 1975, pp. 58-62) on corresponding axis of 𝑂𝑥𝑦𝛼𝑧𝛼 coordinate system. 

The total drag is the sum of the profile drag and the induced drag. The profile drag is 

the sum of the surface, or skin, friction drag and the form drag. As the aerodynamic forces 

are defined through the body reference area, they are dependent on the form and the square 

of the surface of the body. In other words, the body reference area defines the value of the 

aerodynamic force, and it is dependent on the shape of the body and on the square of its 

surface. Then the calculations are made for the spherical body, the body reference area is the 

cross-sectional area. For more complex shapes of the aircraft the value of the body reference 

area becomes dependent on other parameters because of the surface drag. For example, for 

the long cylinder then body moves in the direction of its longitudinal axis, the body reference 

area is usually calculated as equal to the diameter multiplied by the length of the cylinder, 

and for a complex shape it is the full area of the surface divided by four. 

The magnitude of approaching air flow velocity 𝑉 in fluid dynamics is usually 

represented by Mach number 𝑀 = 𝑉/𝑐, where 𝑐 is the speed of sound in the surrounding 

medium. By definition, at 𝑀 = 2 the velocity of the body is two times higher than the speed 

of the sound in the airflow. The Mach number depends on the conditions of the medium such 

as temperature and density. The Mach number determines if the flow can be treated as an 

incompressible flow. In an incompressible flow, the speed of sound approaches infinity, and 

Mach number approaches zero. The value of Mach number defines the regime of motion on 

the airflow: 

- 𝑀 < 0.8 is the subsonic regime, 

- 𝑀 between 0.8 and 1.3 is the transonic regime, 

- 𝑀 between 1.3 and 5 is the supersonic regime and 

- 𝑀 > 5 is the hypersonic regime. 

As the speed of sound is dependent on density, temperature and other parameters of 

the surrounding medium, the Mach number is also dependent on them. The International 

Standard Atmosphere gives the value of speed of sound at altitude 80 km equal to 281 m/s. 
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The velocity of spacecraft during descent at given altitude is nearly 7000 m/s, and the Mach 

number for the spacecraft at the beginning of the descent is about 24. During the descent, 

the spacecraft is slowed by the influence of aerodynamic forces, and Mach number 

decreases. Figure 4.6 shows how the Mach number changes during the descent of a 

spacecraft through the atmosphere of Earth from an altitude of 80 km.  

In the terms given above, tether system (or descending spacecraft) begins its motion 

in the atmosphere in the hypersonic regime which lasts down to an altitude of about 52 km, 

where it then moves in the supersonic regime, and upon reaching approximately 41 km in 

altitude, it continues its motion in the transonic regime. The duration of the transonic regime 

is comparatively short, and then, from an altitude of nearly 35 km, the motion of a tether 

system is subsonic until the end of its mission. In time terms, the supersonic regime lasts 

about 230 seconds from the beginning of the descent from Earth orbit, supersonic regime 

takes nearly 40 seconds, and transonic regime lasts about 20 seconds. 

 

Figure 4.6 – Change of Mach number during descent 

Because the body is symmetrical, the resultant of the aerodynamic forces acts in the 

plane of the solid angle of attack, so 𝑐𝑧𝛼
= 0. 

The static aerodynamic moment of resultant aerodynamic forces around the centre of 

mass is calculated by 

𝜏𝐶(�⃗⃗�) = ∆𝑟⃗⃗⃗⃗⃗ × �⃗⃗�, 



4. Modelling the motion of the system in the atmosphere 

 

 

28 

where ∆𝑟⃗⃗⃗⃗⃗  – radius-vector of centre-of-pressure position relative to the centre of mass for 

each body. 

Newton’s second law states (Halliday, 2011) that the net external torque acting on a 

system of particles is equal to the time rate of change of the total angular momentum of the 

system. Thus the dynamic equations of motion of each body are 

𝑑𝑙1
𝑑𝑡

= 𝜏𝐶1
(�⃗⃗�1) + 𝜏𝐶1

(�⃗⃗�1), 

(4.2) 
𝑑𝑙2
𝑑𝑡

= 𝜏𝐶2
(�⃗⃗�2) + 𝜏𝐶2

(�⃗⃗�2), 

where 𝑙1 and 𝑙2 are the net total angular momenta for spacecraft and stabilizer, 𝜏𝐶1
(�⃗⃗�1) =

Δ𝑟1 × �⃗⃗�1 and 𝜏𝐶2
(�⃗⃗�2) = Δ𝑟2 × �⃗⃗�2 – external torque from aerodynamic forces �⃗⃗�1 and �⃗⃗�2, 

𝜏𝐶1
(�⃗⃗�1) = 𝑟1 × �⃗⃗�1 and 𝜏𝐶2

(�⃗⃗�2) = 𝑟2 × �⃗⃗�2 – the external torque from tether tension force, �⃗⃗�1 

and �⃗⃗�2 – the tether tension forces, acting on the spacecraft and the aerodynamic stabilizer 

respectively, �⃗⃗�1 = −�⃗⃗�2, Δ𝑟1 and Δ𝑟2 – vectors of position of aerodynamic forces’ centre-of-

pressure relative to centre of mass of each body (Figures 4.2-4.3), vectors 𝑟1 and 𝑟2 determine 

the position of the tether attachment points relative to centre of mass of each body. 

For bodies moving within the atmosphere, small additional moments should be added 

in the right hand part of the system (4.2) as the need arises. These moments would account 

for damping, shape asymmetry, etc. 

Next, is it necessary to determine the tether tension force, �⃗⃗�. Based on Newton’s 

Second and Third Laws, the mass of the system multiplied by acceleration of the centre of 

mass of the system is equal to the resultant of all external forces acting on the system, 

Therefore,  

𝑚1

𝑑�⃗⃗�1

𝑑𝑡
= �⃗⃗�1 + �̅�1 + �⃗�1,

(𝑚1 + 𝑚2)
𝑑�⃗⃗�𝑐
𝑑𝑡

= �̅�1 + �̅�2 + �⃗�1 + �⃗�2,

 (4.3) 

where �⃗�1 = 𝑚1�⃗�1 and �⃗�2 = 𝑚2�⃗�2 – gravity forces acting on the spacecraft and the 

aerodynamic stabilizer, �⃗⃗�𝐶 – velocity of the centre of mass of the tether system, �⃗⃗�1 = �⃗⃗�𝐶 +

�⃗⃗�𝐶1 – velocity of the spacecraft, �⃗⃗�𝐶1 – velocity of the centre of mass of the spacecraft relative 

to the centre of mass of the system, 𝑚1 – mass of the spacecraft, 𝑚2 – mass of the stabilizer, 

�⃗�1 and �⃗�2 – acceleration due to gravity for the spacecraft and the stabilizer respectively. 
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From the first equation of system (4.3) it is possible to find the tension of the tether: 

�⃗⃗�1 = 𝑚1

𝑑V⃗⃗⃗1

𝑑𝑡
− �⃗⃗�1 − �⃗�1, 

When, calculating velocity �̅�1 through the system centre of mass velocity,  

�⃗⃗�1 = 𝑚1

𝑑�̅�𝐶

𝑑𝑡
+ 𝑚1

𝑑�̅�𝐶1

𝑑𝑡
− �⃗⃗�1 − �⃗�1, (4.4) 

Inserting the second equation of system (4.3) into equation (4.4), it is possible to obtain 

�⃗⃗�1 =
𝑚1

𝑚1 + 𝑚2
(�⃗⃗�1 + �⃗⃗�2 + �⃗�1 + �⃗�2) + 𝑚1

𝑑�⃗⃗�𝐶1

𝑑𝑡
− �⃗⃗�1 − �⃗�1, 

or 

�⃗⃗�1 =
𝑚1

𝑚1 + 𝑚2
�⃗�2 −

𝑚2

𝑚1 + 𝑚2
�⃗�1 +

𝑚1

𝑚1 + 𝑚2
(�⃗⃗�1 + �⃗⃗�2) − �⃗⃗�1 + 𝑚1

𝑑�⃗⃗�𝐶1

𝑑𝑡
, (4.5) 

Since the variation of the acceleration due to gravity values can be ignored within the 

size of the mechanical system, �⃗�1 = �⃗�2 = �⃗�, �⃗�1 = 𝑚1�⃗�, �⃗�2 = 𝑚2�⃗�,   

𝑚1

𝑚1 + 𝑚2
�⃗�2 −

𝑚2

𝑚1 + 𝑚2
�⃗�1 ≈ 0.  

Taking into consideration this condition the formula (4.5) becomes 

�⃗⃗�1 =
𝑚1

𝑚1 + 𝑚2
�⃗⃗�2 −

𝑚2

𝑚1 + 𝑚2
�⃗⃗�1 + 𝑚1�⃗⃗⃗⃗�1𝐶 , (4.6) 

where �⃗⃗⃗⃗�1𝐶 = 𝑑2𝑟1𝐶 𝑑𝑡2⁄  – is the acceleration of the spacecraft centre of mass relative to the 

system centre of mass, 𝑟1𝐶 = 𝐶𝐶1
⃗⃗⃗⃗ ⃗⃗⃗⃗  – is the vector connecting the system centre of mass and 

spacecraft centre of mass, 𝐶1𝐶2
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  – is the vector, connecting the spacecraft centre of mass and 

the centre of mass of the stabilizer. 

It is necessary to mention here that vectors 𝑟1𝐶 and 𝐶1𝐶2
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  are co-linear. Based on the 

definition that 𝐶1 is the centre of mass of the spacecraft and 𝐶2 is the centre of mass of the 

stabilizer, the 𝐶 point divides the line segment 𝐶1𝐶2 in proportion with the masses 𝑚2 and 

𝑚1. Therefore, 

𝑟1𝐶 = −𝐶1𝐶2
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ∙ 𝑚2 (𝑚1 + 𝑚2)⁄  

Let us determine the value of acceleration �⃗⃗⃗⃗�1𝐶. This requires differentiating the 𝐶𝐶1
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  

vector twice with respect to 𝑡, 

�⃗⃗⃗⃗�1𝐶 =
𝑑2𝑟1𝐶

𝑑𝑡2
=

𝑑2𝐶𝐶1
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗

𝑑𝑡2
= −

𝑚2

𝑚1 + 𝑚2
⋅
𝑑2𝐶1𝐶2

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗

𝑑𝑡2
, 
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Calculating the position of the centre of mass of the whole system relative to the 

spacecraft centre of mass (Figure 4.1), we get 

𝐶1𝐶⃗⃗⃗⃗⃗⃗⃗⃗ =
𝑚2

𝑚1 + 𝑚2
⋅ (𝐶1𝐴⃗⃗⃗⃗⃗⃗ ⃗⃗ + 𝐴𝐵⃗⃗⃗⃗ ⃗⃗ + 𝐵𝐶2

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ), 

or 

𝐶𝐶1
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ =

𝑚2

𝑚1 + 𝑚2
⋅ (𝐴𝐶1

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ + 𝐵𝐴⃗⃗⃗⃗ ⃗⃗ − 𝐵𝐶2
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ) =

𝑚2

𝑚1 + 𝑚2
⋅ (−𝑟1⃗⃗⃗ ⃗ + 𝐵𝐴⃗⃗⃗⃗ ⃗⃗ + 𝑟2⃗⃗⃗⃗ ), 

where 𝑟1⃗⃗⃗ ⃗ = 𝐶1𝐴⃗⃗⃗⃗⃗⃗ ⃗⃗ = −𝐴𝐶1
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ , 𝑟2⃗⃗⃗⃗ = 𝐶2𝐵⃗⃗⃗⃗ ⃗⃗ ⃗⃗ = −𝐵𝐶2

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ . 

Making designation 𝑟3⃗⃗⃗⃗ = 𝐵𝐴⃗⃗⃗⃗ ⃗⃗  and differentiating the last formula, we find the relative 

acceleration 

𝐶𝐶1
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ =

𝑚2

𝑚1 + 𝑚2
⋅ (−𝑟1⃗⃗⃗ ⃗ + 𝑟3⃗⃗⃗⃗ + 𝑟2⃗⃗⃗⃗ ), 

�⃗⃗⃗⃗�1𝐶 =
𝑑𝐶𝐶1
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗

𝑑𝑡
=

𝑚2

𝑚1 + 𝑚2
⋅ (

𝑑2𝑟2⃗⃗⃗⃗

𝑑𝑡2
−

𝑑2𝑟1⃗⃗⃗ ⃗

𝑑𝑡2
+

𝑑2𝑟3⃗⃗⃗⃗

𝑑𝑡2
), 

�⃗⃗⃗⃗�1𝐶 =
𝑚2

𝑚1 + 𝑚2
⋅ (

𝑑2𝑟2⃗⃗⃗⃗

𝑑𝑡2
−

𝑑2𝑟1⃗⃗⃗ ⃗

𝑑𝑡2
+

𝑑2𝑟3⃗⃗⃗⃗

𝑑𝑡2
).  

The vector 𝑟3⃗⃗⃗⃗  in the 𝐵𝑥3𝑦3𝑧3 related to the tether coordinate system, has only one non-

zero component when the tether is strained,  

𝑟3 = [𝑥3, 0,0],  

Thus, the expression for the tether tension force (4.6) can be re-written as 

�⃗⃗�1 =
𝑚1

𝑚1 + 𝑚2
�⃗⃗�2 −

𝑚2

𝑚1 + 𝑚2
�⃗⃗�1 +

𝑚1𝑚2

𝑚1 + 𝑚2
⋅ (

𝑑2𝑟2
𝑑𝑡2

−
𝑑2𝑟1
𝑑𝑡2

+
𝑑2𝑟3
𝑑𝑡2

). (4.7) 

The derivatives of vectors 𝑟1,2,3 are determined here in the coordinate systems relative 

to each of three bodies of the system. According to the rule of differentiation of vectors in 

moving coordinate systems, 

𝑑2𝑟𝑖
𝑑𝑡2

= �⃗⃗⃗�𝑖
̇ × 𝑟𝑖 + �⃗⃗⃗�𝑖 × (�⃗⃗⃗�𝑖 × 𝑟𝑖), 𝑖 = 1, 2, 3  

where �⃗⃗⃗�𝑖 is the angular velocity of corresponding body, index 𝑖 = 3 corresponds with the 

tether. 

By virtue of the fact that the tether is strained, the tether tension force coincides in time 

with vector 𝑟3 = 𝐵𝐴⃗⃗⃗⃗ ⃗⃗ . In this case the tether tension force projections on the axis of the 

coordinate system bound to the tether, 𝐵𝑦3 and 𝐵𝑧3 (Figures 4.1, 4.5), are equal to zero. 

Hence 
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𝑇𝑦3
= 0,    𝑇𝑧3

= 0 (4.8) 

Actually, the equations (4.8) are the equations for the geometric constraint for the 

mechanical system under consideration. 

Let us make designations 

�⃗⃗� = �⃗⃗⃗�1̇ × 𝑟1, �⃗⃗⃗� = �⃗⃗⃗�2
̇ × 𝑟2, �⃗� = �⃗⃗⃗�3

̇ × 𝑟3. (4.9) 

 

Taking into consideration formulae (4.9) the constraint equations for the system (4.8) 

will be as follows 

 

[
𝑚1

𝑚1 + 𝑚2
⋅ �⃗� 2 −

𝑚2

𝑚1 + 𝑚2
⋅ �⃗� 1 +

𝑚1𝑚2

𝑚1 + 𝑚2
⋅ (�⃗⃗⃗� − �⃗⃗� + �⃗�)]

𝑦3

= 0,

[
𝑚1

𝑚1 + 𝑚2
⋅ �⃗� 2 −

𝑚2

𝑚1 + 𝑚2
⋅ �⃗� 1 +

𝑚1𝑚2

𝑚1 + 𝑚2
⋅ (�⃗⃗⃗� − �⃗⃗� + �⃗�)]

𝑧3

= 0.
 

 

To make further mathematical calculations more convenient, these equations are 

rewritten to include a vector cross product with vector describing the tether 𝑟3 

 

𝑚1

𝑚1+𝑚2
⋅ (𝑟3 × �⃗� 2)𝑦3

−
𝑚2

𝑚1+𝑚2
⋅ (𝑟3 × �⃗� 1)𝑦3

+
𝑚1𝑚2

𝑚1+𝑚2
⋅ (𝑟3 × (�⃗⃗⃗� − �⃗⃗� + �⃗�))

𝑦3

= 0,

𝑚1

𝑚1+𝑚2
⋅ (𝑟3 × �⃗� 2)𝑧3

−
𝑚2

𝑚1+𝑚2
⋅ (𝑟3 × �⃗� 1)𝑧3

+
𝑚1𝑚2

𝑚1+𝑚2
⋅ (𝑟3 × (�⃗⃗⃗� − �⃗⃗� + �⃗�))

𝑧3

= 0.
 (4.10) 

 

These equations (4.10) should be supplemented by the dynamic equations for the 

rotating motion of each body (4.2), which are written in the non-inertial coordinate system 

(Lurie, A., 2002) as 

𝑑𝑙1
𝑑𝑡

+ �⃗⃗⃗�1 × 𝑙1 = Δ𝑟1 × �⃗⃗�1 + 𝑟1 × �⃗⃗�1, 

(4.11) 
𝑑𝑙2
𝑑𝑡

+ �⃗⃗⃗�2 × 𝑙2 = Δ𝑟2 × �⃗⃗�2 + 𝑟2 × �⃗⃗�2 

where �⃗⃗⃗�1 and �⃗⃗⃗�2 are angular velocities for each body. 

If the equations of spinning motion of each body are written in the main central bound 

coordinate systems, then the total angular momentum projections on body-fixed coordinate 

axes are 

𝜏𝑖𝑥 = 𝐼𝑖𝑥𝜔𝑖𝑥, 𝜏𝑖𝑦 = 𝐼𝑖𝑦𝜔𝑖𝑦, 𝜏𝑖𝑧 = 𝐼𝑖𝑧𝜔𝑖𝑧 

where 𝑖 = 1, 2. 
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Rearranging equations (4.10-4.11) by grouping together summands with multipliers 

�⃗⃗⃗�𝑖 on the left hand side, and transferring the other summands to the right hand side, we 

obtain the following system of dynamic differential equations, describing the system 

spinning motion, in matrix form 

𝐴 ∙ �̇� = 𝐵, (4.12) 

where 𝐴 = [𝐴𝑖𝑗] – matrix of variable coefficients, depending on the angle position and 

angular velocity of each body, 9x9 in size, 

�̇� = [�̇�𝑥1
, �̇�𝑦1,�̇�𝑧1

, �̇�𝑥2
, �̇�𝑦2

, �̇�𝑧2
, �̇�𝑥3

, �̇�𝑦3
, �̇�𝑧3

]
𝑇
 – vector of the components of angular 

accelerations, and 𝐵 = [𝐵𝑗] – vector of the right hand sides of differential equations. 

Formulae for components of matrices A and B are listed in the Appendix A. 

The dynamic equations (4.12) obtained must be supplemented by kinematic equations, 

for instance, the Euler equations for two bodies and the tether, and the equations of motion 

of the centre of mass. 

The kinematic equations for the system under consideration are written as follows: 

𝜔𝑥𝑖
= �̇�𝑖 + �̇�𝑖cos𝛼𝑖  

𝜔𝑦𝑖
= �̇�𝑖sin𝜑𝑖 − �̇�𝑖sin𝛼𝑖cos𝜑𝑖 where 𝑖 = 1, 2, 3.  

𝜔𝑧𝑖
= �̇�𝑖cos𝜑𝑖 + �̇�𝑖sin𝛼𝑖sin𝜑𝑖  

To perform numerical calculations with these equations it is necessary to solve for the 

derivatives �̇�𝑖, �̇�𝑖 and �̇�𝑖, 

�̇�𝑖 =
𝜔𝑧𝑖

sin𝜑𝑖 − 𝜔𝑦𝑖
cos𝜑𝑖

sin𝛼𝑖
 

  

�̇�𝑖 = 𝜔𝑧𝑖
cos𝜑𝑖 + 𝜔𝑦𝑖

sin𝜑𝑖 where 𝑖 = 1, 2, 3  

�̇�𝑖 = 𝜔𝑥𝑖
− �̇�𝑖cos𝛼𝑖   

These classical kinematic equations for bodies in motion in the atmosphere should be 

supplemented by terms that take account of the non-inertial property of the trajectory’s 

coordinate system (see §4.2), relative to which the Euler angles are calculated. Here 

�̇�𝑖 =
𝜔𝑧𝑖

sin𝜑𝑖 − 𝜔𝑦𝑖
cos𝜑𝑖

sin𝛼𝑖
,

�̇�𝑖 = 𝜔𝑧𝑖
cos𝜑𝑖 + 𝜔𝑦𝑖

sin𝜑𝑖 −
(𝐶𝑦𝑣1𝑆1 + 𝐶𝑦𝑣2𝑆2)𝑞

𝑚1 + 𝑚2
,

�̇�𝑖 = 𝜔𝑥𝑖
− �̇�𝑖cos𝛼𝑖,

 (4.13) 

where 𝐶𝑦𝑣1, 𝐶𝑦𝑣2 are the lift force coefficients for the spacecraft and the stabilizer 

respectively. 
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To write down the equations of motion of the centre of mass in the atmosphere the 

following hypotheses were assumed: 

1) The planet has an ideal spherical shape, gravitation field is radial; 

2) The equatorial rotation rate of the planet and of velocity of motion of the 

atmosphere is small in comparison to the velocity of the tether system; 

3) The centre of mass moves in one plane; 

4) The aerodynamic lift force can be ignored. 

On the basis of these hypotheses the equations of motion are written as 

𝑑𝑉𝐶

𝑑𝑡
= −

𝐶𝑥𝑘𝑞𝑆

𝑚
− 𝑔sin𝜃, 

𝑉𝐶

𝑑𝜃

𝑑𝑡
= −(𝑔 −

𝑉𝐶
2

𝑅E + ℎ
) cos𝜃, 

𝑑ℎ

𝑑𝑡
= 𝑉𝐶sin𝜃, 

(4.14) 

where 𝑉𝐶 is the velocity of the centre of mass of the tether system, 𝐶𝑥𝑘 is the drag coefficient 

for the tether , 𝜃 is the path inclination, h is the altitude above sea level, RE – radius of Earth, 

𝑔 = 𝑔0 (
𝑅E

𝑅E+h
)
2

 – acceleration due to gravity at altitude h, “standard gravity” 𝑔0 = 9.80665 

m/s2 is the nominal acceleration due to gravity at sea level, 𝜌 = 𝜌0𝑒
−𝜆ℎ is the atmospheric 

density at the altitude of h, 𝜆 ≈ 1 7000⁄  m-1 is the logarithmic density coefficient, S is the 

midsection, 𝑞 = 𝜌𝑉𝐶
2 2⁄  is the dynamic pressure of the air flow. 

The complete system of equations in the usual Cauchy form, of the ordinary 

differential equation written in scalar form, includes nine dynamic equations of motion for 

the system (4.12), nine kinematic Euler equations (4.13) and three equations of motion for 

the centre of mass of the system (4.14). 

In summary, the basic assumptions for the modelling of the motion of the deployed 

tether system with aerodynamic stabilizer in the atmosphere, as derived in this Chapter, are 

that: 

1. The mass of the tether is small enough that it can be considered as equal to zero.  

2. The tether is inextensible, and provides a constant geometrical distance constraint 

between the bodies. 

3. Gravity torques, acting on every body of the system and on the whole system, can 

be ignored. 
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4. The spacecraft and the aerodynamic stabilizer can be considered to be perfectly rigid 

bodies. 

5. Both the spacecraft and the aerodynamic stabilizer can be considered to be solids of 

rotation in form. 

6. The change of acceleration due to gravity within the size of the system is negligible. 

4.4. Undisturbed motion of the tether system in the atmosphere  

Let us consider the motion in ideal conditions, where both spacecraft and stabilizer are 

symmetrical bodies, and therefore their centres of mass are on their longitudinal axes. The 

mount points of the tether are also placed on these axes.  

The slow change of the dynamic pressure 𝑞 is one of the main factors to introduce a 

disturbance to the system. If the dynamic pressure is constant and the aerodynamic 

coefficients depend on angle of attack only, then the tether system is in the undisturbed 

motion in the airflow. The analysis of the undisturbed motion is necessary for research of 

stability of motion of the system.  

The knowledge of integrals of motion (constants of motion that do not depend 

explicitly on time) enables the mathematical model to be tested using numerical modelling, 

because their values should be constant for the period that is modelled.  

Let us find kinetic energy 𝐾 and potential energy 𝑈 of the tether system.  

The kinetic energy 𝐾 of this system is the sum of kinetic energies of the spacecraft and 

the stabilizer,  

𝐾 = 𝐾1 + 𝐾2, 

where 𝐾1 is the kinetic energy of the spacecraft and 𝐾1 is the kinetic energy of the stabilizer. 

As it is known from König’s theorem (Greenwood, 2000), the kinetic energy of a 

system is the sum of the energy of the linear motion of the centre of mass and the energy of 

rotation relative to the centre of mass. 

𝐾𝑖 = 𝐾𝐶𝑖 +
𝑚𝑖𝑉𝑖

2

2
, 

where 𝐾𝐶𝑖 is the kinetic energy due to the motion of the body relative to its centre of mass, 

𝑚𝑖𝑉𝑖
2 2⁄  is the kinetic energy due to a particle with the mass equal to the mass of the body 

𝑚𝑖 and moving with the velocity of the centre of mass 𝑉𝑖, 𝑖 = 1 for the spacecraft and 𝑖 = 2 

for the stabilizer. 
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The kinetic energy of rotation of the body  

𝐾𝐶𝑖 =
1

2
[𝐼𝑥𝑖𝜔𝑥𝑖

2 + 𝐼𝑦𝑖𝜔𝑦𝑖
2 + 𝐼𝑧𝑖𝜔𝑧𝑖

2 ], 

where 𝐼𝑥𝑖 ,  𝐼𝑦𝑖 𝑎𝑛𝑑 𝐼𝑧𝑖 are moments of inertia (or rotational inertia) of the bodies with respect 

to axis 𝑥𝑖 , 𝑦𝑖 and 𝑧𝑖 of the bound coordinate system. 

The other summands of the kinetic energy are 

∑
𝑚𝑖𝑉𝑖

2

2
=

1

2
(𝑚1 + 𝑚2)𝑉𝐶

2 +
1

2

2

𝑖=1

𝑚1𝑉𝐶1
2 +

1

2
𝑚2𝑉𝐶2

2 , 

Considering that  

�⃗⃗�𝐶1 = 𝑑𝐶𝐶1
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ 𝑑𝑡⁄ , �⃗⃗�𝐶2 = 𝑑𝐶𝐶2

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ 𝑑𝑡⁄  

and  

𝐶𝐶1
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ =

𝑚2(𝑟2 − 𝑟1)

(𝑚1 + 𝑚2)
, 𝐶𝐶2

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ =
𝑚1(𝑟1 − 𝑟2)

(𝑚1 + 𝑚2)
, 

it is possible to find the relative velocities 

�⃗⃗�𝐶1 =
𝑚2

(𝑚1 + 𝑚2)
(
𝑑𝑟2
𝑑𝑡

−
𝑑𝑟1
𝑑𝑡

) , �⃗⃗�𝐶2 = −
𝑚1

(𝑚1 + 𝑚2)
(
𝑑𝑟1
𝑑𝑡

−
𝑑𝑟2
𝑑𝑡

) 

or  

�⃗⃗�𝐶1 =
𝑚2

(𝑚1 + 𝑚2)
(�⃗⃗⃗�2 × 𝑟2 − �⃗⃗⃗�1 × 𝑟1),  

�⃗⃗�𝐶2 =
𝑚1

(𝑚1 + 𝑚2)
(�⃗⃗⃗�1 × 𝑟1 − �⃗⃗⃗�2 × 𝑟2). 

As a result, the kinetic energy of the system  

𝐾 =
1

2
∑[𝐼𝑥𝑖𝜔𝑥𝑖

2 + 𝐼𝑦𝑖𝜔𝑦𝑖
2 + 𝐼𝑧𝑖𝜔𝑧𝑖

2 ]

2

𝑖=1

+
𝑚1 + 𝑚2

2
𝑉𝐶

2 +
1

2

𝑚1𝑚2

𝑚1 + 𝑚2

(�⃗⃗⃗�2 × 𝑟2 − �⃗⃗⃗�1 × 𝑟1)
2 

The potential energy 𝑈 of the system can be found if some assumptions are made. Let 

us consider the spacecraft and the stabilizer as spherical bodies. Upon this simplification the 

vectors of aerodynamic forces are co-linear with the vector of air flow. The potential energy 

is similar to potential energy of the simple double pendulum in the gravitational field. 
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Figure 4.7 – Double pendulum 

In this case, the direction of the airflow becomes comparable to the vertical line, and 

the analogue of the potential energy 𝑈 is equal to 

𝑈 =
𝑚1𝑅2𝑥𝑘 − 𝑚2𝑅1𝑥𝑘

𝑚1 + 𝑚2

(−𝑥1 cos ∝1 + 𝑥2 cos ∝2 + 𝑥3 cos ∝3), 

where the first multiplier is comparable to the gravitational force for the double pendulum 

and relates to the tension force, 𝑥𝑖, 𝑖 = 1, 2, 3 are projections of vectors 𝑟𝑖 onto the axis of 

the bound coordinate systems, 𝑥1 < 0, 𝑥2 > 0, 𝑥3 > 0. 

The undisturbed tether system considered is an isolated system, and its total energy 𝐸 

should be constant (Halliday, 1975).  

𝐸 = 𝐾 + 𝑈 = 𝑐𝑜𝑛𝑠𝑡. (4.15) 

This statement allows the mathematical model of the system to be tested by means of 

numerical calculations. It is necessary to note that statement (4.15) is eligible for isolated 

systems only and cannot be used for a tether system if it is affected by disturbances or the 

dissipation of energy arising from heating or other causes. During the undisturbed motion, 

the dynamic pressure of the oncoming airflow should be constant. As the dynamic pressure 

by definition 𝑞 = 𝜌𝑉2 2⁄   (§4.3) depends on the density of the atmosphere and the velocity 

of the airflow, it means basically that both velocity and density of the atmosphere should be 

constant. Thus, the undisturbed motion of the tether system is a simplification that allows 

one to understand the basics of motion and test the mathematical model. 

The total angular momentum of the system in the sum of total angular momenta of the 

bodies (Halliday, 1975),  

𝑙 = 𝑙1𝐶 + 𝑙2𝐶 , (4.16) 
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where 𝑙1𝐶 and 𝑙2𝐶 are vectors of the total angular momenta of the spacecraft and the stabilizer 

relative to the centre of masses of the tether system. They are defined by equations  

𝑙1𝐶 = 𝑙1 + 𝐶𝐶1
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ × 𝑚1�⃗⃗�1, 

𝑙2𝐶 = 𝑙2 + 𝐶𝐶2
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ × 𝑚2�⃗⃗�2, 

where 𝑙1 and 𝑙2  are defined relative to the centres of masses of the spacecraft and the 

stabilizer respectively. 

With respect to the values of vectors 𝐶𝐶1
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ , 𝐶𝐶2

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  and 𝐶2𝐶1
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  shown in the previous 

paragraph, 

𝑙 = 𝑙1 + 𝑙2 + 𝐶𝐶1
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ × 𝑚1�⃗⃗�1 + 𝐶𝐶2

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ × 𝑚2�⃗⃗�2, 

𝑙 = 𝑙1 + 𝑙2 +
𝑚1𝑚2

𝑚1 + 𝑚2
𝐶2𝐶1
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ × �⃗⃗�1 −

𝑚1𝑚2

𝑚1 + 𝑚2
𝐶2𝐶1
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ × 𝑚2�⃗⃗�2, 

𝑙 = 𝑙1 + 𝑙2 +
𝑚1𝑚2

𝑚1 + 𝑚2
𝐶2𝐶1
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ × (�⃗⃗�1 − �⃗⃗�2), 

𝑙 = 𝑙1 + 𝑙2 +
𝑚1𝑚2

𝑚1 + 𝑚2
𝐶2𝐶1
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ × (�⃗⃗�𝐶1 − �⃗⃗�𝐶2). 

Using previously obtained formulae for �⃗⃗�𝐶1 and �⃗⃗�𝐶2, 𝐶𝐶1
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  and 𝐶𝐶2

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  it is possible to write 

𝑙 = 𝑙1 + 𝑙2 +
𝑚1𝑚2

𝑚1 + 𝑚2

(𝑟2 − 𝑟1) × (�⃗⃗⃗�2 × 𝑟2 − �⃗⃗⃗�1 × 𝑟1). 

Therefore, the total angular momentums of the bodies can be found using the 

parameters of motion of the tether system. The projection of the total angular momentum of 

the system onto the 𝑥𝑘 axis of the trajectory coordinate system can be found using matrices 

𝐿
1←tr

 and 𝐿
2←tr

 (Appendix A) and equations 

𝑙1𝑥𝑘 = 𝐿
tr←1

𝐼1�⃗⃗⃗�1, 𝑙2𝑥𝑘 = 𝐿
tr←2

𝐼2�⃗⃗⃗�2. 

For the spherical shaped bodies, the vectors of the aerodynamic forces are co-linear to 

the vector of the airflow. This means that the projection of the total angular momentum from 

aerodynamic forces onto the 𝑥𝑘 axis of the trajectory coordinate system is equal to zero, and  

𝑙𝑥𝑘 = 𝑐𝑜𝑛𝑠𝑡. 

This integral of motion is based on the vector of angular momentum of the system and 

exists for spherical bodies with any positions of the mounting points of the tether. 

There are obvious integrals of motion concerning the undisturbed motion for both 

bodies. If the bodies are symmetrical and the mounting points of the tether are located on 

their axes of symmetry, then the angular velocity of each of the bodies is constant during the 

undisturbed motion. 
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𝜔𝑥1
= 𝑐𝑜𝑛𝑠𝑡, 𝜔𝑥2

= 𝑐𝑜𝑛𝑠𝑡. 

Thereby, there are three conclusions, listed below, concerning the motion for the tether 

system in the airflow. 

1. If the angular velocities of the bodies are constant during the undisturbed motion, 

then the bodies are symmetrical and mounting points of the tether are located on their axes 

of symmetry.  

2. The projection of the total angular momentum on the axis of the trajectory 

coordinate system is constant, 𝑙𝑥𝑘 = 𝑐𝑜𝑛𝑠𝑡. 

3. The analogue of total energy is constant. Due to complexity of equations, this 

integral of motion is found analytically for spherical bodies only. 

These integrals of motion are useful for testing the results of the numerical modelling 

of motion of the tether system.  

Figure 4.8 shows the results of numerical calculations of the undisturbed motion of the 

tether system – the change of potential, kinetic and full energy of the system in conditions 

of constant dynamic pressure, and mass symmetry of the spherical spacecraft and stabilizer. 

The value of the integral of motion – the total energy – remains constant, thus validating the 

mathematical model of motion of the tether system. 

 

Figure 4.8 – The energy of the system 
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4.5 Summary 

In this chapter the following results were obtained: 

1. The definition of the tether system and forces acting on the tether system. The tether 

system is defined as a system of two bodies – a spacecraft and a stabilizer – connected by a 

massless tether. The assumptions and simplifications made are also described and justified. 

2. The three coordinate systems used for the derivation of the equations of motion of 

the tether system are described. 

3. The mathematical model of spatial motion has been derived. Its novelty is based on 

the description of spinning motion of both spacecraft and stabilizer. The model takes into 

consideration aerodynamic and gravity forces, tension of the tether, mass and shape 

asymmetry of the bodies. 

4. The integrals of the undisturbed motion of the tether system were found and used 

for numerical testing the mathematical model of motion of the tether system. 
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5. THE INFLUENCE OF PARAMETERS OF THE TETHER SYSTEM ON 

ITS MOTION  

To say that the tether system is stable means that it is able to sustain 

a previously defined condition of motion. The stability of the system can 

be said to be “static”, which means the necessary condition for stability is 

met, or “dynamic”, which can be considered to be a sufficient condition 

for stability. Here, the conditions of static stability are determined based 

on the undisturbed motion of the tether system. The tether system can be 

in stable motion even if either or both bodies are statically unstable. The 

dependence of stability on the natural frequencies of the system is assessed 

relative to the parameters. 

The influence of parameters of the tether system under conditions of 

stable motion during the descent in the dense layers of the atmosphere is 

investigated. Here, the parameters being adjusted to obtain stable motion 

are the mass, the geometrical dimensions and the length of the tether. 

It is found that the increase in the length of the tether, meaning the 

deployment process during descent, can be an additional stabilizing factor 

for the tether system. 

5.1. The stability of motion of the tether system 

The stability of motion of the rigid body generally refers to its ability to sustain a 

predefined condition of motion. If the net forces and moments acting on the body are equal 

to zero, then the body is in equilibrium. Under external forcing, the body can change its 

position (for example, the angle of attack) and the equilibrium condition is lost. In this 

context, the notion of “stability of motion” for the spacecraft means the same as the better 

known notion of stability of motion for aircraft (Cutler C., 2015).  

To find the conditions of stability of motion for a rigid body it is necessary to determine 

the conditions for “static stability”. These conditions should be found when the dynamic 

pressure of the air low is constant and there are no other disturbances, such as asymmetry of 

the body or dissipative forces. The constant dynamic pressure means that both the velocity 

and the density of the air flow must be constant. 

The conditions of the static stability near the equilibrium point 𝛼𝑖 = 0, where 𝑖 =

1,2,3, are necessary conditions for the stable motion of the tether system.  
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The condition of “dynamic stability” defines slow reducing of amplitudes of 

oscillations with respect to undisturbed motion. These conditions are sufficient conditions 

for the equilibrium condition. The achievability of these equilibrium conditions is usually 

dependent on the size and type of motion perturbations, such as dissipative forces. 

The conditions of dynamic stability determine the rate of decrease of the amplitudes 

of oscillation near the unperturbed solution. Dynamic conditions can be treated as sufficient 

conditions for the stability of the system equilibrium, but they are too complex to be found 

analytically, thus making it hard to analyse the dynamic stability of the motion of the tether 

system. 

The sufficiency of the stability conditions is usually verified by applying various 

perturbations, like slow variations in the system parameters, or by applying dissipative forces 

to the system.  

Flat motion is a particular case of spatial motion when the angles 𝜑𝑖 = 0, 𝛾𝑖 = 0, and 

angular velocities 𝜔𝑥𝑖
= 0, 𝑖 = 1,2,3. The necessity of researching flat motion is based on 

finding the conditions of static stability of motion in the atmosphere. “Flat motion” is also 

called two dimensional motion, and “spatial motion” is three dimensional motion. 

It is known (Yaroshevskiy, 1978) that the transition from flat motion to spatial motion, 

which adds gyroscopic forces, cannot destroy the stability of motion. This transition can only 

lead to appearance of new equilibrium points. For example, a symmetric body in addition to 

equilibrium point 𝛼 = 0, where 𝛼 is the angle of attack, will obtain a new equilibrium point 

𝛼 = 𝜋 if under the condition that the frequency of its rotation around the longitudinal axis is 

sufficiently high. It is also known that the application to the system of gyroscopic or 

dissipative forces will not destroy the stability of motion. Therefore, it is necessary to obtain 

the static conditions of stability during flat motion of the tether system. Hereinafter, the 

stability of equilibrium point  𝛼𝑖 = 0, 𝑖 = 1,2,3 is considered. 

For the case of the spacecraft without stabilizer, the condition of static stability is rather 

simple: the position of the centre of mass of the spacecraft must be close to the nose part 

than the centre-of-pressure position of the aerodynamic forces. Equivalently, the value of 

the projection of Δ𝑟1 (Figure 4.1) on the longitudinal axis of the spacecraft must be less than 

zero. 

To obtain the conditions of static stability of the tether system, let us consider the 

equations of motion of the tether system (4.12-4.13) and make a linearization near the 

equilibrium point 𝛼𝑖 = 0. Choosing this point ensures that the longitudinal axes of the 
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spacecraft and stabilizer and the tether are co-linear with the velocity of the centre of masses 

of the tether system. 

Then, considering sin 𝛼𝑖 ≈𝛼𝑖, cos 𝛼𝑖 ≈1, 𝑖 = 1,2,3 and neglecting non-linear 

summands, 

𝑃
𝑑2𝛼

𝑑𝑡2
+ 𝑄𝛼 = 0, (5.1) 

where 𝛼 = [𝛼1, 𝛼2, 𝛼3 ]
𝑇, 𝑃 and 𝑄 are matrices of coefficients, 

𝑃 = [
𝐼1 + 𝑚12𝑟1

2 𝑚12𝑟1𝑟2 𝑚12𝑟1𝑟3
𝑚12𝑟1𝑟2 𝐼2 + 𝑚12𝑟2

2 𝑚12𝑟2𝑟3
𝑚12𝑟1 𝑚12𝑟3 𝑚12𝑟3

],  

𝑄 =

[
 
 
 
 
 −Δ𝑅𝑥𝑟1 −

𝑚2𝑟1
𝑚1 + 𝑚2

𝑅𝑦𝑘1
α − ∆𝑥1𝑅𝑦1

𝑚1𝑟1
𝑚1 + 𝑚2

𝑅𝑦𝑘2
α 0

−
𝑚2𝑟2

𝑚1 + 𝑚2
𝑅𝑦𝑘1

α −Δ𝑅𝑥𝑟2 +
𝑚1𝑟2

𝑚1 + 𝑚2
𝑅𝑦𝑘2

α − ∆𝑥2𝑅𝑦2 0

−
𝑚2

𝑚1 + 𝑚2
𝑅𝑦𝑘1

α
𝑚1

𝑚1 + 𝑚2
𝑅𝑦𝑘2

α −Δ𝑅𝑥]
 
 
 
 
 

, 

 

where 𝑚12 = 𝑚1𝑚2 (𝑚1 + 𝑚2)⁄ ,  

Δ𝑅𝑥 = (𝑚1𝑅2𝑥𝑘 − 𝑚2𝑅1𝑥𝑘) (𝑚1 + 𝑚2)⁄ , Δ𝑅𝑦 = (𝑚1𝑅2𝑦𝑘 − 𝑚2𝑅1𝑦𝑘) (𝑚1 + 𝑚2)⁄ ,  

𝑟3 is the length of the tether, 

∆𝑥1 and ∆𝑥2 are projections of vectors Δ𝑟1 and Δ𝑟2 onto the axis of symmetry of each body 

respectively,  

𝑅1𝑥𝑘, 𝑅2𝑥𝑘, 𝑅1𝑦𝑘, 𝑅2𝑦𝑘 are projections of the aerodynamic forces �⃗⃗�1 and �⃗⃗�2 onto the axes 

of the trajectory coordinate system 𝑂𝑥𝑘𝑦𝑘𝑧𝑘,  

𝑅𝑦𝑘1
α = (𝐶𝑥1 + 𝐶𝑦1)𝑞𝑆1 and 𝑅𝑦𝑘2

α = (𝐶𝑥2 + 𝐶𝑦2)𝑞𝑆2 are partial derivatives of the 

aerodynamic forces with respect to angle of attack. 

The analysis of the static stability reduces to the analysis of the characteristic roots (i.e. 

eigenvalues) of the dynamic system (5.1). The characteristic equation is written as  

det(𝑃λ2 + 𝑄) = 0. 

Expanding a determinant and collecting similar variables, we obtain cubic equation 

with respect to λ2: 

𝑝λλ
6 + 𝑞λλ

4 + 𝑟λλ
2 + 𝑡λ = 0, (5.2) 

where 𝑝λ = 𝑚12𝐼1𝐼2𝑟2,  

𝑞λ = −[𝑚12𝐼1𝑟2(𝑟2 + 𝑟3) + 𝑚12𝐼2𝑟1(𝑟1 + 𝑟3) + 𝐼1𝐼2]Δ𝑅𝑥, 
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𝑟λ = 𝐼1Δ𝑅𝑥 (Δ𝑅𝑥𝑟2 −
𝑚1

𝑚1 + 𝑚2
𝑟2𝑅𝑦𝑘2

α − ∆𝑥2𝑅𝑦2) +

     +𝐼2Δ𝑅𝑥 (Δ𝑅𝑥𝑟1 +
𝑚2

𝑚1 + 𝑚2
𝑟1𝑅𝑦𝑘1

α − ∆𝑥1𝑅𝑦1) +

     +𝑚12Δ𝑅𝑥
2𝑟1(𝑟1𝑟2 + 𝑟2

2 + 𝑟2𝑟3),

 

𝑡λ = 𝑟1𝑟2(Δ𝑅𝑥)
2 ⋅ (Δ𝑅𝑦

α − Δ𝑅𝑥),  

Δ𝑅𝑦
α = (𝑚1𝑅2𝑦𝑘

α − 𝑚2𝑅1𝑦𝑘
α )/(𝑚1 + 𝑚2). 

To define natural frequencies of the tether systems, the characteristic equation (5.2) 

can be re-written as 

λ6 +
𝑞λ

𝑝λ
λ4 +

𝑟λ
𝑝λ

λ2 +
𝑡λ
𝑝λ

= (λ2 + ω1
2)(λ2 + ω2

2)(λ2 + ω3
2) = 0, (5.3) 

where ω1, ω2, ω3 are the natural frequencies of the tether system. 

Then the angles of attack are small, the parameter Δ𝑅𝑦
α − Δ𝑅𝑥 is  

Δ𝑅𝑦
α − Δ𝑅𝑥 =

𝑚1𝑞𝑆2𝐶𝑦2

𝑚1 + 𝑚2
−

𝑚2𝑞𝑆1𝐶𝑦1

𝑚1 + 𝑚2
. 

The motion of the system is statically stable if all the roots of the characteristic 

equation are purely imaginary numbers (Gantmacher, 1959), and this happens if and only if 

the cubic equation with respect to λ2 (5.2) has three real roots, all of which are less than zero. 

If the system is statically stable, then the characteristic equation allows to determine the 

frequencies of small oscillations of the mechanical system during the flat motion. 

The analysis of the equation (5.2) shows that if Δ𝑅𝑥 = 0, then all the roots of the 

characteristic equation (eigenvalues) are degenerately equal to zero, and for symmetrical 

bodies there are two necessary condition of static stability.  

The first necessary condition of static stability is 

Δ𝑅𝑥 < 0. 

The second necessary condition of static stability is  

Δ𝑅𝑦
α < Δ𝑅𝑥, 

because when Δ𝑅𝑦
α = Δ𝑅𝑥, two roots of the characteristic equation equal to zero. 

When both bodies of the tether system are spherical, these necessary conditions are 

equal to each other. 

It is possible to show the area of static stability of the tether system using the 

Vyshnegradsky’s diagram (Lurie, A., 2002) by reducing the characteristic equation to the 

form 
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3 + 𝐴2 + 𝐵𝜇 + 1 = 0, 

where 𝜇 = √𝑝 𝑡⁄3
, 𝐴 = 𝑞 √𝑡𝑝

23
⁄ , 𝐵 = 𝑟 √𝑝𝑡

23
⁄ . 

The area of stability in Cartesian coordinates (𝐴, 𝐵) can be shown as corresponding to 

real roots area (Figure 5.1). This area is determined by inequality  

𝑓(𝐴, 𝐵) = (
𝐵

3
−

𝐴2

9
)

3

+ (
𝐴𝐵 − 3

6
−

𝐴3

27
)

2

< 0. 

 

Figure 5.1 – The area of stability (grey) 

Figure 5.2 depicts the typical change of function 𝑓(𝐴, 𝐵) with respect to the mass of 

the stabilizer. When the value of 𝑓(𝐴, 𝐵) becomes greater than zero, the system loses its 

stability. The area to the right from the dot line is the area of stable motion while motion in 

the area left to the dot line is unstable. 
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Figure 5.2 – The increase of the mass of the stabilizer affects the stability 

5.2. The dependence of stability and frequencies on the parameters 

As it has been shown above, it is possible to determine the static stability or instability 

of the system with the given spacecraft and stabilizer parameters and their aerodynamic 

characteristics.  

It is always important to know how the stability conditions (or the system frequencies) 

depend on the parameters of the system. If the parameters and aerodynamic characteristics 

of the spacecraft are given, then the problem of the choice of parameters is reduced to the 

choice of the characteristics of the stabilizer and the length of the tether. The stabilizer here 

is characterized by its mass and inertia characteristics, and its reference area. 

The influence of the mass and reference area of the stabilizer and the length of the 

tether on the frequencies of the system is obtained below, under the condition of static 

stability of the system.  

By way of example, in this section, the case of two bodies of rotation shaped as cones 

with spherically rounded apexes is considered. The shape of the bodies is shown in 

Figure 5.3. 
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Figure 5.3 – The cone with rounded apex 

The aerodynamic characteristics of the bodies were calculated (see Appendix B) using 

the approximate Newton theory (Anderson, 1989). The approximate Newton theory gives 

results with quite acceptable accuracy for Mach numbers greater than four and for flight in 

the denser part of the atmosphere where altitude is less than 110 km.  

The dependence of the stability of motion on the length of the tether is the most simple 

to demonstrate. The change of the length of the tether does not lead to loss of stability. This 

means that the stability is defined by parameters of the spacecraft and the stabilizer only. 

Typical dependencies of the frequencies on the length of the tether are shown in Figure 5.4. 

Other parameters of the system were selected and remain constant during the calculations 

for this Figure and for Figures 5.4, 5.5 and 5.6. 

As the length of the tether increases, each of the frequencies decreases monotonically. 

Upon the increase of the length of the tether, the frequencies tend to horizontal asymptotes, 

so that further increase in the length of the tether does not lead to any significant change of 

frequencies. If the length of the tether tends to zero, one of the frequencies rises 

asymptotically. These dependencies are typical and common for any shapes of the spacecraft 

and the stabilizer. 

For the statically neutral bodies, ∆𝑥1 = ∆𝑥2 = 0, the stability or instability of the 

system cannot be changed by any variation in the length of the tether.  



5. The influence of parameters of the tether system on its motion 

 

 

47 

 

Figure 5.4 – Frequencies depending on the length of the tether 

Figure 5.5 shows the dependence of the system natural frequencies on the mass of the 

second body. These dependencies are typical for the case where both the spacecraft and 

stabilizer are bodies of rotation other than spheres. The figures for the system frequencies 

are obtained for a constant value of the dynamic pressure of the air flow. The frequencies 

are proportional to √𝑞 and can easily be recalculated for other values of dynamic pressure 

of the air flow. A characteristic of the system frequency dependence on the mass of stabilizer 

is the loss of static stability as the mass increases, and this loss of stability occurs at the point 

of coincidence of the two frequencies as it is shown on Figure 5.5. 

Figure 5.6 depicts how the system frequencies changes when the reference area of the 

stabilizer increases. The loss of static stability in the variation of the scale coefficient occurs 

for sufficiently small dimensions of the second body. 

When both the spacecraft and stabilizer are spherical bodies, these dependencies of 

stability on the parameters of the system become much more simple to demonstrate. For 

example, when the mass of the stabilizer 𝑚2 increases, or the dimensions of the stabilizer 

decrease, a loss of stability occurs when the curves of all three frequencies of the system 

meet at one point 𝜔𝑖 = 0, i.e. when the eigenvalues (frequencies) become degenerate. 
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Figure 5.5 – Frequencies depending on the mass of the stabilizer 

 

Figure 5.6 – Frequencies depending on reference area 

If the bodies are not statically neutral, then the dependence of system frequency on the 

parameters of the second body is more complicated. On the one hand, even when both bodies 

are statically unstable, the tether system as a whole can be statically stable. The example of 

such a system is a tether system consisting of two cones. On the other hand, a tether system 

consisting of two statically stable bodies can still be statically unstable with an unlucky 

choice of the parameters. 
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If the first body is statically stable, in a certain range of the tether lengths, the system 

becomes statically unstable, and the loss of stability occurs as two frequencies of the system 

coincide. As the length of the tether continues to increase, the system becomes stable again.  

Numerical calculations of the motion of system in the instability regions confirm the 

existence of regions of static instability. Thus, the static stability of the motion of the system 

in the atmosphere is determined by the consistent choice of parameters of the entire system 

by using the above static stability conditions rather than by the characteristics of separate 

bodies. 

5.3. The tension of the tether 

One of the most important practical parameters of motion of the system is the value of 

tension force. 

The tension of the tether can be found using the system of dynamic equations (4.12), 

kinematic equations (4.13) and the equations of motion of the centre of mass (4.14).  

The value of tension force was determined above by equation (4.7)  

�⃗⃗�1 =
𝑚1

𝑚1 + 𝑚2
�⃗⃗�2 −

𝑚2

𝑚1 + 𝑚2
�⃗⃗�1 +

𝑚1𝑚2

𝑚1 + 𝑚2
⋅ (

𝑑2𝑟2
𝑑𝑡2

−
𝑑2𝑟1
𝑑𝑡2

+
𝑑2𝑟3
𝑑𝑡2

), 

where derivatives of vectors 𝑟𝑖 are determined by equations 

𝑑2𝑟𝑖
𝑑𝑡2

= �⃗⃗⃗̇�𝑖 × 𝑟𝑖 + �⃗⃗⃗�𝑖 × (�⃗⃗⃗�𝑖 × 𝑟𝑖), 𝑖 = 1,2,3,  

where �⃗⃗⃗�𝑖 are the angular velocities of the spacecraft, the stabilizer and the tether 

respectively. 

The equation for the tension of the tether shows that the tension force has two 

components. The first component is defined by aerodynamic forces acting on the tether 

system and masses of the spacecraft and the stabilizer. The second component depends not 

only on masses, but also on angular velocities of the bodies, while the values of angular 

velocities can be estimated using the values of natural frequencies of the tether system.  

It is not possible to find the value of the tension force analytically, but it can be 

calculated numerically using (4.7). On this basis, the effect of the tether system parameters 

on the tension of the tether can be analysed. 

The following results of calculations were obtained for the descent of a light 

spacecraft. Here, both the spacecraft and stabilizer are cones. The parameters of the tether 
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system are listed in the Table 5.1. The mass of the spacecraft and its conical shape refer to 

the initial mass and geometry of a light capsule in early design of YES2 landing module. 

The dependencies obtained subsequently are typical for tether systems consisting of two 

cones. 

Table 5.1 – The parameters of the tether system 

The parameter Variable Value 

Mass of the spacecraft 𝑚1 10 kg 

Mass of the stabilizer 𝑚2 2 kg 

Length of the tether 𝑟3 10 m 

Reference area of the spacecraft 𝑆1 0.275 m2 

Reference area of the stabilizer 𝑆2 0.2 m2 

Aerodynamic force coefficients for the spacecraft 𝐶𝑥1 -1 

 𝐶𝑦1 2 

Aerodynamic force coefficients for the stabilizer 𝐶𝑥2 -1 

 𝐶𝑦2 2 

 

The results of numerical calculations are shown in Figures 5.7-5.8. All these results 

are typical for any combination of shape and mass. Figure 5.7 depicts the dependence of full 

tension force on time during the descent, while Figure 5.8 illustrates how the components of 

tension force vary during descent. Figure 5.8 shows that the component depending on 

angular velocities is about four times smaller than the component depending on aerodynamic 

forces. 

  

Figure 5.7 – The typical dependence of tether tension on time 
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Figure 5.8 – The components of tether tension during descent 

Next, consider how the maximal tension force depends on the parameters of the 

stabilizer and the length of the tether for different shapes of spacecraft and stabilizer. The 

Figures 5.9-5.11 were built based on a series of calculations for the following combinations 

of shapes of spacecraft and stabilizer respectively: sphere and sphere, cylinder and sphere, 

cylinder and cone. The mathematical model described in the previous and current chapter is 

used for these calculations. The system parameters are given in Table 5.1. Figures 5.9-5.11 

show consistently the dependence of tension force on the mass of the stabilizer, the reference 

area of the stabilizer, and the length of the tether, respectively. The end of the curve indicates 

loss of stability in the tether system. The stability of motion is treated as lost when the value 

of the angle of attack of the spacecraft, or the value of the angle of attack of the stabilizer, 

during the modelling exceeds a value of 90 degrees, or when the tension of the tether 

becomes less than zero, in which case, the spacecraft and the stabilizer continue separate 

motions from each other.  

Inspection of these figures indicates that the maximal tension of the tether has only a 

slight dependence on the length of the tether, for any combination of spacecraft and the 

stabilizer shape: the dependence of the tension on the mass of the stabilizer is much more 

significant. The geometric dimensions of the stabilizer, measured by its reference area, have 
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the most effect on the tension of the tether, and usage of a stabilizer with larger dimensions 

leads to sharp increase in the tension force.  

 

Figure 5.9 – The dependence of maximal tether tension on the mass of the stabilizer 

 

 

Figure 5.10 – The dependence of maximal tether tension on the reference area of the stabilizer  
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Figure 5.11 – The dependence of maximal tether tension on the length of the tether 

The Figures 5.12-5.15 show the parameters of motion of the centre of mass of the 

system. These dependencies are typical for all combinations of parameters of the spacecraft 

and the stabilizer. During the first 500 seconds of descent the velocity of the centre of mass 

decreases from its initial value of 7842 to 49.6 metres per second as it is shown in Figure 

5.12, and the altitude changes from initial value of 100 kilometres down to 16 kilometres 

(Figure 5.13). The trajectory of the centre of masses of the system is shown in Figure 5.14, 

there the X-axis depicts the path traversed by the centre of masses, and the Y-axis is the 

altitude. 

  

Figure 5.12 – The dependence of velocity of centre of masses on time 
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Figure 5.13 – The dependence of altitude on time 

  

Figure 5.14 – The trajectory of centre of mass 
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Figure 5.15 – Path inclination 

5.4. How to choose the parameters of the tether system 

The choice of parameters of the tether system assumes compliance with a number of 

practical criteria, including a consideration of the production costs of spacecraft and the total 

mass of the system. In the context of a spacecraft, the mass criteria is the dominant driver 

for design decision because any additional launch weight would mean a significant increase 

in total cost of the space flight. Therefore, the research in this chapter is focused on the 

choice of parameters based on the minimization of the mass of the aerodynamic stabilizer. 

The parameters being chosen here are the mass, the geometrical dimensions of the stabilizer, 

and the length of the tether. It is considered that the dimensions of the stabilizer can be 

changed without changing its shape, thus keeping its geometrical proportions, thus only a 

single dimension scaling parameter is needed. 

It is necessary to take into consideration that there are several types of limitation on 

the parameters of motion of the tether system.  

Firstly, there are limitations on the values of angles of attack. These limitations are 

closely related to the conditions of the stability of the tether system.  

Secondly, there are limitations on the angular velocities. These limitations are checked 

to ensure that the system meets the requirements for the angles of attack. High angular 

velocities lead to significant local accelerations, and, as a result, to the destruction of the 
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system. The values of the angular velocities depend on the natural frequencies of the system, 

so it is expected that the limitations on angular velocities are satisfied when the natural 

frequencies are within their limits. 

The third limitation is the limitation on the value of the tension of the tether. Should 

the value of tension force exceed the tether material allowable, the tether will fail and the 

tether system will be destroyed. 

The fourth limitation type is related to the motion of centre of mass of the tether 

system. Such limitations include the maximal acceleration of the centre of mass, the maximal 

value of heat flux, and other such limits. These limitations are not related to the parameters 

of the tether system itself but are determined by the deployment and operational 

environment. In this case, the critical environment is that of entry into the high-density layers 

of the atmosphere at altitudes about 100-110 km above the sea level. The parameters of entry 

include the entry velocity and flight path angle. These limitations are considered out of scope 

for this thesis. 

If a check for any group of limitations fails, when it is inacceptable solution. 

As discussed above, it is possible to define the task of choosing the parameters of the 

tether system. A choice of parameters for the aerodynamic stabilizer, and for the length of 

the tether, is/should be based on the minimization of the mass of the stabilizer, while 

considering the limitations of rotary motion within the tether system and tension of the tether. 

The values of the natural frequencies of the system are of great importance during the 

design process. On this basis, it is possible to define an inverse problem: to set up the natural 

frequencies of the system and to determine the parameters of the tether system basing on 

these values. As the selected parameters let us take the mass of the stabilizer 𝑚2, its reference 

area 𝑆2, and the tether length 𝑟3. 

To identify the design properties listed, the terms in the brackets in equation (5.3) 

should be considered. From these the further non-linear algebraic equation system can be 

obtained, relative to the parameters selected: 
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𝑞λ

𝑝λ
= 𝑓1(𝑚2, 𝑆2, 𝑟3) = ω1

2 + ω2
2 + ω3

2, 

𝑟λ
𝑝λ

= 𝑓2(𝑚2, 𝑆2, 𝑟3) = ω1
2ω2

2 + ω1
2ω3

2 + ω2
2ω3,

2  

𝑡λ
𝑝λ

= 𝑓3(𝑚2, 𝑆2, 𝑟3) = ω1
2ω2

2ω3
2, 

 

(5.4) 

where 𝑓𝑖(𝑚2, 𝑆2, 𝑟3), 𝑖 = 1, 2, 3 are the functions determined by Equations (5.4). 

By solving this system of equations with given natural frequencies, usually it is 

possible to determine the parameters of the mechanical system. Unfortunately, for a set of 

frequencies arbitrarily selected during the design process, it is not always possible to find an 

acceptable solution, because of the nonlinearity of the system (5.4). The following two-stage 

algorithm overcomes this problem and provides the ability to find an acceptable set of 

parameters: 

1) The admissible values of design parameters 𝑚2, 𝑆2, 𝑟3 are set. As a full set of 

parameters of the tether system is known, it is possible to calculate the natural 

frequencies 𝜔1, 𝜔2, 𝜔3. This stage solves the direct task. 

2) The natural frequencies of the system are set to lower values. The system (5.4) is 

solved repeatedly, and the values of the design parameters of tether system are iterated. 

Therefore, this stage solves the inverse task. During this stage, it is necessary to pay 

attention to the fulfilment of certain restrictions imposed on the selected parameters 

based on additional conditions. For example, the mass of the aerodynamic stabilizer 

should not exceed a certain value, the tether should not be too long, and the stabilizer 

dimensions should not be too big.  

As it will be shown below, the values of the natural frequencies have a noteworthy 

influence on the angular velocities of the system. By using this algorithm, it is usually 

possible to reduce the initial frequencies of the system by several times thus decreasing 

angular velocities. 

It should be noted that the natural frequencies of the system change during descent in 

the atmosphere, since they depend on the dynamic air pressure 𝑞, and hence on the altitude 

of flight; however, when realizing the algorithm, the altitude or the dynamic air pressure can 

be set in an arbitrary way, since the decrease in frequencies at a given altitude leads to the 

decrease of the system frequencies along the entire descent. 
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As an example of application of this algorithm, the descent of a tether system 

consisting of a cylinder shaped spacecraft and a spherical stabilizer is considered here. The 

key parameters of the system are shown in Table 5.2. These parameters are fixed during the 

selection process. The parameters for selection are listed in Table 5.3. They include 

parameters of the stabilizer and the length of the tether. These parameters are chosen to find 

how to reduce the angular velocities for a landing module with a commonly used cylindrical 

shape. Here, the design limitation on the minimum mass of the stabilizer is set to 1 kg. 

Table 5.2 – The key parameters of the tether system and their values 

The parameter Variable Value 

Mass of the spacecraft 𝑚1 10 kg 

Reference area of the spacecraft 𝑆1 0.2 m2 

Aerodynamic force coefficients for the spacecraft 𝐶𝑥1 -1 

 𝐶𝑦1 5 

Aerodynamic force coefficients for the stabilizer 𝐶𝑥2 -1 

 𝐶𝑦2 1 

Table 5.3 – The parameter values selected 

The parameter Variable Value 

Mass of the stabilizer 𝑚2 1.5 kg 

Reference area of the stabilizer 𝑆1 0.1 m2 

Length of the tether 𝑟3 15 m 

 

These parameters correspond to the values of frequencies equal to 𝜔1 = 2 1/s, 59.4 1/s 

and 5 1/s, calculated at dynamic pressure of the air flow 𝑞 = 1000 m/s2. 

During implementation of the algorithm for the choice of parameters, the inverse task 

was solved several times, and, as a result, the modified/updated parameters 𝑚2 = 1 kg, 𝑆2 =

0.2 m2, 𝑟3 = 10 m were found. The values for frequencies for these systems are lower than 

for the initial system, 𝜔1 = 0.1 s-1, 𝜔1 = 34 s-1, 𝜔1 = 19 s-1. A further reduction in 

frequencies would be possible only by increasing the mass of the stabilizer at the design 

stage, but even this increase is possible only up to critical value, which for the tether system 

considered is equal to 1.9 kg. Should the mass of the stabilizer exceed this critical value, the 

condition of stability would be lost and the motion would become unstable.  
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Figures 5.16-5.19 show how the angles of attack of the spacecraft, the stabilizer, the 

tether, and the tension of the tether changed after the modification of the parameters. The 

angular velocity values are lowered significantly, and the maximal value of the tension force 

of the tether is reduced by more than 17 percent (from 226.2 N to 186.9 N). 

Figure 5.16 – Angle of attack of the spacecraft before and after the corrections 

Figure 5.17 – Angle of attack of the stabilizer before and after the corrections 

Figure 5.18 – Angle of attack of the tether before and after the corrections 
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Figure 5.19 – Tension of the tether before and after the corrections 

5.5. Impact of the deployment of the tether on the stability 

During the analysis of the stability of motion of the tether system in the atmosphere it 

was assumed that the tether length is constant. On the other hand, the study of the tether 

system behaviour when the tether length varies is a key topic of interest for this thesis. The 

tether length variation can take place, for instance, during the deployment process of the 

tether system, or it can be used as an additional stabilizing factor during the motion through 

the dense layers of the atmosphere. In either case, it is necessary to assess the impact of the 

change of tether length on the stability of motion of the system in the atmosphere.  

It is possible to assess the tether length variation by evaluating the derivative of 

spacecraft to stabilizer position vector 𝑟3⃗⃗⃗⃗  = {𝑥3, 0, 0} with respect to time, taking into 

consideration the variation of its length 

𝑑2𝑟3
𝑑𝑡2

= �⃗⃗⃗�3
̇ × 𝑟3 + �⃗⃗⃗�3 × (�⃗⃗⃗�3 × 𝑟3) + 2(�⃗⃗⃗�3 ×

�̃�𝑟3
𝑑𝑡

) +
�̃�2𝑟3
𝑑𝑡2

, 

where �̃�𝑟3 𝑑𝑡⁄ , �̃�2𝑟3 𝑑𝑡2⁄  are local derivatives of vector 𝑟3 in the coordinate system bound 

to the tether. After inserting this value into Equation (4.7), it is possible to obtain the 

variation of tether tension by means of variating its length: 

∆�⃗⃗�1 =
𝑚1𝑚2

𝑚1 + 𝑚2
∙ [

�̃�2𝑟3
𝑑𝑡2

+ 2(�⃗⃗⃗�3 ×
�̃�𝑟3
𝑑𝑡

)] (5.5) 

 

In this case additional summands will appear in right hand sides if vector 𝐵 in the 

dynamic equations of motion of the system (4.12). These additional summands are listed in 

Appendix A. 
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Now consider the variation of the tether length. The dynamic equations for the flat 

motion of the tether system with respect to the change of the length of the tether can be 

written as: 

 

(𝐼1 + 𝑚12𝑟1
2)

𝑑𝜔1

𝑑𝑡
+ 𝑚12𝑟1𝑟2

𝑑𝜔2

𝑑𝑡
cos(𝛼1 − 𝛼2) + 𝑚12𝑟1𝑟3(𝑡)

𝑑𝜔3

𝑑𝑡
cos(𝛼1 − 𝛼3) = 

= Δ𝑅𝑥𝑟1sin𝛼1 − Δ𝑅𝑦𝑟1cos𝜑1 + 𝑚12𝑟1𝑟2𝜔2
2 sin(𝛼2 − 𝛼1) + 

+𝑚12𝑟1𝑟3(𝑡)𝜔3
2 sin(𝛼3 − 𝛼1) + 

+𝑟1𝑚12 [
𝑑2𝑟3
𝑑𝑡2

sin(𝛼1 − 𝛼3) −
𝑑𝑟3
𝑑𝑡

𝜔3 cos(𝛼1 − 𝛼3)], 

(𝐼2 + 𝑚12𝑟2
2)

𝑑𝜔2

𝑑𝑡
+ 𝑚12𝑟1𝑟2

𝑑𝜔1

𝑑𝑡
cos(𝛼1 − 𝛼2) + 𝑚12𝑟2𝑟3(𝑡)

𝑑𝜔3

𝑑𝑡
cos(𝛼3 − 𝛼2) = 

= Δ𝑅𝑥𝑟2sin𝛼2 − Δ𝑅𝑦𝑟2cos𝛼2 + 𝑚12𝑟1𝑟2𝜔1
2sin(𝛼1 − 𝛼2) + 

+𝑚12𝑟2𝑟3(𝑡)𝜔3
2sin(𝛼3 − 𝛼2) + 

+𝑟2𝑚12 [
𝑑2𝑟3
𝑑𝑡2

sin(𝛼2 − 𝛼3) −
𝑑𝑟3
𝑑𝑡

𝜔3cos(𝛼2 − 𝛼3)], 

𝑚12𝑟2
𝑑𝜔2

𝑑𝑡
cos(𝛼2 − 𝛼3) + 𝑚12𝑟1

𝑑𝜔1

𝑑𝑡
cos(𝛼1 − 𝛼3) + 𝑚12𝑟3(𝑡)

𝑑𝜔3

𝑑𝑡
= 

= Δ𝑅𝑥sin𝛼3 − Δ𝑅𝑦cos𝛼3 + 𝑚12𝑟1𝜔1
2sin(𝛼1 − 𝛼3) + 

+𝑚12𝑟2𝜔2
2sin(𝛼2 − 𝛼3) − 𝑚12𝜔3

𝑑𝑟3
𝑑𝑡

. 

 

During the motion of the tether system in the atmosphere, the deployment of the tether 

should be possible under the action of aerodynamic forces only. Therefore, only models 

corresponding to increasing the tether length, 𝑑𝑟3 𝑑𝑡⁄ ≥ 0, are considered below. The study 

of the impact of the variation of the tether length was made by the numerical calculations 

using different model of deployment. 

The descent of the system in the atmosphere was modelled from an altitude of 100 km 

and with a predicted duration of approximately 500 sec. Three different models for the 

change of tether length are considered here: a linear model, an arctangent model, and a cubic 

model.  

The linear model means that length of the tether varies linearly with time, so that the 

rate of change of the length of the tether is constant during the descent process (Figure 5.20a). 
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The arctangent model corresponds to the case when the rate of change of the length of 

the tether 𝑑𝑟3 𝑑𝑡⁄  possesses maximum value in the area of maximum dynamic pressure of 

the airflow (Figure 5.21a).  

The cubic model of the tether length increase refers to the case where the rate of change 

of the length of the tether is greater at the beginning of the descent and before landing than 

in the intermediate stages (Figure 5.22a).  

The results for each model of the change of tether length are compared with results for 

the tether of constant length, which is taken to be equal to trajectory average for each given 

model. 

The results of modelling are shown in Figures 5.20-5.22. Numerical calculations show 

that the amplitudes of the oscillations of the angles of attack decrease during the descent, for 

the spacecraft, the stabilizer, and the tether. This means that the increase of tether length 

always plays a more steadying role in comparison with motion with the tether of constant 

length. 

 

Figure 5.20a – Tether length variation (linear model) 
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Figure 5.20b – Calculation with constant tether length (linear model) 

 

Figure 5.20c – Angle of attack for the system with increasing tether length (linear model) 
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Figure 5.21a – Tether length variation (arctangent model) 

 

Figure 5.21b – Angle of attack for the system with constant tether length (arctangent model) 
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Figure 5.21c – Angle of attack for the system with increasing tether length (arctangent model) 

 

Figure 5.22a – Tether length variation (cubic model) 

When the length of the tether increases sharply (arctangent model), the dramatic 

decrease of the angle-of-attack of the stabilizer and of the tether may appear as it is shown 

in Figures 5.22 and 5.23. This stems from the fact that the mass of the stabilizer is about 

three times smaller than the spacecraft mass for this tether system. 
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Figure 5.22b – Angle of attack for the system with constant tether length (cubic model) 

 

Figure 5.22c – Angle of attack for the system with increasing tether length (cubic model) 

As can be seen from the above, the increase of the tether length during the descent 

always leads to stabilization of the system motion. There is a corresponding decrease in the 

oscillation amplitudes of angles of attack of the spacecraft, the stabilizer and the tether. 

Therefore, the increase of the tether length during the descent can be an additional stabilizing 

factor that improves the stability properties of the tether system. 
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Figure 5.23 – The angle of attack of the stabilizer 

 

Figure 5.24 – The angle of attack of the tether 
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5.6. Summary  

1. The concept of stability for the motion of the tether system is defined in terms of 

the parameters of the system: mass, stabilizer shape and dimensions, and tether 

length. 

2. The dependencies of stability and natural frequencies on the parameters of the 

system are determined. The natural frequencies decrease with increased stabilizer 

mass, but upon reaching a critical value of mass the system loses its stability. 

Increasing the length of the tether has no significant effect on the values of the 

frequencies: the frequencies converge asymptotically to the limit values. 

3. The tension of the tether depends most significantly on the geometrical dimensions 

of the stabilizer, while length of the tether has only a slight influence on this force. 

4. For design purposes the parameters of the stabilizer and tether length must meet 

the requirements for the parameters of motion of the tether system in the 

atmosphere. The mass of the stabilizer should be minimized during this process. 

The proposed algorithm for choosing the parameters is based on solving the inverse 

problem, where the parameters are defined on the basis of frequencies. This 

algorithm enables a significant reduction of the frequencies in most cases. 

5. The increase of the tether length during the descent always leads to a more stable 

motion of the tether system. This leads to a reduction in the amplitudes of 

oscillations of angles of attack for the spacecraft, the stabilizer, and the tether. 

Therefore, the deployment of a tether during descent can increase the stability of 

the system. 
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6. DEPLOYMENT OF AN AERODYNAMIC TETHER SYSTEM  

This chapter is focused on the deployment of the tether system, 

taking account of aerodynamic effects. The deployment process is based 

on the aerodynamic forces acting on bodies. The initial condition for the 

deployment model is that of a spacecraft with a rigidly connected stabilizer 

in a circular orbit about the planet. As has been demonstrated in the 

previous chapter, when one of the bodies in the tether system – the 

stabilizer – has a significantly higher ballistic coefficient, the tension of the 

tether should be sufficiently high to enable the deployment of the tether 

system. After the separation of the rigid connection between the spacecraft 

and stabilizer, their further motions are then controlled by the tether release 

mechanism. The tether release mechanism unreels the tether and controls 

the rate at which the tether is unreeled, but by its construction is not able 

to pull the tether back in. Different methods of deployment and system 

dynamics are investigated. These investigations enable the analysis of the 

motion of systems comprising a lightweight and relatively short tether, and 

those with a longer tether. 

6.1. The mathematical model of the deployment 

As it has been shown in the previous chapters, by changing the parameters of the 

stabilizer it is possible to obtain stable motion. As before, the stable motion means the pre-

defined orientation of the tether system. In this context, stable motion is defined such that 

the angles between the longitudinal axis of bodies and tether do not exceed 90 degrees. The 

same restrictions are applied to the angles of attack of the bodies and the tether – they should 

also be less than 90 degrees.  

The parameters for the body moving through the air of the upper atmosphere include 

the mass, the reference area and the drag coefficient. It is possible to define the ballistic 

coefficient of the rigid body as the combinations of these parameters, 𝜎 = 𝐶𝑥𝑣𝑆 𝑚⁄ , where 

𝐶𝑥𝑣 is the drag coefficient, 𝑆 is the reference area, and 𝑚 is mass. Thus, through the design 

of the tether system, the stabilizer has a significantly higher ballistic coefficient in 

comparison with the spacecraft. 
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This chapter is focused on the deployment process and on the motion of the tether 

system during deployment. The initial condition for the mathematical model is in a circular 

orbit at an altitude of about 250 km prior to the separation of the spacecraft and stabilizer. 

The mathematical model takes into consideration the extensibility of the tether so that 

the influence of deployment method on the motion of the system can be estimated. The mass 

and geometrical asymmetries of the spacecraft and the stabilizer, which are modelled as rigid 

bodies, are also taken into consideration. The aerodynamic deceleration during the descent 

from planetary orbit is included within the mathematical model.  

The separation of bodies starts with a comparatively low relative velocity �⃗⃗�𝑟. After the 

separation of the rigid connection between the spacecraft and stabilizer, their further motion 

is then controlled by the tether release mechanism. The tether release mechanism unreels the 

tether, but is not able to pull the tether back in to simplify the construction of the release 

mechanism and reduce its mass, therefore the equations of motion of the system include a 

monotonic deceleration term representing the tether release mechanism. Specific features of 

the regulation system such as discrete work, design tolerances, etc., are not taken into 

consideration. The tether itself works in tension only. 

The deployment of the stabilizer body is controlled through the deceleration of the 

tether. The deceleration control device is situated on the spacecraft.  

The mathematical model describes the process of deployment as well as further motion 

of the tethered system, and includes a perturbation analysis. 

The aerodynamic resistance of the tether and its mass characteristics are both taken 

into consideration in the calculation. Different methods of deployment are investigated, and 

assessed using mathematical system dynamics techniques. These investigations have 

enabled the comparison of the motion of systems comprising a light-weight and relatively 

short tether with those with a longer tether. 

The mathematical model of the motion during deployment uses the geocentric 

coordinate system 𝑂𝑥𝑦𝑧, which is bound to the plane of the orbit of the centre of mass of the 

tether system. The plane of the orbit is defined at the moment of separation of the stabilizer 

from the spacecraft. The 𝑂𝑥 axis is directed to the ascending node of the orbit, the 𝑂𝑧 axis 

is parallel to the vector of total angular momentum of the centre of mass of the system.  

The spacecraft and stabilizer are rigid bodies of finite length, which are connected by 

the tether (Figure 6.2). Coordinate systems associated with bodies 𝐶𝑥𝑖𝑦𝑖𝑧𝑖 are used to define 

the moments of inertia for each of the bodies. 
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The stability is considered lost when the angles ψ𝑖 between longitudinal axis 𝐶𝑖𝑥𝑖 and 

vector 𝑟𝑎𝑏 become higher than 𝜋 2⁄ , or when the angles of attack α𝑖  become higher than 𝜋 2⁄ . 

The ideal orientation of the tether system means that the longitudinal axes 𝐶𝑖𝑥𝑖 and the tether 

are co-linear with the vector of the velocity of the centre of mass of the tether system. Thus, 

the angle between the vector of the tether and the vector of velocity of the centre of mass 

defines the orientation of the spacecraft. 

 

Figure 6.1 – Coordinate system 

The equations of motion of this system include the equations for the motion of the 

centres of mass  

𝑚𝑖
𝑑

2
𝑟𝑖

𝑑𝑡2
= �⃗⃗⃗�𝑒

(𝑟𝑖) + �⃗⃗⃗�𝑖 + �⃗⃗⃗⃗�𝑖 
(6.1) 

and the non-linear equations of rotational motion of the bodies in the form of Euler’s 

dynamic equations (Peraire, 2009) 

𝐼𝑥𝑖
𝑑𝜔𝑥𝑖

𝑑𝑡
+𝜔𝑦𝑖𝜔𝑧𝑖(𝐼𝑧𝑖 − 𝐼𝑦𝑖) = 𝑙𝑥𝑖, 

𝐼𝑦𝑖
𝑑𝜔𝑦𝑖

𝑑𝑡
+𝜔𝑥𝑖𝜔𝑧𝑖(𝐼𝑥𝑖 − 𝐼𝑧𝑖) = 𝑙𝑦𝑖, 

𝐼𝑧𝑖
𝑑𝜔𝑧𝑖

𝑑𝑡
+𝜔𝑥𝑖𝜔𝑦𝑖(𝐼𝑦𝑖 − 𝐼𝑥𝑖) = 𝑙𝑧𝑖, 

(6.2) 

where indexes 𝑖 = 1 and 𝑖 = 2 refer to the spacecraft and the stabilizer respectively, 𝑚𝑖 are 

masses and 𝑟𝑖 are radius-vectors of centres of masses for both bodies, �⃗�𝑒(𝑟𝑖) and �⃗⃗⃗⃗�𝑖 are 

gravitational and aerodynamic forces, 𝑡 is the elapsed time during tether deployment starting 
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from the instant of separation, �⃗⃗⃗�𝑖 is the tension force of the tether, �⃗⃗⃗�1 = −�⃗⃗⃗�2, 𝐼𝑥𝑖, 𝐼𝑦𝑖, and 𝐼𝑧𝑖 

are the moments of inertia in bound to the bodies coordinate systems 𝐶𝑥𝑖𝑦𝑖𝑧𝑖; 𝜔𝑥𝑖, 𝜔𝑦𝑖, 𝜔𝑧𝑖 

are components of angular velocities of the bodies; and 𝑙𝑥𝑖, 𝑙𝑦𝑖, 𝑙𝑧𝑖 are components of the net 

total angular momentum that act on each of the bodies. 

 

 

Figure 6.2 – Tether system on the orbit of the planet 

In the modelling of the motion of the system, the torques from aerodynamic forces and 

torques arising from the tension forces are taken into consideration. The torques from gravity 

forces have not been included because they can be shown to be negligibly small (Zabolotnov, 

2012). The tension force is defined by Hooke’s law for one-sided mechanical connection. 

�⃗⃗�2 = 𝑇
𝑟𝑎𝑏

𝑟𝑎𝑏
, 

where 𝑟𝑎𝑏 = 𝑟𝑎 − 𝑟𝑏 (as shown in figure 6.2), 𝑟𝑎 and 𝑟𝑏 are radius vectors for the tether 

attachment points. The value of 𝑇 is equal to zero when 𝑟𝑎𝑏 is less than the length 𝐿ND of 

non-deformed tether, and 𝑇 = 𝑘 (rab − 𝐿ND) 𝐿ND⁄  when rab ≥ 𝐿ND, where 𝑘 is the spring 

constant of the tether. 
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If the tether is not strained, both bodies are moving freely under the action of 

aerodynamic forces. For modelling purposes, it is presumed that the motion takes place in 

low density gas and the hypothesis of diffuse reflection of gas molecules is applicable 

(Maxwell, 1867). Based on this hypothesis, vectors of the aerodynamic forces are co-linear 

with the vectors of velocities of the bodies defined relative to the atmosphere 

�⃗⃗�𝑖 = −
𝐶𝑖𝑆𝑖𝜌𝑉𝑖�⃗⃗�𝑖

2
, 

(6.3) 

 

where 𝐶𝑖 are drag coefficients, 𝜌 = 𝜌(ℎ) is the density of the atmosphere and is function of 

the altitude ℎ, 𝑆𝑖 = 𝑆𝑖(𝛼𝑖) is the square of projection of the body onto the plane which is 

perpendicular to the velocity vector �⃗⃗�𝑖, 𝛼𝑖 is the angle of attack during the spatial motion, 

𝑖 = 1, 2. If the bodies are spherical, 𝑆𝑖 is constant. 

The velocities �⃗⃗�𝑖, calculated relative to the atmosphere, can be found using the 

equation 

�⃗⃗�𝑖 =
𝑑𝑟𝑖
𝑑𝑡

− �⃗⃗⃗�Earth × 𝑟𝑖, 

where �⃗⃗⃗�Earth is the angular velocity of rotation of the Earth. 

The gravity forces are defined by Newton’s law  

�⃗�𝑒(𝑟𝑖) =  −𝐺
𝑀𝐸𝑚𝑖

|𝑟𝑖|2
𝑟𝑖, 

where G is the gravity constant, 𝑀𝐸 is the mass of the Earth. 

The dynamics of the tether regulating mechanism are taken into account for modelling 

of the deployment process, as follows  

𝑚𝑢

𝑑2𝑟3
𝑑𝑡2

= 𝑇 − 𝐹control(𝑡), 
(6.4) 

where 𝑟3 is the length of the tether, the constant coefficient 𝑚𝑢 describes the inertness of the 

mechanism, 𝐹control(𝑡) is the control force. Then the release of the tether is unguided, the 

control decelerating force is constant, positive and close to zero. For the guided deployment, 

the tether release mechanism works on deceleration only, 𝑑𝑟3 𝑑𝑡 ≥ 0⁄ . The control force is 

also greater than zero, 𝐹control(𝑡) ≥ 𝐹min > 0, where 𝐹min is the minimum deceleration force 

that the tether release mechanism can provide. 
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The equations of motion of the system should be supplemented by kinematic 

equations. Here, the Euler angles are used for both bodies in the coordinate systems 

associated with vectors 𝑉𝑖⃗⃗⃗ and 𝑟𝑖⃗⃗⃗ . The unit vectors for these systems of coordinates are 

𝑒1𝑖 = �⃗⃗�𝑖 𝑉𝑖⁄  ,𝑒3𝑖 = �⃗⃗�𝑖 × 𝑟𝑖 |�⃗⃗�𝑖 × 𝑟𝑖|⁄ , 𝑒2𝑖 = 𝑒3𝑖 × 𝑒1𝑖. (6.5) 

The kinematics equations for Euler angles are 

𝜔𝑥𝑖 = �̇�𝑖 + �̇�𝑖cos𝛼𝑖 + ∆𝜔𝑥𝑖, 

𝜔𝑦𝑖 = �̇�𝑖sin𝜑𝑖 − �̇�𝑖sin𝛼𝑖cos𝜑𝑖 + ∆𝜔𝑦𝑖, 

𝜔𝑧𝑖 = �̇�𝑖cos𝜑𝑖 + �̇�𝑖sin𝛼𝑖sin𝜑𝑖 + ∆𝜔𝑧𝑖, 

 

where, ∆𝜔𝑥𝑖, ∆𝜔𝑦𝑖, and ∆𝜔𝑧𝑖 are the corrections to the angular velocities due to the rotation 

of coordinate systems (6.5),   

(

∆𝜔𝑥𝑖

∆𝜔𝑦𝑖

∆𝜔𝑧𝑖

) = 𝐿𝑖
𝑇 (

0
0

𝜔𝑣𝑖

) 

 

where 𝜔𝑣𝑖 = 𝑉𝑖 𝑟𝑖⁄ 𝑠𝑖𝑛𝜗𝑖, 𝜗𝑖 = acos (
𝑟𝑖∙�⃗⃗⃗�𝑖

𝑟𝑖𝑉𝑖
), 𝐿𝑖 = 𝐿𝜑𝑖𝐿𝛼𝑖𝐿𝛾𝑖,  

 

𝐿𝜑𝑖 = (
1 0 0
0 cos𝜑𝑖 sin𝜑𝑖

0 − sin𝜑𝑖 cos𝜑𝑖

), 𝐿𝛼𝑖 = (
cos𝛼𝑖 sin𝛼𝑖 0

− sin𝛼𝑖 cos𝛼𝑖 0
0 0 1

),  𝐿𝛾𝑖 = (
1 0 0
0 cos 𝛾𝑖 sin 𝛾𝑖

0 −sin 𝛾𝑖 cos 𝛾𝑖

). 

 

After the separation of the stabilizer from the spacecraft, it is necessary to recalculate 

their velocities using the conservation of linear momentum law (Halliday, 2011) 

�⃗⃗�1 = �⃗⃗�𝐶 −
𝑚2

𝑚1 + 𝑚2
�⃗⃗�2, 

�⃗⃗�2 = �⃗⃗�𝐶 + �⃗⃗�𝑟, 

where �⃗⃗�𝐶 is the velocity of the centre of mass of the tether system, �⃗⃗�1 and �⃗⃗�2 are velocities 

of the spacecraft and the stabilizer after the separation in geocentric coordinate system. 

6.2. Deployment without feedback 

The simplest method of the deployment is the “Release of the tether with a minimal 

decelerating force until the tether is completely unreeled”. In this case, 𝐹control(𝑡) =
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𝐹control = 𝐹min = 𝑐𝑜𝑛𝑠𝑡. This means that the deployment process is unguided and is 

provided passively by the difference in ballistic coefficients of spacecraft and stabilizer. 

The following calculations are made for the deployment of the tether system starting 

from the altitude equal to 250 km. The parameters of the tether system are shown in 

Table 6.1. For these calculations both bodies were assumed to be spherical and statically 

stable, and the distance between the centre of mass and the centre of aerodynamic pressure 

was taken equal to 1% of the radius for both the spacecraft and stabilizer as an example of 

perturbation. 

The ballistic coefficient for the spacecraft 𝜎1 = 𝐶1𝑆1 𝑚1 = 0.094⁄ , for the stabilizer 

𝜎2 = 𝐶2𝑆2 𝑚2 = 1.51⁄ . 

The results of the modelling show that it is not possible to assure the stability of the 

angular motion of the bodies even when the tether system has an ideal orientation at the 

moment of separation. As it stated above, the stability is considered lost when the angle of 

the longitudinal axis of any of the bodies and the tether exceeds 𝜋 2⁄ . The loss of stability 

occurs as a result of a non-zero value for the tether release rate at the end of deployment. 

Therefore, when the maximum length of the tether is reached, a shock load is applied within 

the tether system, and the tether sags periodically. During these moments, the stabilizing 

effect of tether tension force disappears. 

 

Table 6.1 – Parameters of the tether system 

Parameter Symbol Value 

Radius of the spacecraft  0.5 m 

Radius of the stabilizer  2 m 

Drag coefficient of the spacecraft 𝐶1 2.4 

Drag coefficient of the spacecraft 𝐶2 2.4 

Mass of the spacecraft 𝑚1 200 kg 

Mass of the stabilizer 𝑚2 20 kg 

Velocity of separation 𝑉𝑟 2 m/s 

Inertness of the mechanism 𝑚𝑢 0.2 kg 

Control force (constant) 𝐹control 0.01 N 

Full (final) length of the tether  2 km 
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To show how the tether system moves on the orbit during the deployment, it is useful 

to use the dimensionless time 𝜏 = 𝑡 Torbit⁄ , where Torbit is the orbit period on the initial orbit. 

When the dimensionless time 𝜏 increases from 0 to 1, it means that the tether system has 

made one full turn around the planet. The change of altitude during the descent is shown in 

Figure 6.3. The altitude decreases during the mission, but change in the altitude is not linear 

because, during the deployment, the second body moves relative to the spacecraft, and in an 

opposite direction to the direction of flight, thus changing the aerodynamic force. As a result, 

some oscillations occur in the motion. 

Figure 6.4 depicts the dependence of tension of the tether 𝑇 on dimensionless time 𝜏. 

As the deployment process is finished, the severe change in tension leads to the sharp 

increase in the angle of attack of the stabilizer shown in Figure 6.5. 

The sharp change in the values of the angle of attack in Figure 6.5 is a result of 

numerical modelling. As the angle of attack increases sharply, it value calculated 

numerically reaches the value of 𝜋, but since this is calculated from inverse trigonometric 

functions, the value for the angle of attack in Figure 6.5 does not exceed the value of 𝜋. As 

a result, this figure has physical meaning for angle of attack values of at most.  

 

Figure 6.3 – Altitude of the centre of mass 
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Figure 6.4 – Tension of the tether during the deployment and after it 

 

Figure 6.5 – The angle of attack of the stabilizer during the deployment and after it 

Here, after the end of the deployment process the angle of attack of the tether becomes 

higher than 𝜋 2 ⁄  because of the effect of the gravity. The torque from the gravity force at 

this altitude is comparable with the torque created by the aerodynamic forces. The torque 

created by the gravity force compels the tether to move toward the vertical direction thus 

increasing the angle of attack of the tether. However, during the further motion of the tether 

system, the altitude decreases, and the influence of the atmosphere causes a decrease of the 

angle of attack of the tether. Upon reaching the denser layers of the atmosphere, at the 
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altitudes 100-110 km, the amplitudes of the oscillations of angle of attack of the tether is less 

than 6 degrees for the specified parameters of the tether system. 

6.3. Deployment with a decreasing rate of change of tether length 

6.3.1. Continuous deceleration 

The condition of stability at the end of deployment can be reached if the rate of change 

of tether length can be made to equal zero at the end of deployment. This can be done by 

choosing the value of 𝐹control(𝑡) to meet the specified condition. Here, it is necessary to 

solve a one-parameter boundary-value problem; however, as a result of this numerical 

modelling some disadvantages in this method of deployment were discovered. 

When the tether is sufficiently long, the boundary-value problem can be solved, and 

the stability of motion can be obtained by increasing only the value of the initial velocity of 

separation. For example, to obtain stable motion for the tether system with the parameters 

listed in Table 6.1, the velocity of separation must be increased to 4.15 m/s. Nevertheless, 

the value of the velocity of separation is limited by the properties of the separation 

mechanism, and this increase is not always possible. Here, the decelerating force 𝐹control =

0.15 N.  

Next, it is necessary to take into consideration the possibility of errors during 

separation. These errors could arise from tolerance variations at the moment of separation. 

These errors could occur only in the value of the velocity of separation or, more generally, 

in the direction of separation. The direction of the separation is defined by the vector of 

separation �⃗⃗�𝑟 (§6.1).Should these errors occur, shock loads will propagate in the tether at the 

moment of the end of deployment, just as is the case of the separation with constant 

decelerating force. 

6.3.2. Length rate of change control 

Another condition for the stoppage of tether release is based on setting to zero the rate 

of change of the length of the tether instead of finishing the deployment at the moment when 

tether is fully unreeled. This allows a greater range of values of permissible parameter 

variation during separation.  

The variation in velocity of separation resulting from error is defined here as the 

difference between the actual, time dependent, deployment velocity and its pre-defined 

program value. Should it be less than zero, the perturbation is negative, and for greater than 
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zero differences it is possible to talk about the positive perturbation. The perturbation can 

occur due to manufacturing error, changes in temperature regime or other reasons. 

Figure 6.6 shows the dependences of the length of the tether on dimensionless time for 

tether systems with the parameters listed in Table 6.1, having a negative perturbation of 0.5 

m/s in the separation velocity. This error leads to reduction of the final length of the tether 

of approximately 0.5 km. The tether is held under tension during almost the entire process 

of the deployment: a sag is possible only at the very beginning of deployment and after the 

end of deployment, and these perturbations do not lead to a loss of stability. The motion of 

the system is stable for this example, and the angles of attack are shown in Figure 6.7, and 

the tether tension is shown in Figure 6.8. Thus, a negative perturbation in separation velocity 

leads to a decrease in the final deployed length of tether but does not lead to the loss of 

stability. 

For positive perturbations in separation velocity, there is a critical value arising when 

the value of the decelerating force 𝐹control becomes too low to reach the deployment 

stoppage condition. Instead, the process of deployment terminates when the tether is 

completely unreeled – in other words, the as-supplied tether is insufficiently long. As a 

result, the condition that the value of the rate of change of the length of the tether is zero is 

not met, causing the shock loads. To reduce the negative effect from positive perturbations, 

it is possible to supply a longer tether into the spacecraft, but practically this solution does 

not seems to be always possible because of manufacturing restrictions.  

 

Figure 6.6 – Length of the tether during deployment 
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Figure 6.7 – Angle of attack of the stabilizer during deployment 

 

Figure 6.8 – Tension of the tether during deployment 

When the errors occur in the direction of the vector of velocity of separation �⃗⃗�𝑟, the 

influence of them is determined by the value of the projection of the vector of error �⃗⃗�er onto 

the radius-vector of the centre of mass of the system relative to the centre of the Earth. In 

general, a positive value of the projection means that the error reduces the value of velocity 

of separation. Should the value of this projection be greater than zero, the final length of the 

tether will be reduced because of the early achievement of the deployment finishing 

condition. Should the value of the projection be less than zero, the condition cannot be 

achieved before the final length of the tether is reached thus causing the shock loads at the 

end of deployment. 
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6.3.3. Dynamic Deployment Law 

This dynamic deployment law with constant decelerating force can be improved by 

mitigating the limitations of the final tether length and by using the program dynamic 

method, which includes regions of both acceleration and deceleration.  

𝐹control = {

𝐹min:                                                              𝑡 < 𝑡1          

𝐹min + (𝐹max − 𝐹min) sin2{𝑘𝑝(𝑡 − 𝑡1)} : 𝑡1 ≤ 𝑡 ≤ 𝑡2
𝐹max:                                                              𝑡 > 𝑡2         

 (6.6) 

 

where 𝑡1 = 𝑡𝑝 +
𝜋

4𝑘𝑝
, 𝑡2 = 𝑡𝑝 −

𝜋

4𝑘𝑝
, 𝑡𝑝, 𝑘𝑝 > 0, 𝐹min and 𝐹max are parameters of the method. 

The value of the control force switches on the bases of time. Parameter 𝑘𝑝 defines the 

smoothness of switching of the value of the control force, and with its infinite increase, 𝑡1 

becomes equal to 𝑡2 and the program described in Equation (6.6) becomes discrete.  

The following calculations were made for the tether system with parameters listed in 

Table 6.1. The final length of the tether here is set to 5 km, the rate of change of the length 

of the tether is set to zero at the end of deployment, 𝐹min = 0.01 N, 𝑘𝑝 = 0.02, 𝑉𝑟 = 2 m/s. 

The parameters of the program dynamic method were found by solving the boundary 

problem, 𝑡𝑝 𝑇0 = 0.161⁄ , 𝐹max = 0.312 N. 

The typical dependency of the length of the tether on dimensionless time is shown in 

Figure 6.9. After the end of the deployment the oscillations of tether tension take place as it 

is shown in Figure 6.10, thus leading to loss of the stability of motion of the bodies. Figure 

6.11 illustrates this by the sharp increase of angles of attack of the bodies. 

 

Figure 6.9 – Length of the tether during deployment 
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Figure 6.10 – Tension of the tether during deployment 

  

Figure 6.11 – Angles of attack during deployment 

In theory, this deployment method allows for a smoother application of deceleration 

at the end of deployment by including a minimal deceleration force in the list of the selected 

parameters in the boundary problem. Such a method is impractical because for any positive 

perturbation in the separation velocity leads to a failure to reach the terminal condition of 

zero rate of change of tether length before the tether is completely unreeled. 

The deployment methods employing a constant control force and the program dynamic 

method have similar properties, meaning that the effect of the perturbation in the separation 

velocity vector of the same.  
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6.4. Feedback methods of deployment 

A dynamic method with constant decelerating force and a programmable change of 

control force can be improved by making use of the feedback principle. In this instance, the 

following form of regulating force can be applied  

𝐹control = 𝐹𝑛(𝑡) + 𝑝𝐿[𝐿 − 𝐿𝑝(𝑡)] + 𝑝𝑉[�̇� − �̇�𝑝(𝑡)] (6.7) 

where 𝐿𝑝(𝑡) and �̇�𝑝(𝑡) are pre-defined program dependencies of tether length and the rate 

of change of length with respect to time; 𝑝𝐿, 𝑝𝑉 are feedback coefficients; 𝐿 and �̇� are 

perturbed length and the rate of change of length of the tether, which meets the condition 

(6.4); 𝐹𝑛(𝑡) is the decelerating force. 

This principle of regulating the length and the rate of its change (6.7) was used during 

the real orbital tether experiment “YES2” and in other research, for example, (Kruijff, M., 

2011, Williams, P., 2006, Zabolotnov, Y.M., 2015). 

To calculate the control force (6.6) it is necessary to find the values of 𝐹𝑛(𝑡), �̇�𝑝(𝑡), 

and 𝐿𝑝(𝑡) by numerical solution of the system of equations (6.1, 6.2, 6.4). Thus, it is required 

to first form a table with values of specified functions. Intermediate values of these functions 

should be found by interpolation. On the other hand, it is possible to use a more simple 

principle based on the kinematic control method, which is defined as  

�̇�𝑝(𝜏) = 𝑉max cos2(𝜔𝜏 + ) (6.8) 

where 𝑉𝑚𝑎𝑥, 𝜔,  are parameters. 

Boundary conditions are imposed through the solution of the system of non-linear 

equations  

�̇�𝑝(𝑡𝑓𝑖𝑛) = 0,
𝑑�̇�𝑝

𝑑𝜏
(𝑡fin) = 0, �̇�𝑝(0) = 𝑉𝑟, ∫ �̇�𝑝(𝑡)𝑑𝑡

𝑡𝑓𝑖𝑛

0

= 𝐿fin. (6.9) 

Parameters 𝑡fin, 𝑉max, 𝜔,   are found by solving the system of equations (6.9). 

Due to the periodicity of Equation (6.8), the system of equations (6.9) has more than 

one solution. Consider the solution where �̇�𝑝(𝜏) illustrates the method of deployment with 

areas of both acceleration and deceleration.  

The following results are obtained for modelling a deployment of a tether system 

where the mass of the spacecraft is equal to 200 kg, the mass of the stabilizer is 12 kg, the 

initial altitude 𝐻 = 250 km, Young’s modulus for the tether material is 2.5 ∙ 1010 Pa, and 
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the diameter of the tether is 0.6 ∙ 10−3 m. A spacecraft with such a mass as this would be a 

spacecraft of the small class, such as AIST-2d, for which the base mass without scientific 

equipment is close to the value mentioned above. The characteristics of the tether refer to 

the Dyneema fibre (Van Der Heide, E.J., 2003). The initial velocity of the separation 𝑉𝑟 = 2 

m/s. For the tether system with final length of the tether equal to 15 km, the kinematic 

deployment method parameters are 𝑉max = 3.5 m/s, 𝜔 = 0.000325,  = 2.43, 𝑡fin = 7040 s. 

The dependencies of program function �̇�𝑝(𝑡) and 𝐿𝑝(𝑡) on time are shown at Figures 

6.12 and 6.13. Figure 6.14 illustrates how the perturbations arising from errors during the 

separation influence the rate of change of length of the deployed tether. The error in direction 

of velocity of separation was taken equal to 10 degrees with less than zero value of projection 

onto the radius-vector of centre of mass of the system. The value of error is 1 m/s and the 

feedback coefficients are 𝑝𝐿 = 0.2 and 𝑝𝐿 = 7.8. 

 

Figure 6.12 – Program function �̇�𝑝(𝑡) 

 

Figure 6.13 – Program function 𝐿𝑝(𝑡) 
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Figure 6.14 – Influence of perturbation on the rate of change of length 

The tension force oscillates during the first seconds of deployment due to shock loads 

caused by the control force. These oscillations are shown in Figure 6.15. The value of the 

tension force reached here (7.09 N) is the maximum tension during further deployment 

process for the systems with specified length of the tether and for the systems with a shorter 

tether as well.  

 

Figure 6.15 – Tension force during the beginning of the deployment 

Figure 6.16 depicts how the angles between the longitudinal axes 𝐶𝑖𝑥𝑖 and vector 𝑟𝑎𝑏 

(the tether) for both spacecraft and stabilizer changes during the deployment. Numerical 

modelling shows that the motion during deployment remains stable. 
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Figure 6.17 illustrates the trajectories of relative motion of spacecraft and the stabilizer 

during the deployment. During the deployment, the velocity of the stabilizer relative to the 

atmosphere reduces faster than velocity of the spacecraft because of the difference in their 

ballistic coefficients. A decrease in the velocity of any body moving in the orbit of a planet 

leads to a decrease in the altitude of that orbit and to an the increase of the angular velocity 

of rotation of that body around the planet. As a result, the stabilizer crosses the virtual vertical 

line drawn through the centre of mass of the system. Next, while in the lower orbit, the 

aerodynamic force acting on the stabilizer becomes higher as a result of the higher density 

of the atmosphere, so the velocity of the stabilizer suffers greater deceleration than the 

spacecraft in its higher orbit. Thus, the oscillation in the relative positions of these two bodies 

occurs during the deployment process as it is shown in Figure 6.17. It is necessary to mention 

that as the whole tether system descends deeper into the dense layers of the atmosphere this 

effect reduces, and then the stabilizer follows the spacecraft relative to the vertical line. This 

result corresponds with the results obtained in other researches on deployment of tether 

systems (Ishkov, 2006). 

The values of feedback coefficient are chosen under the condition of non-periodic 

process while the task of finding the optimal values of the coefficients was not taken into 

consideration here. 

 

Figure 6.16 – Angles between the longitudinal axes of bodies and the tether 
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Figure 6.17 – Trajectories of the bodies 

It was found that the equation for regulating force (6.7) can be simplified by setting 

the decelerating force equal to zero, 𝐹𝑛(𝑡) = 0. This simplification has only a small influence 

on the process of regulation of the tether release (Figure 6.14). Here, the tether is strained, 

the oscillations of the tension after the end of deployment are close to periodic and do not 

lead to the instability of motion. 

The analysis of the different methods of deployment shows that the motion of the tether 

system for the specified cases is almost independent from the static stability of the spacecraft 

and stabilizer. This means that the external torque arising from the tension of the tether has 

a major influence on the motion of the tether system during deployment. 

Both of the bodies of the tether system may have static and dynamic asymmetry. The 

static asymmetry is the distance from the centre of mass of the body to the longitudinal axis 

of the body. The dynamic asymmetry is the difference between moments of inertia 𝐼𝑦𝑖 and 

𝐼𝑧𝑖. The relative value of static asymmetry is defined using the diameters of the bodies and 

the relative value of dynamic asymmetry is the arithmetic mean of 𝐼𝑦𝑖 and 𝐼𝑧𝑖.  

It was found that small static or dynamic asymmetry of the bodies does not have a 

significant influence on the motion of the system. On the other hand, there is a dependence 

of the angle of attack of the tether on the ballistic coefficient of the stabilizer. The higher the 

ballistic coefficient of the stabilizer, the lower the maximal values of angle of attack of the 

tether. 
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6.5. Summary  

1. The dynamics of the system are independent of its static stability, which is based 

on the distance between the centre of mass of the stabilizer and the centre of the 

aerodynamic pressure. From this it is possible to conclude that the torque arising 

from the tension force has a major influence on the system dynamics. 

2. The unguided deployment of the tether system with constant and low decelerating 

force always leads to the shock loads at the end of the deployment process and, as 

a result, to the oscillations of the tension of the tether. These shock loads are 

accompanied by the sag of the tether and lead to the instability of motion of the 

tether system after the deployment. 

3. The dynamic control methods of deployment allow to reach predefined condition 

of motion of the tether system. The usage of systems of regulations of release of 

the tether allow to provide the smooth deceleration at the end of deployment thus 

providing the stability of motion of the tether system. The stability can be reached 

even then there are perturbations in the initial conditions of the separations. 
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7. MODELLING TETHER SYSTEM AS A SYSTEM WITH DISTRIBUTED 

PARAMETERS  

The multi-point model of the tether system is based on the model 

obtained in Chapter 6 and splits the tether into a number of parts. The 

multi-point model of tether describes the series of separations of material 

points from the spacecraft. These material points describe the stabilizer and 

the nodes on the tether. The aerodynamic forces acting on the tether are 

taken into consideration.  

The advantage of the described model is that it makes possible to 

calculate numerically elastic deformations and curvature of the tether. 

The comparison of the two-point and multi-point model shows that 

the values of the tension force calculated by the multi-point model is higher 

because of the change in mass after adding each node and the influence of 

aerodynamic forces acting on the tether. This allows to make a more 

accurate estimation of tension force. The values of angles between the 

longitudinal axes of bodies and the tether are lower if compared with the 

two-point model for the same reasons. 

7.1. The multi-point model of the tether system 

For the modelling purposes in the previous chapter the tether was represented as an 

inflexible rod – a one-dimensional stretchable mechanical connection without mass. The 

model built in Chapter 6 does not take into consideration the mass of the tether, and the 

tether is supposed to be straight, thus making impossible to take into consideration the elastic 

deformation and flexure of the tether itself. 

To model the flexure of the tether it is necessary to split the tether into a number of 

parts. The higher the number of parts of the tether, the better the resolution of the model 

solution. Such a result would show the flexure of the tether system as a set of material points, 

or nodes, along the length of the tether. The anticipated non-straight line of nodes would 

indicate the tether response to constant or slow-time varying forces such as the gravity field 

and the aerodynamic forces. Therefore, the multi-point representation of the deployed tether 

system consists of 𝑛 nodes, including two nodes for describing the rigid bodies, the 

spacecraft and the stabilizer, and 𝑛 − 2 intermediate nodes defining the tether.  
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For modelling purposes (for more accurate modelling), the full length of the tether is 

divided into parts according to the number of intermediate nodes on the tether. Starting from 

the beginning of deployment, as the tether unreels and the length of the tether reaches 

𝑙full (𝑛 − 1)⁄ , where 𝑙full is the full length of the non-stretched tether, the new intermediate 

material point (node) is inserted into the mathematical model of the system (Figure 7.2). The 

10-node mathematical model of the tether system includes the following nodes: the 

spacecraft, 8 intermediate nodes and the stabilizer. The tether for this example is represented 

by 9 parts, and the lengths of the parts of the tether are equal under the condition that they 

are not stretched elastically.  

In other words, the tether is represented numerically, specifying a discretization of the 

tether into a series of material points (nodes) with elastic connections 

 

Figure 7.1 – The multi-point model of the tether system 

For every intermediate node, the value of the tension of the tether should be equal from 

both sides, and at the moment during the deployment that the node was created this value 

should have been equal to the tension of the tether at this point just before the node was 

inserted. The vector of velocity of the new node is defined based on the velocities of the 

neighbouring nodes using proportions. The velocity of the spacecraft after inserting the new 

node is corrected using the law of conservation of momentum. It is supposed that the tether 

does not have internal dissipative forces like friction.  

The multi-point model of tether describes a series of separations of material points 

from the spacecraft. These material points describe the stabilizer and the nodes on the tether. 

As the length of the non-stretched tether coming from the unreeling device reaches a pre-

defined value equal to the distance between nodes on the tether, the next material point 
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separates from the spacecraft. This new material point is added between spacecraft and 

previous node on the tether, or, if this were the first node on the tether, between spacecraft 

and stabilizer. The scheme of adding each new node is shown in Figure 7.2.  

 

 

Figure 7.2 – New node on the tether 

In compliance with Figure 6.2, vectors 𝑟1 and �⃗⃗�1 describe the position and the velocity 

of the unreeling device placed on the spacecraft, 𝑟2 and �⃗⃗�2 refer to the position and the 

velocity of the previous node on the tether, and 𝑟new and �⃗⃗�new are position and velocity of 

the new node. The positions and velocities of nodes are defined here relative to the centre of 

Earth 𝑂. 

Basing on Figure 7.2, the position ∆𝑟1 and velocity ∆�⃗⃗�1 of previous node relative to 

the spacecraft are 

∆𝑟1 = 𝑟2 − 𝑟1, ∆�⃗⃗�1 = �⃗⃗�2 − �⃗⃗�1. 

The position of new node relative to the mounting point on the spacecraft 
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∆𝑟new = ∆𝑟1 −
∆𝑟1
|∆𝑟1|

∙ 𝐿new, 

where 𝐿new is the distance from the first node to the new node. 

The velocity of new node relative to the mounting point on the spacecraft  

∆�⃗⃗�new = ∆�⃗⃗�new
𝑛 + ∆�⃗⃗�new

𝜏 , 

where ∆�⃗⃗�new
𝑛  is the projection of the vector ∆�⃗⃗�new onto the vector describing the tether and 

∆�⃗⃗�new
𝜏  is the projection of the same vector onto the axis, perpendicular to the tether. These 

components are defined as  

∆�⃗⃗�new
𝑛 = ∆�⃗⃗�new − ∆�⃗⃗�new

𝜏 ,   ∆�⃗⃗�new
𝜏 =

∆𝑟1

|∆𝑟1|
|∆�⃗⃗�1|cosβ1, 

where 𝛽1 is the angle between vectors ∆𝑟1 and ∆�⃗⃗�1. 

As a result, the position and the velocity of new node are 

𝑟new = 𝑟1 + ∆𝑟new,  �⃗⃗�new = �⃗⃗�1 + ∆�⃗⃗�new. 

Each node in the mathematical model of the deployment of tether system is described 

by six additional differential equations. 

The intermediate nodes and the spacecraft and the stabilizer are affected by the 

gravitational force from Earth �⃗�𝑒𝑖, tension forces acting in the direction of previous and next 

nodes �⃗⃗�𝑖−1 and �⃗⃗�𝑖+1, and aerodynamic force �⃗⃗�𝑖 (Figure 7.3). Other forces such as 

gravitational forces from the Moon and other space objects, the solar wind, etc. can be 

neglected (Aslanov, V., 2015). Here it is necessary to mention that there is only one tension 

force acting on the spacecraft and one – acting on the stabilizer. 

 

Figure 7.3 – Forces acting on an intermediate node 
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7.2. Consideration of parameters for the model 

The definition of “short” or “long” tether can be made based on the relative size of the 

tether mass and the forces acting on it, and the masses of the spacecraft and stabilizer, and 

the forces acting on them. The aerodynamic forces acting on a tether are dependent on its 

length and diameter. If the aerodynamic cross-sectional area of the tether, i.e. the length of 

the tether multiplied by the diameter of the tether (to be more accurate, the area of the 

longitudinal midsection of the tether), is comparable with the reference area of the stabilizer, 

this means that the tether is “long”.  

The aerodynamic force acting on each part of the tether is calculated for the cylinder 

with a diameter equal to diameter of the tether and length equal to the distance between 

nodes. Therefore, the aerodynamic force acting on the node is the average value of 

aerodynamic forces acting on the neighbouring parts of the tether. For the spacecraft and the 

stabilizer, there is only one neighbouring part of the tether, and half of the value of the 

appropriate aerodynamic force is added to the aerodynamic force acting on the body. 

The mass of the tether can be calculated by its density multiplied by the cross-sectional 

area and by the full length. The cross-sectional area of the tether is 𝑆tether = 𝜋𝑑2 4⁄ , where 

𝑑 is the diameter of the tether. For a tether made from Dyneema® fibre, 𝑑 = 0.6 ∙ 10−3 m, 

density 𝜌 = 975 kg/m3 (Bouwmeester, J. G. H., 2008), so, according to these values, each 

kilometre of deployed  tether has a mass of 0.276 kg. 

It is necessary to take into consideration that before the beginning of the deployment 

the tether is situated on the spacecraft, and the mass of the spacecraft decreases during the 

deployment as the tether unreels. The mass of the second body remains the same as in the 

beginning of the deployment process. Therefore, it is important to compare the mass of the 

tether with the mass of the spacecraft, not stabilizer. It is also necessary to take into 

consideration that for a long tether the difference in gravity acceleration for the spacecraft 

and the stabilizer cannot be neglected. 

When the length of the tether is 5 km, its mass is less than 0.7% of the mass of the 

spacecraft, so in most cases the mass of the tether can be neglected, but for a long tether the 

mass should be taken into consideration: for example, the mass of the 50 km tether would 

be almost 7% of the mass of spacecraft and can exceed the mass of the stabilizer.  

When a new node is inserted into the mathematical model of the tether system, the 

mass of the spacecraft is reduced by the mass of the section of the tether.  
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The following calculations are made for a small spacecraft with mass equal to 200 kg 

and a light stabilizer with mass equal to 2 kg. The parameters of spacecraft are similar to the 

parameters used for simulation in §6.4. Other initial parameters of the motion of the 

modelled tether system are shown in Table 7.1. The deployment process is controlled by the 

“kinematic control method” (Equation 6.8). 

Table 7.1 – Parameters of the tether system 

Parameter Symbol Value 

Radius of the spacecraft  0.5 m 

Radius of the stabilizer  2 m 

Drag coefficient of the spacecraft 𝐶1 2.4 

Drag coefficient of the spacecraft 𝐶2 2.4 

Mass of the spacecraft 𝑚1 200 kg 

Mass of the stabilizer 𝑚2 2 kg 

Inertness of the mechanism 𝑚𝑢 0.2 kg 

Young’s modulus for the tether material  2.5 ∙ 1010 Pa 

Diameter of the tether 𝑑 0.6 ∙ 10−3 m 

Initial altitude ℎ 250 km 

 

For the tether system with parameters specified in Table 7.1, and the full length of the 

tether equal to 30 km, deployment starts with initial velocity of separation Vr =  6 m/s. The 

parameters of the deployment process are defined by numerical solution of Equations (6.9), 

and deployment ends at tk = 11555 seconds. Figures 7.4 and 7.5 illustrate how the length 

of the tether and the rate of change of the length of the tether changes during deployment. 
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Figure 7.4 – Length of the tether during deployment 

 

Figure 7.5 – Rate of change of the length of the tether during deployment 

7.3. Multi-point and two-point model result comparison for deployment of a tether 

system and in the absence of atmosphere 

For testing the mathematical model and understanding the generalized parameters of 

motion of the tether system it is useful to make calculations with some simplifications in 

mathematical model.  

Firstly, consider the deployment of the tether system in the gravity field in the absence 

of atmosphere. These conditions of deployment mean that no aerodynamic force acts on the 

nodes, but the tether is stretchable. 
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The change of angle between the longitudinal axis of the spacecraft and the tether is 

shown in Figure 7.6 obtained for two-point model. There is a visible rise in the angle after 

1800 seconds from the start of deployment process, and this growth in angle leads to the 

temporary increase in the tension of the tether shown in Figure 7.7. 

 

Figure 7.6 – Angle between the longitudinal axis of the spacecraft and the tether  

 

Figure 7.7 – Tension of the tether calculated using two-point model 

Figures 7.8 and 7.9 compare the change of tension of the tether during the deployment 

for two-point model (shown by solid black line) and multi-point model. As it can be seen in 

Figure 7.8, at around 1825 seconds from the beginning of the deployment process, a shock 

load seems to occur for both models. 

It is necessary to pay attention to a visible difference in values of tension of the tether 

for these two models. This difference occurs for the following reason: in the two-point model 
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the tension force is defined only by one mass – the mass of the stabilizer – and in two-point 

there is a change in mass after adding each node.  

The multipoint model is based on a series of separations, and as a result, there is a 

small shock load after each separation as it is shown in Figure 7.9. The oscillation in the 

tension force decreases on a time basis. 

Figure 7.10 shows how the tether is oriented relative to the spacecraft and its shape. 

The vertical line connects the spacecraft with the centre of the planet. Each line depicts the 

position of nodes and the shape of the tether after inserting the new node. It is clear that in 

the absence of the atmosphere the spacecraft remains on the initial circular orbit with altitude 

equal to 250 km, and the stabilizer, as a result of its lower velocity (because the separation 

is in the direction opposite to the direction of flight) goes to the lower orbit. As there is no 

drag from the atmosphere, and the orbit period is lower at a lower orbit, the stabilizer initially 

outpaces the spacecraft. Under this specified condition, the tether remains straight during the 

motion of the tether system. 

 

Figure 7.8 – Comparison of tension of the tether 
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Figure 7.9 – Tension of the tether calculated using multipoint model 

 

Figure 7.10 – Shape of the tether 
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It is necessary to mention that both the two-point and multi-point models were 

obtained for the aerodynamic tether system where atmosphere is an important part, and they 

were not expected to be used for modelling the motion around the planets without an 

atmosphere. 

7.4. Modelling the elastic tether 

The advantage of the multi-point model is that it allows the elastic deformations and 

curvature of the tether to be calculated numerically.  

The following calculations are made for the tether system with parameters listed in 

Table 7.1 and in the paragraph following the specified Table. The presence of the atmosphere 

results in aerodynamic forces acting on spacecraft, stabilizer and the tether. 

Figure 7.11 shows the change of the angles between the longitudinal axis of the 

spacecraft and the tether, and the change of the corresponding angle for the stabilizer is 

shown in Figure 7.12. The graph compares the results obtained using the multi-point model 

(shown in colour) with the two-point model (shown in black). In the graph of the multi-point 

results, the addition of a new node to the tether system during deployment is indicated by a 

change in the plotting colour. Because the values of the tether system orientation angles 

decrease, the motion of the tether system is stable. 

The angles calculated using the multi-point model have slightly smaller values, which 

arise as a consequence of the fact that the aerodynamic forces acting on the tether are now 

included in the model: the two-point model neglected the aerodynamics of the tether. 

Therefore, the aerodynamic forces acting on the tether have a stabilizing effect during the 

motion of the tether system. 

Figure 7.13 depicts the change of the tension of the tether during deployment. As it 

was noted above, there are shock loads after each new node is added into the tether. These 

are non-physical shocks, and related only to numerical effects in the node adding algorithm.  

Ideally, the node adding algorithm should be modified to avoid this.  
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Figure 7.11 – Angle between longitudinal axis of the spacecraft and the tether 

 

Figure 7.12 – Angle between longitudinal axis of the stabilizer and the tether 

The trajectory of the stabilizer relative to the spacecraft is shown in Figure 7.14. The 

solid line depicts the motion calculated using the two-point model, and the dashed line 

represents the motion predicted by the multi-point model. The spacecraft is placed in the 
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upper right corner of the graph, and the stabilizer, affected by the aerodynamic and 

gravitational forces, moves away from the spacecraft as the tether is being deployed. 

The shape of the tether during the motion is of great interest. Figure 7.15 illustrates 

how the shape of the tether changes during deployment. Each circle on the tether depicts an 

intermediate node, and different lines show the state of the tether system at the moment of 

inserting each new node. The tether is almost straight at every moment of deployment, and 

only when the tether is almost fully deployed and is, therefore, long, is there is a slight 

curvature near the stabilizer end. The modelling was also made for a simpler model, with 

fewer intermediate points. The increase in number of intermediate points from 5 to 8 has 

shown that, for this shape of tether and specified deployment model, there is no significant 

difference in parameters of the motion of the system. 

 

Figure 7.13 – Tension of the tether 
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Figure 7.14 – The trajectory of the stabilizer relative to spacecraft 

Figure 7.15 also confirms that the altitude of the spacecraft decreases as a result of the 

influence of the atmosphere. The spacecraft is shown by the dot at the right-hand end of each 

line describing the tether, and its position goes down as the tether length is increased. 

The numerical calculations show that choosing a tether material with a lower Young’s 

modulus leads to a decrease in shock loads after adding new node as well as after the 

separation of a stabilizer from the spacecraft in two-point model. As an example, Figure 7.16 

shows the tension of a tether with Young’s modulus equal to 10 MPa during first 2000 

seconds of deployment. Compared to Figure 7.13, the shock loads are low. The increase in 

rigidity of the tether leads to the opposite effect. 
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Figure 7.15 – Shape of the tether – the spacecraft is located at the top right of each trace  

 

Figure 7.16 – Tension of the tether with small Young’s modulus 
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7.5. Review of opportunities and caveats of the multi-point approach 

The multi-point model of the tether system allows the examination of the deformation 

and flexure of the tether during and after the deployment. 

Compared to two-point model, the multi-point model takes into consideration the mass 

of the tether and the aerodynamic forces acting on the tether. For modelling purposes, these 

forces were treated as acting on the nodes. 

A comparison of the results of modelling tether system deployment, for different tether 

lengths, using both the previous two-point model and the new multi-point model was made. 

There is a difference in the motion parameters obtained by these two models. The tension of 

the tether calculated using the multi-point model is approximately two times higher than that 

calculated using the two-point model, and the angles defining orientation of the tether system 

are also lower in this case. This is explained by the fact that the multi-point model represents 

the aerodynamic forces as acting not only on the stabilizer, but also on the tether, thus 

predicting a higher tension force than predicted by the two-point model, where only the 

stabilizer aerodynamic forces were modelled. According to the properties of material from 

which the tether is made, the value of tension force is admissible in both cases. 

It is also necessary to mention that the multi-point model is more computationally 

expensive than the two-point model. As the results obtained by the more complex method 

agree with those obtained by two-point model, it can be concluded that the two-point model 

can be relied on, not only for the particular modelling of the deployment of the tether system, 

but also for automated calculations and selection of parameters of the tether system at the 

design stage.  

On the other hand, the multi-point model does show the motion of the tether and the 

tether system as the system with distributed parameters.  

It is necessary to note that the multi-point model, like the two-point model, can be used 

with any admissible model for controlling the deployment of the tether. Here, in the result 

presented in this chapter, the kinematic deployment model was used, and this model has 

been developed to prevent the sag of the tether. When the shape of the tether is close to the 

straight line, it is possible to reduce the number of intermediate nodes used. Under such 

circumstances, modelling with half the number of intermediate nodes does not lead to 

significant change in parameters of motion of the tether system. The non-physical shock 

loads occur after inserting each new node because the model is discrete, whereas the real 
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tether system is continuous, it is necessary to include damping and corrective forces to get 

closer to the real parameters of the unreeling process.  

During the real process of the deployment, there can be emergency situations such as 

a breakage of the tether or jamming in the unreeling device. In these cases the multi-point 

model would allow the parameters for the resulting motion of the system to be calculated: 

the two-point model would not be capable of providing this information about the flight. 

Further development of the multi-point model could enable the modelling of the 

motion of a body with an attached tether for the case that the tether is broken apart or cut off 

from the spacecraft in order to initiate the motion of a second body into the dense layers of 

the atmosphere. 

7.6. Summary  

1. The multi-point model of the tether confirms the validity of the simplifications 

made in the mathematical model of the deployment.  

2. Usage of the multi-point model enables more accurate values of the parameters of 

the tether system during motion through the atmosphere to be obtained. These 

parameters include tension of the tether, parameters of angular motion of the 

spacecraft and the stabilizer relative to the direction of the tether. 

3. Comparison of the performance of the models, for different parameters and 

different numbers of intermediate tether nodes, shows that a discretisation of the 

tether into six equal lengths is sufficient for modelling purposes if shape of the 

tether is close to a straight line.  

4. The multi-point model is discrete, and unfortunately, as the algorithm currently 

stands, introduces non-physical shock loads into the system after inserting each 

new node. Increasing the number of tether nodes leads to significantly higher 

model complexity without giving any noticeable improvement in the result 

accuracy. 

5. The multipoint model allows to model the motion of the centre of mass of the tether 

system by considering gravity and aerodynamic forces acting on the tether. 

6. In contingency situations like jamming in an unreeling device, the multi-point 

model would allow the modelling of the subsequent motion of the system. 
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8. DISCUSSION 

8.1. Conclusions 

The following results were obtained: 

In Chapter 2 the information about history of tether systems, existing mathematical 

models of motion of the tether system and deployment, and real tether space experiments are 

gathered and justified. 

In Chapter 3 the definition of stability of motion is made here. The terms and ideas for 

different types of stabilization are included there as well as the description of models of the 

atmosphere and numerical methods used for calculations. 

In Chapter 4, describing the descent of a deployed tether system in the atmosphere, 

the mathematical model of spatial motion has been derived. The three coordinate systems 

used for the derivation of the equations of motion of the tether system are described. The 

model takes into consideration aerodynamic and gravity forces, tension of the tether, mass 

and shape asymmetry of the bodies. The assumptions and simplifications made are also 

described and justified. The mathematical model of motion of the tether system is tested by 

usage of the integrals of the undisturbed motion of the tether system. 

In Chapter 5 the stability for the motion is defined in terms of the parameters of the 

deployed tether system during its descent. The parameters include mass, stabilizer shape and 

dimensions, and tether length. The dependencies of stability and natural frequencies on the 

parameters of the system are determined. It is found that the tension of the tether depends 

most significantly on the geometrical dimensions of the stabilizer, while the length of the 

tether has only a slight influence on this force. The algorithm for choosing the parameters of 

the tether system is proposed; this algorithm enables a significant reduction of the 

frequencies of oscillations in most cases. It is found, that the deployment of a tether during 

descent can increase the stability of the system. 

Chapter 6 is concentrated on the deployment of the tether system with an elastic 

massless tether. It is found that the torque arising from the tension force has a major influence 

on the system dynamics. The dynamic methods are used to control the deployment, because 

it was shown, that unguided deployment leads to shock loads at the end of the deployment 

process and, these are accompanied by the sag of the tether and lead to the instability of 
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motion of the tether system after the deployment. The usage of systems of regulations of 

release of the tether allows stability of motion to be reached even then there are perturbations 

in the initial conditions of the separation. 

In Chapter 7 the tether system is modelled as a system with distributed parameters. 

The tether is represented as a set of nodes with elastic connections. The model takes into 

consideration the mass of the nodes and the aerodynamic forces acting on the tether. The 

comparison of results obtained by the two-point and multi-point models show that the change 

in mass after adding each node and the influence of aerodynamic forces acting on the tether 

leads to differences in values of the tension force and angles describing the orientation of the 

bodies. The multi-point model obtains more accurate values of the parameters of the tether 

system during motion through the atmosphere. Increasing the number of nodes leads to 

significantly higher model complexity without giving any noticeable improvement in the 

result accuracy compared to the model with fewer number of intermediate nodes. In 

contingency situations like jamming in the unreeling device, the multi-point model would 

allow the modelling of the subsequent motion of the system.  

8.2. Discussion of errors, perturbations and model inadequacies 

The descent of a tether system from the orbit includes two stages. During the first stage 

it is necessary to deploy the tether system, and the second stage is the motion of the deployed 

system in the atmosphere.  

The modelling of motion of the tether during these stages encounters similar problems. 

The first group of problems refer to the manufacture process. The second group comprises 

the perturbations due to the influence of the surrounding medium, and the third one 

comprises the perturbations not taken into consideration by the mathematical model of 

motion.  

The manufacture of any spacecraft assumes that there can be deviations from pre-

determined values due to inaccuracy, lack of quality control or comparatively high 

manufacturing tolerances. Examples of such deviations are mass and shape asymmetry of 

the spacecraft, flaws in the unreeling mechanism or non-uniformity of the tether material. 

These deviations lead to perturbations in the parameters of the tether system. 

When modelling the deployment of the tether system, the multipoint model shows that 

the elasticity of the tether leads to the error in the control of the deployment model based on 
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the tether length. The shock loads after inserting a new node are perturbations generated by 

the mathematical model itself, and should not occur in the real system because the real 

system is in contradistinction to the mathematical modelling and simulation is not discrete. 

The influence of the surrounding medium can lead to perturbations due to 

simplifications made in the model of the atmosphere. The existing models of the atmosphere 

do not provide full information about the surrounding medium because of the chaotic 

character of local flows. The most vivid example of atmospheric perturbation is wind. Wind 

is a natural phenomenon and can take place about every location of Earth, but it is highly 

problematic to take it into consideration. There is also a difference in the properties of the 

atmosphere due to the change of days and nights, activity of Sun, etc.  

The influence of the surrounding medium as well as manufacturing errors can lead to 

perturbations during the deployment process or motion of deployed system. For example, 

there can be errors in the absolute value or the direction of the vector of the velocity of 

separation at the beginning of the deployment, and the model of deployment is intended to 

ignore these perturbations. The methods of stabilization like spinning or usage of the tether 

system instead of a single spacecraft, allows the conditions of stable motion to be reached. 

The magnetic field of the Earth was not taken into consideration in this research, but 

depending on the materials the spacecraft is made from there can be an influence from 

appropriate forces. 

There are other forces acting on the spacecraft during its motion in the atmosphere, 

including the pressure from sunlight, gravity forces from space objects and others. Their 

magnitudes are small and usually these forces are not included into mathematical models. 

The motion in the surrounding medium can be accompanied by erosion effects that 

can change the properties of materials that the spacecraft and stabilizer are made from, 

leading to the destruction of the bodies or changes in their parameters. 

It is also necessary to mention about the cross influence of the bodies on each other. 

The perturbations in airflow produced by the bodies change the regime of airflow thus 

changing the values and directions of the aerodynamic forces. 

The models described in previous chapters use diffuse models of gas reflection, but 

rarefied gas flow has a component of specular reflection. Taking into account this type of 

reflection leads to changes in aerodynamic characteristics of a spacecraft according to the 

change in angle of attack. 
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Every real system has dissipative forces acting on or within the system, and damping 

is of great importance during the motion. Damping reduces the amplitudes of oscillations 

thus making motion more stable. The dissipative forces cannot destroy the stability of motion 

of the system, but it is important to include damping to get the mathematical model closer to 

the real system. The problem here is the damping is one of the most complex processes for 

mathematical modelling. Nowadays there is no explicit opinion which model of damping is 

best for use in the modelling of space tether systems, and different damping models are used 

in different researches (Mantellato, R., 2015, Aslanov, V.S., 2015). 

Another issue about the tether system is the shape of cross-section of the tether. The 

considered Dyneema® fibre has a circular cross-section. On the other hand, the usage of 

tape tether (Mantellato, R., 2015) can make the tether less vulnerable to the influence of 

micrometeorite attack. 

8.3. Validations and recommendations for further work 

The mathematical models described in previous chapters can be validated in different 

ways. The best validation of a mathematical model and results of simulation is to perform a 

real experiment. The cost of space tether system experiment is very high and would require 

the demand and funding from an organization with the resources and interest to develop the 

usage of small landing modules. Since such practical validation is currently unfeasible, the 

validation can instead be made by simulation using the provided mathematical models, for 

which predictable results can be presumed for particular initial conditions. Such 

investigations were made during this research, described in Chapters 4 and 7, and include 

research concerning the integrals of motion for the undisturbed motion of deployed tether 

system, modelling of deployment in the absence of atmosphere, and a comparison between 

rigid and elastic tether models.  

Another way to validate a mathematical model and its simulation results is to compare 

these with the result obtained by another mathematical model. For example, a comparison 

with other research results shows that there are characteristic likenesses in the trajectories of 

the relative motion of the spacecraft and stabilizer during deployment (Ishkov, 2006). 

The multi-point model represents a tether as a series of nodes with elastic connections 

taking into consideration the aerodynamic forces acting on the tether. Therefore, the tether 
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can be used as a stabilizer itself, and the small spacecraft can be stabilizer by using a tether 

represented by number of nodes during its motion in the atmosphere.  

In this case, after the deployment, the tether should be cut at the spacecraft end, and 

the secondary body – in this case, a landing module – would continue its motion through the 

dense layers of the atmosphere, where the tether is used for the stabilization purposes. The 

length of the stabilizer should be sufficiently high to provide the necessary aerodynamic 

force, and the difference in the altitudes of the parts of the tether should be taken into 

consideration because of the variation in the density of the atmosphere.  

The descent in the denser layers of the atmosphere with significant velocities is 

accompanied by thermal heating. This means that there should be thermal protection on the 

spacecraft and stabilizer, but the amount of protection required can be defined only if the 

temperatures during descent are known. The knowledge of temperature regimes during the 

descent is a subject for further investigations. Another reason for temperature variations is 

the influence of the Sun.  

The models used in this thesis for the modelling of the motion of the tether system, 

starting from the simplest rigid rod tether model, makes it possible to calculate the tension 

in the tether. The more complex model takes into consideration the elasticity of the tether 

thus providing with the information about the elastic deformation of the tether. The multi-

point model, in addition to the factors listed above, includes the aerodynamic forces acting 

along the length of tether and the flexibility of the tether. Unfortunately, these models do not 

take the internal torsion of the tether into consideration. 

The comparison of possible shapes of the cross-section of the tether is also of interest 

because different shapes have their advantages. When the cross-section is not circular, and 

the tether has, for example, tape form, its aerodynamic characteristics are dependent on the 

angle between its surface and the oncoming airflow. Therefore, it is necessary to include the 

torsion and rotation of the tether and its parts around its longitudinal axis. 

At the moment of separation, the second body can receive a torque which leads to a 

rotation around its longitudinal axis. If the connection of the tether to the rigid body does not 

include a swivel, then the tether will twist. This can cause a change in the aerodynamic and 

elastic characteristics of the tether, and lead to jamming of the unreeling devices. 

Contrariwise, the torsion force from the tether could cause the lightweight bodies to rotate. 

Therefore, the torsion of the tether is of significant interest and should be included in a 

advanced mathematical model. 
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A model describing the full dynamics within the tether should also include damping. 

As the damping is a mechanism for dissipating energy within a system, it should provide 

additional stabilization for the motion of the tether and, as a result, affect the motion of the 

whole tether system. 

The model of deployment should also include the description of the unreeling process. 

The method by which the tether is put into the unreeling device is important because any 

possible residual effect will affect the properties of the tether. The friction of the tether during 

the deployment process affect the deployment process itself.  

There is also a problem in the modelling of the unreeling device. It is important to 

determine how the tether is put into it, and this is a current open question for research. The 

method of putting the tether in would depend on the shape and material of the tether, for 

example a yo-yo winding principle can be used for thin tethers with circular cross-section, 

or a Z-fold method might be more appropriate for tape shaped tethers. 

Next, there is a possibility to combine the aerodynamic method of stabilization of the 

tether system with other methods. For example, a tether system with electrically conducted 

tether might allow to use advantages of both types of stabilization with one tether. Of course, 

the combination of these methods require a tether made from proper materials. 
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APPENDIX A. MATRICES OF EQUATIONS 

A.1. Dynamic matrixes 

Dynamic equations for motion of the system in the atmosphere are 

𝐴 ⋅ �̇̅� = 𝐵, 

where 𝐴 = [𝐴𝑖𝑗] - matrix of variable coefficients which are dependent from angles and 

angular velocities of both bodies, measured 9x9, 

 �̇̅� = [�̇�𝑥1
, �̇�𝑦1

, �̇�𝑧1
, �̇�𝑥2

, �̇�𝑦2
, �̇�𝑧2

, �̇�𝑥3, �̇�𝑦3
, �̇�𝑧3

]
𝑇
 is a vector of components of angular, and 

𝐵 = [𝐵𝑗] - vector of right parts of differential equations. 

Matrix A components are as follows: 

𝐴11 = 𝐼𝑥1 +
𝑚1𝑚2

𝑚1+𝑚2
(𝑦1

2 + 𝑧1
2), 𝐴12 = 𝐴21 = −

𝑚1𝑚2

𝑚1+𝑚2
𝑥1𝑦1,  

𝐴13 = 𝐴31 = −
𝑚1𝑚2

𝑚1+𝑚2
𝑥1𝑧1, 𝐴22 = 𝐼𝑦1 +

𝑚1𝑚2

𝑚1+𝑚2
(𝑥1

2 + 𝑧1
2), 

𝐴23 = 𝐴32 = −
𝑚1𝑚2

𝑚1+𝑚2
𝑦1𝑧1, 𝐴33 = 𝐼𝑧1 +

𝑚1𝑚2

𝑚1+𝑚2
(𝑥1

2 + 𝑦1
2), 

𝐴14 = 𝐴41 =
𝑚1𝑚2

𝑚1+𝑚2
[(𝑦1𝐿32 − 𝑧1𝐿  22

 )𝑧2 − (𝑦1𝐿33 − 𝑧1𝐿  23
 )𝑦2], 

𝐴15 = 𝐴51 =
𝑚1𝑚2

𝑚1+𝑚2
[(𝑦1𝐿33 − 𝑧1𝐿  21

 )𝑥2 − (𝑦1𝐿31 − 𝑧1𝐿  21
 )𝑧2], 

𝐴16 = 𝐴61 =
𝑚1𝑚2

𝑚1+𝑚2
[(𝑦1𝐿31 − 𝑧1𝐿  21

 )𝑦2 − (𝑦1𝐿32 − 𝑧1𝐿  22
 )𝑥2], 

𝐴24 = 𝐴42 =
𝑚1𝑚2

𝑚1+𝑚2
[(𝑧1𝐿12 − 𝑥1𝐿  32

 )𝑧2 − (𝑧1𝐿13 − 𝑥1𝐿  33
 )𝑦2], 

𝐴25 = 𝐴52 =
𝑚1𝑚2

𝑚1+𝑚2
[(𝑧1𝐿13 − 𝑥1𝐿  33

 )𝑥2 − (𝑧1𝐿11 − 𝑥1𝐿  31
 )𝑧2], 

𝐴26 = 𝐴62 =
𝑚1𝑚2

𝑚1+𝑚2
[(𝑧1𝐿11 − 𝑥1𝐿  13

 )𝑦2 − (𝑧1𝐿12 − 𝑥1𝐿  32
 )𝑥2], 

𝐴34 = 𝐴43 =
𝑚1𝑚2

𝑚1+𝑚2
[(𝑥1𝐿22 − 𝑦1𝐿  12

 )𝑧2 − (𝑥1𝐿23 − 𝑦1𝐿  13
 )𝑦2], 

𝐴35 = 𝐴53 =
𝑚1𝑚2

𝑚1+𝑚2
[(𝑥1𝐿23 − 𝑦1𝐿  13

 )𝑥2 − (𝑥1𝐿21 − 𝑦1𝐿  11
 )𝑧2], 

𝐴36 = 𝐴63 =
𝑚1𝑚2

𝑚1+𝑚2
[(𝑥1𝐿21 − 𝑦1𝐿  11

 )𝑦2 − (𝑥1𝐿22 − 𝑦1𝐿  12
 )𝑥2], 

𝐴44 = 𝐼𝑥2 +
𝑚1𝑚2

𝑚1+𝑚2
(𝑦2

2 + 𝑧2
2), 𝐴45 = 𝐴54 = −

𝑚1𝑚2

𝑚1+𝑚2
𝑥2𝑦2, 

𝐴55 = 𝐼𝑦2 +
𝑚1𝑚2

𝑚1+𝑚2
(𝑥2

2 + 𝑧2
2), 

𝐴46 = 𝐴64 = −
𝑚1𝑚2

𝑚1+𝑚2
𝑥2𝑧2, 𝐴56 = 𝐴65 = −

𝑚1𝑚2

𝑚1+𝑚2
𝑦2𝑧2, 
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𝐴66 = 𝐼𝑧2 +
𝑚1𝑚2

𝑚1+𝑚2
(𝑥2

2 + 𝑦2
2), 

𝐴17 = 𝐴71 = −
𝑚1𝑚2

𝑚1+𝑚2
(𝐿33

13𝑦1 − 𝐿32
13𝑧1)𝑥3, 𝐴37 = 𝐴73 = −

𝑚1𝑚2

𝑚1+𝑚2
(𝐿32

13𝑥1 − 𝐿31
13𝑦1)𝑥3, 

𝐴47 = 𝐴74 = −
𝑚1𝑚2

𝑚1+𝑚2
(𝐿33

23𝑦2 − 𝐿32
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(𝐿32
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𝑚1+𝑚2
𝑥3

2, 

𝐴78 = 𝐴87 = 0, 𝐴18 = 𝐴81 = −
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𝑚1+𝑚2
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𝐴28 = 𝐴82 = −
𝑚1𝑚2

𝑚1+𝑚2
(𝐿21
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𝑚1𝑚2

𝑚1+𝑚2
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23𝑦2 − 𝐿22
23𝑧2)𝑥3, 
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𝑚1𝑚2

𝑚1+𝑚2
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23𝑧2 − 𝐿23
23𝑥2)𝑥3, 𝐴68 = 𝐴86 = −

𝑚1𝑚2

𝑚1+𝑚2
(𝐿22

23𝑥2 − 𝐿21
23𝑦2)𝑥3, 

𝐴88 = −
𝑚1𝑚2

𝑚1+𝑚2
𝑥3

2, 𝐴99 = 1, 𝐴𝑖9 = 0, 𝐴9𝑗 = 0,  

where 𝑖, 𝑗 = 1,2, . . .9. 

Matrix B components are: 

𝐵1 = (Δ𝑟1 × �⃗⃗�1)𝑥1
+

𝑚1

𝑚1+𝑚2
(𝑟1 × �⃗⃗�2)𝑥1

−
𝑚2

𝑚1+𝑚2
(𝑟1 × �⃗⃗�1)𝑥1

+

+
𝑚1𝑚2

𝑚1+𝑚2
{𝑟1 × [�⃗⃗⃗�2 × (�⃗⃗⃗�2 × 𝑟2) − �⃗⃗⃗�1 × (�⃗⃗⃗�1 × 𝑟1)]}𝑥1

, 

𝐵2 = (Δ𝑟1 × �⃗⃗�1)𝑦1
+

𝑚1

𝑚1+𝑚2
(𝑟1 × �⃗⃗�2)𝑦1

−
𝑚2

𝑚1+𝑚2
(𝑟1 × �⃗⃗�1)𝑦1

+

+
𝑚1𝑚2

𝑚1+𝑚2
{𝑟1 × [�⃗⃗⃗�2 × (�⃗⃗⃗�2 × 𝑟2) − �⃗⃗⃗�1 × (�⃗⃗⃗�1 × 𝑟1)]}𝑦1

, 

𝐵3 = (Δ𝑟1 × �⃗⃗�1)𝑧1
+

𝑚1

𝑚1+𝑚2
(𝑟1 × �⃗⃗�2)𝑧1

−
𝑚2

𝑚1+𝑚2
(𝑟1 × �⃗⃗�1)𝑧1

+

+
𝑚1𝑚2

𝑚1+𝑚2
{𝑟1 × [�⃗⃗⃗�2 × (�⃗⃗⃗�2 × 𝑟2) − �⃗⃗⃗�1 × (�⃗⃗⃗�1 × 𝑟1)]}𝑧1

, 

𝐵4 = (Δ𝑟2 × �⃗⃗�2)𝑥2
+

𝑚2

𝑚1+𝑚2
(𝑟2 × �⃗⃗�1)𝑥2

−
𝑚1

𝑚1+𝑚2
(𝑟2 × �⃗⃗�2)𝑥2

+

+
𝑚1𝑚2

𝑚1+𝑚2
{𝑟2 × [�⃗⃗⃗�1 × (�⃗⃗⃗�1 × 𝑟1) − �⃗⃗⃗�2 × (�⃗⃗⃗�2 × 𝑟2)]}𝑥2

, 

𝐵5 = (Δ𝑟2 × �⃗⃗�2)𝑦2
+

𝑚2

𝑚1+𝑚2
(𝑟2 × �⃗⃗�1)𝑦2

−
𝑚1

𝑚1+𝑚2
(𝑟2 × �⃗⃗�2)𝑦2

+

+
𝑚1𝑚2

𝑚1+𝑚2
{𝑟2 × [�⃗⃗⃗�1 × (�⃗⃗⃗�1 × 𝑟1) − �⃗⃗⃗�2 × (�⃗⃗⃗�2 × 𝑟2)]}𝑦2

, 

𝐵6 = (Δ𝑟2 × �⃗⃗�2)𝑧2
+

𝑚2

𝑚1+𝑚2
(𝑟2 × �⃗⃗�1)𝑧2

−
𝑚1

𝑚1+𝑚2
(𝑟2 × �⃗⃗�2)𝑧2

+

+
𝑚1𝑚2

𝑚1+𝑚2
{𝑟2 × [�⃗⃗⃗�1 × (�⃗⃗⃗�1 × 𝑟1) − �⃗⃗⃗�2 × (�⃗⃗⃗�2 × 𝑟2)]}𝑧2

, 

𝐵7 = 0, 

𝐵8 =
𝑚1

𝑚1+𝑚2
(�⃗⃗�2)𝑧3

−
𝑚2

𝑚1+𝑚2
(�⃗⃗�1)𝑧3

+

+
𝑚1𝑚2

𝑚1+𝑚2
{[�⃗⃗⃗�3 × (�⃗⃗⃗�3 × 𝑟3) − �⃗⃗⃗�1 × (�⃗⃗⃗�1 × 𝑟1) + �⃗⃗⃗�2 × (�⃗⃗⃗�2 × 𝑟2)]}𝑦3

, 
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𝐵9 =
𝑚1

𝑚1+𝑚2
(�⃗⃗�2)𝑦3

−
𝑚2

𝑚1+𝑚2
(�⃗⃗�1)𝑦3

+

+
𝑚1𝑚2

𝑚1+𝑚2
{[�⃗⃗⃗�3 × (�⃗⃗⃗�3 × 𝑟3) − �⃗⃗⃗�1 × (�⃗⃗⃗�1 × 𝑟1) + �⃗⃗⃗�2 × (�⃗⃗⃗�2 × 𝑟2)]}𝑧3

. 

Additional summands in vector 𝐵, related to the change of the tether length, are 

Δ𝐵1 =
𝑚1𝑚2

𝑚1+𝑚2
{𝑟1 × [2 (�⃗⃗⃗�3 ×

�̃�𝑟3

𝑑𝑡
) +

�̃�2𝑟3

𝑑𝑡2
]}

𝑥1
, 

 Δ𝐵2 =
𝑚1𝑚2

𝑚1+𝑚2

{𝑟1 × [2 (�⃗⃗⃗�3 ×
�̃��⃗�3

𝑑𝑡
) +

�̃�
2
�⃗�3

𝑑𝑡2
]}

𝑦1

, 

Δ𝐵3 =
𝑚1𝑚2

𝑚1+𝑚2
{𝑟1 × [2 (�⃗⃗⃗�3 ×

�̃�𝑟3

𝑑𝑡
) +

�̃�2𝑟3

𝑑𝑡2
]}

𝑧1
, 

Δ𝐵4 =
−𝑚1𝑚2

𝑚1+𝑚2
{𝑟2 × [2 (�⃗⃗⃗�3 ×

�̃�𝑟3

𝑑𝑡
) +

�̃�2𝑟3

𝑑𝑡2 ]}
𝑥2

, 

Δ𝐵5 =
−𝑚1𝑚2

𝑚1+𝑚2
{𝑟2 × [2 (�⃗⃗⃗�3 ×

�̃�𝑟3

𝑑𝑡
) +

�̃�2𝑟3

𝑑𝑡2 ]}
𝑦2

, 

Δ𝐵6 =
−𝑚1𝑚2

𝑚1+𝑚2
{𝑟3 × [2 (�⃗⃗⃗�3 ×

�̃�𝑟3

𝑑𝑡
) +

�̃�2𝑟3

𝑑𝑡2 ]}
𝑧2

, 

Δ𝐵7 = 0,  

Δ𝐵8 =
𝑚1𝑚2

𝑚1+𝑚2
{[2 (�⃗⃗⃗�3 ×

�̃�𝑟3

𝑑𝑡
) +

�̃�2𝑟3

𝑑𝑡2 ]}
𝑦3

, 

Δ𝐵9 =
𝑚1𝑚2

𝑚1+𝑚2
{[2 (�⃗⃗⃗�3 ×

�̃�𝑟3

𝑑𝑡
) +

�̃�2𝑟3

𝑑𝑡2 ]}
𝑧3

. 

A.2. Matrices for coordinate systems  

Let us consider the position of the bound coordinate system relative to the trajectory 

(figure A1). Matrices of elementary rotations occurring in the process of transition between 

the trajectory and the bound coordinate systems are as follows 

𝐿𝛾1
= [

1 0 0
0 cos𝛾1 sin𝛾1

0 −sin𝛾1 cos𝛾1

], 𝐿𝛼1
= [

cos𝛼1 sin𝛼1 0
−sin𝛼1 cos𝛼1 0
0 0 1

], 𝐿𝜙1
= [

1 0 0
0 cos𝜙1 sin𝜙1

0 −sin𝜙1 cos𝜙1

], 

𝐿𝛼2
= [

cos𝛼2 sin𝛼2 0
−sin𝛼2 cos𝛼2 0
0 0 1

],𝐿𝛾2
= [

1 0 0
0 cos𝛾2 sin𝛾2

0 −sin𝛾2 cos𝛾2

], 𝐿𝜙2
= [

1 0 0
0 cos𝜙2 sin𝜙2

0 −sin𝜙2 cos𝜙2

], 

𝐿𝛾3
= [

1 0 0
0 cos𝛾3 sin𝛾3

0 −sin𝛾3 cos𝛾3

], 𝐿𝛼3
= [

cos𝛼3 sin𝛼3 0
−sin𝛼3 cos𝛼3 0
0 0 1

],𝐿𝜙3
= [

1 0 0
0 cos𝜙3 sin𝜙3

0 −sin𝜙3 cos𝜙3

]. 
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Figure A1 – Coordinate systems  

Thereafter 

𝐿
1←tr

= 𝐿𝜙1
⋅ 𝐿𝛼1

⋅ 𝐿𝛾1
,    𝐿

2←tr
= 𝐿𝜙2

⋅ 𝐿𝛼2
⋅ 𝐿𝛾2

,     𝐿
3←tr

= 𝐿𝜙3
⋅ 𝐿𝛼3

⋅ 𝐿𝛾3
,  (A.1) 

where 𝐿
1←tr

 - transition matrix from the trajectory coordinate system to the coordinate system, 

related to the first body, 𝐿
2←tr

 - transition matrix from the trajectory coordinate system to the 

coordinate system, related to the second body, 𝐿
3←tr

 - transition matrix from the trajectory 

coordinate system to the coordinate system, related to the third body (tether). 

Making use of relations (A1), it is possible to write down the transition matrix 𝐿 from 

the coordinate system, related to the second body, to the coordinate system, related to the 

first body. 

𝐿 = 𝐿
1←2

= 𝐿
1←tr

⋅ 𝐿𝑇

2←tr
.. 
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Analogously we obtain the expression for the 𝐿13 transition matrix from the coordinate 

system related to the tether, to the coordinate system related to the first body, and for the 𝐿23 

transition matrix from the coordinate system related to the tether, to the coordinate system 

related to the second body. 

𝐿13 = 𝐿
1←3

= 𝐿
1←tr

⋅ 𝐿𝑇

3←tr
  

𝐿23 = 𝐿
2←3

= 𝐿
2←𝑡𝑟

⋅ 𝐿𝑇

3←tr
. 
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APPENDIX B. AERODYNAMIC CHARACTERISTICS FOR A CONE WITH 

ROUNDED APEX  

 

 

Figure B.1 – Geometric shape of the capsule 

 

For the segment of a sphere force coefficients in 𝑂𝑥𝑦𝑛𝑧𝑛 coordinate system, related 

to the plane of full angle of attack 𝛼,  run over the following formulae. 

 When    0 ≤ 𝛼 ≤ 𝜃 

𝐶𝑦𝑛
𝑠 =

1

2
cos4𝜃  sin(2𝛼),  𝐶𝑥

𝑠 = 2cos2𝜃    [1 −
1

2
cos2𝜃 − (1 −

3

4
cos2𝜃)sin2𝛼]    . 

 When    𝜃 < 𝛼 <
𝜋

2
 

𝐶𝑦𝑛
𝑠 =

1

4
cos4𝜃  sin(2𝛼)  (1 +

2

𝜋
𝛽) +

𝛾

𝜋
sin𝛼 +

1

3𝜋
sin𝛼sin𝜃  [sin2𝜃(3 − sin−2𝛼) − 5] 𝐴, 

𝐶𝑥
𝑠 = (1 +

2

𝜋
𝛽)    [1 −

1

2
cos2𝜃 − (1 −

3

4
cos2𝜃)sin2𝛼]cos2𝜃 +

𝛾

𝜋
cos𝛼 +

                +
cos𝛼

2𝜋
sin𝜃(1 − 3sin2𝜃)  𝐴

   , 

where 𝛽 = arcsin(  
𝑡𝑔𝜃

𝑡𝑔𝛼
  ),    𝛾 = arccos(  

sin𝜃

sin𝛼
  )   , 𝐴 = √sin2𝛼 − sin2𝜃  . 

Analogical formulae for the body of specified shape (conoid) are as follow: 
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when  0 ≤ 𝛼 ≤ 𝜃 𝐶𝑦𝑛
𝑐 =

1

2
cos2𝜃  sin(2𝛼), 𝐶𝑥

𝑐 = 2sin2𝜃 +   (1 − 3sin2𝜃)sin2𝛼; 

when    𝜃 < 𝛼 <
𝜋

2
 

𝐶𝑦𝑛
𝑐 =

1

2
cos2𝜃  sin(2𝛼)  [1 +

2

𝜋
𝛽 +

2

3𝜋
√1 −

𝑡𝑔2𝜃

𝑡𝑔2𝛼
    (2

𝑡𝑔𝛼

𝑡𝑔𝜃
+

𝑡𝑔𝜃

𝑡𝑔𝛼
)]    , 

𝐶𝑥
𝑐 =

1

2
(1 +

2

𝜋
𝛽)    [2sin2𝜃 + (1 − 3sin2𝜃)sin2𝛼] +

3

4𝜋
√1 −

𝑡𝑔2𝜃

𝑡𝑔2𝛼
    sin(2𝛼)sin(2𝜃). 

 Aerodynamic force coefficients for cone with spherical front part are obtained from 

force coefficients of the segment and of the conoid in this way 

𝐶𝑦𝑛
𝑐 = 𝐶𝑦𝑛

𝑠  �̅�𝑛
2 + 𝐶𝑦𝑛

𝑐 (1 − �̅�𝑛
2cos2𝜃 ),  𝐶𝑥

𝑐 = −𝐶𝑥
𝑠 �̅�𝑛

2 − 𝐶𝑥
𝑐(1 − �̅�𝑛

2cos2𝜃 ), 

where �̅�𝑛 =
𝑟𝑛

𝑅
, 𝑟𝑛 - radius of the spherical front part, 𝑅 - radius of the bottom part of the 

capsule. 

 The restoring aerodynamic moment coefficient relative to the front part of the capsule 

is calculated by formula 

𝑚𝑧𝑛  = −𝐶𝑦𝑛
𝑠 𝑡𝑔𝜃

𝐿𝑜
�̅�𝑛

3 −
𝐶𝑦𝑛

𝑐

𝐿𝑜
(1 − �̅�𝑛

2cos2𝜃 )  [𝑥𝑑
𝐿𝑐

𝐿
+ (1 −

𝐿𝑐

𝐿
)]   , 

where 𝐿𝑜 =
𝐿

𝑅
𝑡𝑔𝜃, 𝐿 =

𝑅

𝑡𝑔𝜃
+ 𝑟𝑛 −

𝑟𝑛

sin𝜃
 – the capsule length, 𝐿𝑐 = (𝑅 − 𝑟𝑛cos𝜃) 𝑐𝑡𝑔𝜃 – 

conoid length, 𝑥𝑑 =
2

3cos2𝜃
  
(1+𝑅𝐿+𝑅𝐿

2)

1−𝑅𝐿
2 −

𝑅𝐿

1−𝑅𝐿
 - value, determining the position of the centre 

of aerodynamic forces for conoid; 𝑅𝐿 =
𝑟𝑛

𝑅
cos𝜃. 

 Thereafter the aerodynamic moment relative to the centre of mass of the capsule is 

determined by the expression 

𝑚𝑧𝑐 = 𝑚𝑧𝑛 − 𝐶𝑦𝑛𝑥𝑐, 

where 𝑥𝑐 < 0 – the position of centre of mass relative to the front part of the capsule. 

 The position of the point of aerodynamic force application for the capsule relative to 

the front part is determined by the formula 

𝑥𝐷 =
𝑚𝑧𝑛

𝐶𝑦𝑛
. 


