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Abstract

In this thesis we will explore the numerical methods for solving deterministic and
stochastic space and time fractional partial differential equations. Firstly we consider
Fourier spectral methods for solving some linear stochastic space fractional partial differ-
ential equations perturbed by space-time white noises in one dimensional case. The space
fractional derivative is defined by using the eigenvalues and eigenfunctions of Laplacian
subject to some boundary conditions. We approximate the space-time white noise by
using piecewise constant functions and obtain the approximated stochastic space frac-
tional partial differential equations. The approximated stochastic space fractional partial

differential equations are then solved by using Fourier spectral methods.

Secondly we consider Fourier spectral methods for solving stochastic space fractional
partial differential equation driven by special additive noises in one dimensional case.
The space fractional derivative is defined by using the eigenvalues and eigenfunctions of
Laplacian subject to some boundary conditions. The space-time noise is approximated by
the piecewise constant functions in the time direction and by appropriate approximations
in the space direction. The approximated stochastic space fractional partial differential

equation is then solved by using Fourier spectral methods.

Thirdly, we will consider the discontinuous Galerkin time stepping methods for solving
the linear space fractional partial differential equations. The space fractional derivatives
are defined by using Riesz fractional derivative. The space variable is discretized by
means of a Galerkin finite element method and the time variable is discretized by the
discontinous Galerkin method. The approximate solution will be sought as a piecewise
polynomial function in ¢ of degree at most ¢—1,¢ > 1, which is not necessarily continuous
at the nodes of the defining partition. The error estimates in the fully discrete case are

obtained and the numerical examples are given.

Finally, we consider error estimates for the modified L1 scheme for solving time frac-
tional partial differential equation. Jin et al. (2016, An analysis of the L1 scheme for

the subdiffifusion equation with nonsmooth data, IMA J. of Number. Anal., 36, 197-221)



il

established the O(k) convergence rate for the L1 scheme for both smooth and nonsmooth
initial data. We introduce a modified L1 scheme and prove that the convergence rate is
O(k**),0 < a < 1 for both smooth and nonsmooth initial data. We first write the time
fractional partial differential equations as a Volterra integral equation which is then ap-
proximated by using the convolution quadrature with some special generating functions.
A Laplace transform method is used to prove the error estimates for the homogeneous
time fractional partial differential equation for both smooth and nonsmooth data. Nu-
merical examples are given to show that the numerical results are consistent with the

theoretical results.
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Chapter 1

Introduction

1.1 History of Fractional Calculus

The Fractional Calculus is a generalization of classical calculus concerned with operations
of integration and differentiation of non-integer or fractional order. The idea of fractional
operators has been introduced almost simultaneously with the development of the classical
ones. The reference can be found first known in the correspondence of G. W. Leibniz
and Marquis de Hospital in 1695 where the question of meaning of the semi-derivative
has been raised. This question consequently attracted the interest of many well-known
mathematicians, including Riemann, Griinwald, Letnikov, Euler, Liouville, Laplace, and
many others. Since the 19th century, the theory of fractional calculus developed rapidly,
mostly as a foundation for a number of applied disciplines, including fractional geometry,
fractional differential equations and fractional dynamics. The applications of Fractional
Calculus are very wide nowadays. It is safe to say that almost no discipline of modern
engineering and science in general, remains untouched by the tools and techniques of
fractional calculus. For example, wide and fruitful applications can be found in rheology,
viscoelasticity, acoustics, optics, chemical and statistical physics, robotics, control theory,
electrical and mechanical engineering, bio-engineering, etc. In fact, one could argue that
real world processes are fractional order systems in general. The main reason for the
success of fractional calculus applications is that these new fractional-order models are
often more accurate than integer-order ones, i.e., there are more degrees of freedom in

the fractional order model than in the corresponding classical one. One of the intriguing



beauties of the subject is that fractional derivatives and integrals are not local quantities.
The fractional operators consider the entire history of the physical process and can be used
to model the non-local and distributed effects often encountered in natural and technical
phenomena. Fractional calculus is therefore an excellent set of tools for describing the

memory and hereditary properties of various materials and processes.

However the interest in the specific topic of fractional calculus surged only at the end of
the last century. Fractional differential equations, that is, those involving real and complex
order derivatives, have assumed an important role in modeling the anomalous dynamics
of many processes related to complex systems in the most diverse areas of science and
engineering. There has been a spectacular increase in the use of fractional differential
models to simulate the dynamics of many different anomalous processes, especially those
involving ultra-slow diffusion. The following table is only based on the scopus database,

but it reflects this state of affairs clearly: [6]

Words in title or abstract 1960-1980 | 1981-1990 | 1991-2000 | 2001-2010
Fractional Brownian Motion 2 38 532 1295
Anomalous Diffusion 185 261 626 1205
Anomalous Relaxation 21 23 70 61
Superdiffusion or Subdiffusion 0 22 121 521
Fractional Models, Kinetics, Dynamics 11 24 128 443
Fractional Differential Equations 1 1 74 943

Table 1.1.1: Evolution in the number of publications on fractional differential equations

and their applications.

1.2 Definitions of Fractional Derivatives

There are several definitions given to fractional derivatives. In this section we will give

some important definitions of fractional integral and derivative.

Riemann-Liouville fractional integral: The Riemann-Liouville fractional integral of




order a > 0 is defined by [27]

D f (1) = ﬁ /0 (t— 1)L () dr. (1.2.1)

Riemann-Liouville fractional derivative: The Riemann-Liouville fractional derivative is
defined, with « >0 and n — 1 <a <n, n € Z*, [27]

1

D210 = D DE ) = D

/ (t—7)" " f(r)dr. (1.2.2)

Caputo fractional derivative: For a > 0, the Caputo fractional derivative is defined, with

n—1l<a<n, neZt, [27]

Cpef() = — | /Ot(t—T)MlD"f(T)dT. (12.3)

I'(n—a
When a = n, we define

_

= 1), (1.2.4)

o DI (1)

Riesz fractional derivative: For n — 1 < a < n, n € Z™, the Riesz fractional derivative is

defined by, [76]

(e}

d|x|au(t,a:) = —Co({D2u(t,z) + ED{u(t, z)), (1.2.5)
where C, = m,a # 1 and
2
1 v (v u(ét)
o Doz, t) = / ———d
0 xU(SL’, ) F(n _ Oé) dxm 0 (ZE _ 5)04—&-1—71 57

o _ 1 A I ())
fDﬂ(%t)—m(—l) dx”/x (g_x)aﬂ_ndf-

There are relations between the different fractional derivatives, see, e.g., Podlubny [76].

1.3 Laplace Transform and Fourier Transform

Laplace transform is an integral transform named after its inventor Pierre-Simon Laplace.
It transforms a function of a real variable ¢ to a function of a complex variable s. The

Laplace transform has many applications in science and engineering.



The Laplace transform of a function f(t), defined for all real numbers ¢t > 0, is the

function F'(s), which is a unilateral transform defined by, [8]

F(s) = / " pyetat,

where s is a complex number frequency parameter.

The inverse Laplace Transform of F'(s) is defined as

F(t) = —— /F e F(s)ds,

27
where I' is the line with Rz = a,a > 0.
The Fourier transform of a function f is traditionally denoted by f . There are several
common conventions for defining the Fourier transform of an integrable function f : R

C. We can write it’s Fourier transform, for any real number ¢, [8]
for= [ feria,
The inverse Fourier transform of f is defined by

fo) =5 | Fe@mas

1.4 Stochastic Calculus

Stochastic calculus has come to play an important role in many branches of science and
technology where day by day more and more mathematician have encountered in this
field. Stochastic calculus is the area of mathematics that deals with processes containing
a stochastic component and thus allows the modeling of random systems. Many stochastic
processes are based on functions which are continuous, but nowhere differentiable. This
rules out differential equations that require the use of derivative terms, since they are
unable to be defined on non-smooth functions. Instead, a theory of integration is required
where integral equations do not need the direct definition of derivative terms. In quan-
titative finance, the theory is known as Ito Calculus. We will discuss about stochastic

calculus and their properties in Chapter two and Chapter three.



1.5 Contributions of this Work and Outline

In this section, we introduce the topics in each chapter in this thesis.

In Chapter 1, we will discuss the general history of fractional calculus, stochastic
calculus.

In Chapter 2, we will discuss the basic notations and properties of stochastic ordinary
differential equation. Some of the important results of stochastic calculus are discussed
in this chapter. For example probability theory, Brownian motions, stochastic process,
stochastic ODE, stochastic integral are discussed here.

In Chapter 3, we will discuss the basic notations and properties of stochastic partial
differential equation. We shall introduce Q-Wiener process, Green function, etc. In addi-
tion we will present the existence and uniqueness theorems of stochastic partial differential
equations.

In Chapter 4, we will discuss Fourier spectral methods for solving parabolic partial
differential equations. Here we will consider how to use MATLAB functions ”dst.m”,
"idst.m” and "fft.m”, 7ifft.m” to solve semilinear parabolic equation by using spectral
method.

In Chapter 5, we will discuss Fourier spectral methods for solving some linear stochas-
tic space fractional partial differential equations perturbed by space-time white noises in
one dimensional case. The space fractional derivative is defined by using the eigenvalues
and eigenfunctions of Laplacian subject to some boundary conditions. We approximate
the space-time white noise by using piecewise constant functions and obtain the ap-
proximated stochastic space fractional partial differential equations. The approximated
stochastic space fractional partial differential equations are then solved by using Fourier
spectral methods. Error estimates in Lo-norm are obtained and numerical examples are
given.

In Chapter 6, we will discuss Fourier spectral methods for solving stochastic space
fractional partial differential equation driven by special additive noises in one dimensional
case. The space fractional derivative is defined by using the eigenvalues and eigenfunctions
of Laplacian subject to some boundary conditions. The space-time noise is approximated

by the piecewise constant functions in the time direction and by appropriate approx-



imations in the space direction. The approximated stochastic space fractional partial
differential equations is then solved by using Fourier spectral methods. Error estimates
are obtained and numerical examples are given.

In Chapter 7, we will consider the discontinuous Galerkin time stepping methods for
solving the linear space fractional partial differential equations. The space fractional
derivatives are defined by using Riesz fractional derivative. The space variable is dis-
cretized by means of a Galerkin finite element method and the time variable is discretized
by the discontinuous Galerkin method. The approximate solution will be sought as a
piecewise polynomial function in ¢ of degree at most ¢ — 1, ¢ > 1, which is not necessarily
continuous at the nodes of the defining partition. The error estimates in the fully discrete
case are obtained and the numerical examples are given.

In Chapter 8, we consider error estimates for the modified L1 scheme for solving time
fractional partial differential equation. Jin et al. (2016, An analysis of the L1 scheme for
the subdiffifusion equation with nonsmooth data, IMA J. of Number. Anal., 36, 197-221)
established the O(k) convergence rate for the L1 scheme for both smooth and nonsmooth
initial data. We introduce a modified L1 scheme and prove that the convergence rate
is O(k*~*),0 < a < 1 for both smooth and nonsmooth initial data. We first write the
time fractional partial differential equations as a Volterra integral equation which is then
approximated by using the convolution quadrature with some special generating functions.
The numerical schemes obtained in this way are equivalent to the standard L1 scheme
and modified L1 scheme, respectively. A Laplace transform method is used to prove the
error estimates for the homogeneous time fractional partial differential equation for both
smooth and nonsmooth data. Numerical examples are given to show that the numerical
results are consistent with the theoretical results.

Finally in Chapter 9, we outline the summary of the thesis and indicate the further

research plans.



Chapter 2

Basics for Stochastic Ordinary

Differential Equations

2.1 Introduction

A stochastic differential equation (SDE) is a differential equation in which one or more of
the terms are stochastic processes, resulting in a solution which is also a stochastic process.
The most common form of SDE in the literature is an ordinary differential equation with
the right hand side perturbed by a term dependent on a white noise. Stochastic ODEs
are used to model various phenomena such as unstable stock prices or physical systems

subject to thermal fluctuations.

2.2 Basic Notations of Probability Theory

Let us consider rolling a die or tossing a coin, with an outcome that changes randomly
with each repetition. When the experiment is repeated, the statistical and probabilistic
tools are needed to analyze the frequency of the outcome. In particular, we assign a
probability to each outcome as a limit of the frequency of occurrence relative to the total
number of trials.

Let (Q, F,P) [62, p.137] be the probability space. Here €2 is the sample space and F is
the o-algebra of {2 and P is the probability measure defined on F. A probability measure
P on the measurable space (2, F) is a function P : F + [0, 1] such that



1) P(Q) = L;
2) for any disjoint sequence A; C F, that is, A, N A; = ¢, i # j,

PUA) = 3 P(A)

If X is a real valued random variable and is integrable with respect to the probability

measure P, then the number [62, p.139]

EX = / X (w)dP(w)
Q
is called the expectation of X. The number
Var(X) = E(X — EX)?

is called the variance of X.

2.3 Brownian Motions

The name of the Brownian Motion is given to the irregular movement of pollen grains,
suspended in water, observed by the Scottish botanist Robert Brown in 1828 [62]. The
motion was later explained by the random collisions with the molecules of water. To
describe the motion mathematically it is natural to use the concept of a stochastic process
By(w), interpreted as the position of the pollen grain w at time ¢. Brownian motion is
the actual physical motion of these particles, the Wiener process is the mathematical
interpretation of this process. Let us now give the mathematical definition of Brownian

motion [62].

Definition 2.3.1. Let (Q2, F,P) be a probability space with a filtration {F;}. A stan-
dard one-dimensional Brownian motion is a real-valued continuous {F; }-adapted process
{B:}+>0 with the following properties:

1) By =0 a.s;

2) for 0 < s < t < oo the increment B; — By is normally distributed with mean zero
and variance t — s;

3) for 0 < s <t < oo the increment By — By is independent of Fj.



2.4 Stochastic Process

Let (Q, F,P) be a probability space. A stochastic process is simply a collection of random
variables indexed by time. It will be useful to consider separately the cases of discrete time
and continuous time. That is, a discrete time stochastic process X = {X,,,n =0,1,2,...}
is a countable collection of random variables indexed by the non-negative integers, and a
continuous time stochastic process X = {X;,0 <t < oo} is an uncountable collection of

random variables indexed by the non-negative real numbers [62].

2.5 Stochastic Integral

Now we consider how to define the stochastic integral

/0 F(H)dB(),

where B(t) = B, is the standard Brownian motion. Here f(t) = f(t,w) : [0,00) X £
R is a measurable function. Since B(t) is not of bounded variation, we cannot define
fOT f(t)dB,; by using usual Riemanm-Stieltjes integration method. We need to introduce
other way to define the stochastic integral. For example, we may define the integral for a
large class of stochastic processes by making use of the properties of Brownian motions.
Such integral was first defined by K. It6 in 1949 and now it’s known as Ito stochastic
integral [62].

2.6 Stochastic Ordinary Differential Equation

We now consider the following stochastic ordinary differential equation [62],

du = f(u(t))dt + G(u(t))dB(t), (2.6.1)
u(0) = ug.

This stochastic ordinary differential equation can be written as the following integral form,

u(t) :u0+/0 f(u(s))ds+/0 G(u(s))dB(s), (2.6.2)



10

where f : R? — R? is a vector-valued function known as the drift, G : R? — R¥>™ is a
matrix-valued function, known as the diffusion. Here B(t) = [Bi(t), Ba(t), ..., Bn(t)] €
R™ is a R™-valued Brownian motion on a filtered probability space (2, F, F;,P), and
fot G(u(s))B(s) denotes the Ito integral, see e.g., [62, page 314].

Assumption 2.6.1. [62, page 325]
Let d € Z". There exists a constant L > 0 such that the following linear growth

conditions hold:

1f ()lle < L+ Jlullza), (2.6.3)

G ()2 < L1+ |Jul|24), Yu€RY

and the following global Lipschitz conditions hold:

[f(u1) = f(u2)|lre < Ll|uy — ua||re, (2.6.4)

|G (u1) — G(ug)||gaxm < Lljuy — ug||lge, Yuy,us € RY.

We remark that in this thesis, we will use || - ||ga or |- |ge to denote the Euclidean norm

in R?,

Definition 2.6.1. [65] A real valued stochastic process g = {g(t) }a<t<s is called a simple
process if there exist a partition a =ty < t; < -+ < tx = b of [a,b] and the bounded

random variables &;,0 < i < k — 1 such that ¢; are /- measurable and

(

o, to <t <1,

517 tl S t S t27
g(t) = (2.6.5)

[ S-1 e SES
Denote by My([a,b]; R) the family of all such processes defined in (2.6.5).

Definition 2.6.2. [65] For a simple process g € My([a, b]; R), we define

k—1

/ g(t)dB, = Zfi(BnH — By,), (2.6.6)

and call it the stochastic integral or Ito integral of g with respect to the Brownian motion

{B:}-
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More precisely, the stochastic integral f g(t)dBy is Fy-measurable. We will now show
that it belongs to L?(2,R).

Lemma 2.6.2. [65] If g € My([a,b];R), then we have
b
E/ g(t) dB, = 0,
" 9 b
8| [ gas| =k [ lgPa

Proof. Since §; is JF;, measurable and (B;,,, — By,) is independent of F,, we have

b k—1 k—1
E/ dBt = ZE fz BtZH - tz)] = ZgiE(BtH»l - Bti) = 0.
a =0 =0

Moreover, we have, noting that B;,,, — By, is independent of §&;(By,,, — By,) if i < j,

E( /abg(t)dBt i

- Z ]E[figj(BtiH - Bti)(Bt1+1 - Bti)]

0<i,j<k—1

k—1 k—1
= ZEéz'Q(BtiJrl - Btz')Q = ZEég(BtiJrl - Bti)Q
=0 =0
k—1
=Y E&(Bi,, — By) / lg(t)|?dt.
i=0

The proof is complete. O

We may also define the stochastic integral fab f(t)dB; for any M?([a, b]; R).

Definition 2.6.3. [65] Let 0 < a < b < co. Denote by M?([a, b]; R) the space of all real

valued measurable {F;} adapted stochastic process f = {f(t) }a<t<p such that

b
Hmsz/meﬁ<m.

Definition 2.6.4. Let (2, F, F;,P) be a filtered probability space. Let Hyr be the set
of Révalued predictable process {u(t) : t € [0,T]} such that

1
ullm, . := sup |[u(t)||2@pe) = sup E(|u(t)[ga)? < oo (2.6.7)
te[0,T] te[0,T]
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Theorem 2.6.3. (Contraction mapping) [62, page 2] Let Y be a non-empty closed subset

of the Banach space (X, | . ||). Consider a mapping J : Y — Y such that, for some
€ (0,1),
| Ju—TJv||[<pllu—v], VuveY. (2.6.8)

Then there exists a unique fixed point of 7 in Y, that is, there is a unique u € Y such

that Ju = u.

Proof. Fix uy € Y and consider u,, = J"ug (the nth iteration of uy under application
of J) The sequence wu,, is easily shown to be Cauchy in Y using (2.6.8) and therefore
converges to a limit u € Y because Y is complete (as a closed subset of X). Now u,, — u
and hence u,1 = Ju, - Ju as n — co. We conclude that w, converges to a fixed point
of J. If u,v € Y are both fixed points of J, then Ju — Jv = u — v. But (2.6.8) holds
and hence u = v and the fixed point is unique.

The proof of Theorem 2.6.3 is complete. O]

2.7 Existence and Uniqueness of SODEs

Theorem 2.7.1. [62, page 325]

Suppose that the Assumption 2.6.1 holds and that B(t) is an F; Brownian motion on
(Q, F, F;,P). For each T > 0 and ug € R?, there exists an unique u € Hy r such that for
t € [0, 7], u satisfies the stochastic differential equation (2.6.1).

Proof. Consider a random variable ug € L?(2, R?) which is independent of Fy and hence

of the process B(t). For u € Hyr, let

J(u —u0+/ flu d8+/ G(u(s))dB(s), te€]0,T]. (2.7.1)

If w € Hyr is the fixed point of 7, then it satisfies the integral equation (2.7.1).
Stepl. We assume that ug is deterministic.

Step2. Define the operator J : Hyp — Hyp by

—u0+/ flu ds+/ G(u(s)) dB(s).
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We shall show the existence of a unique fixed point by applying the contraction mapping
theorem on the Banach space Hy . To apply the contraction mapping Theorem we need
to show the following;:

1) J maps Hyr into Hyp,

2) J satisfies the contraction condition, i.e.,

1T (w) = T W) < il =0l 1 s

for some p € (0, 1).
Step3. We shall prove that J maps from Hsr into Hy . We have

)= o+ / Fu(s))ds + / G(u(s)) dB(s),
7 <>|Rd<3|uo|Rd+3|/f ds|Rd+3|/ B(s) .

E|7(u)|2 <3]E|uo|Rd+3]E|/ flu ds|Rd+3]E|/ G(u(s)) dB(s) 2.

By Cauchy-Schwarz inequality, we have

‘/Otf(u(s))ds‘zd_ /12ds /yf deds_t/ () ads.

By the isometry property, we have

| [ Gus) B = [ BIGE) aends

Thus we get

AT (0 < 3l + 38t [ £ s + 38 [ 1G5 e .

By the linear growth conditions, we have

t t
E|7 ()] < 3E|uo|2 +3tIE/ L2(1 + yu(s)@d) ds +3E/ L2E<1 v yu(s)\§d> ds.
0 0
Finally, we take the supremum over ¢ € [0, 7] in the last two terms and we get

E|J (u) 2o < 3Bluof2 + 312 - t(1+ sup Elu(s)2) +3L%(1+ sup Elu(s)[2,).
0<s<t 0<s<t
Hence we see that, noting u € Hs 1,

sup BIJ ()| <3EJuolZ + 31T (1+ sup Elu(s)|2)

0<t<T 0<s<t

+ 3L2T(1 + sup E|u(s)|§d> < 00,

0<s<t
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which implies that
j(U) € H2,T> Yue HQ,T- (272)
Step4. Show that J satisfies the contraction condition, that is,

1T (ur) = (o) ||, < palln = |, -

Note that

E[|T (u1) () = J (u2) () [

=B [ [#(s) = Fua(s]ds + [ [Glu(s) = Glua(s)] dBE
< 2] / (ur(5) — f(ua(s))] ds|2 + 2E] / (ui(5)) — Glus(s))] dB(s)| 2
< 2E / I (ur(5) = Flun(s)2adis + 2E / G ur(5)) = Gluz(5)) e

By the Lipschitz condition (2.6.4), we have
t t
BT (u1)() = J (u2) () |[pe < QfLQE/ lus(s) — uz(s)||pads + 2L2E/ lur(s) = uz(s)||zads
0 0

< 2L%(t+1) sup E||ui(s) — ua(s)|za-
0<s<t

Thus we get

sup BT (u)(t) — J(uz) (t)l[2e < 2L°T(T + 1) sup Elfuy () — uz(t)]za.

0<t<T 0<t<T

Choosing the sufficiently small 7" such that

2L°T(T + 1) < 3

we then have

1
sup BT (ur)(t) — J(uz) ()| }a < 5 sup Ellu(t) — ua(t)||Fa,
2 o<t<T

0<t<T

which implies that

1
| T (u1) = J(u2)|| 11y < §HU1 — Us|| 1y -

Thus J is indeed a contraction on Hy . By contraction mapping theorem, there exists a

unique v € Hy 7 such that

u(t) = g +/0 f(u(s))ds +/0 G(u(s))dB(s).

The proof of Theorem 2.7.1 is complete. O]
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2.8 Numerical Methods for Stochastic ODEs

We shall discuss how to solve stochastic ODEs by Euler-Maruyama method numerically in
this section. In It6 calculus, the Euler-Maruyama method (also called the Euler method)
is a method for the approximate numerical solution of a stochastic differential equation
(SDE). It is a simple generalization of the Euler method for ordinary differential equa-
tions to stochastic differential equations. It is named after Leonhard Euler and Gisiro
Maruyama [62].

Now let us consider the numerical solution for solving SODEs,

du(t) = f(u(t))dt + G(u(t))dW(t), 0<t<T,

u(0) = wo,

or formally

= f(u(t)) + Gu(t)——=, 0<t<T, (2.8.1)
u(0) = up. (2.8.2)
Here we denote the Brownian motion B(t) by W (t). Let 0 =tq <t; <--- <ty =T be

a partition of [0, 7] and At be the stepsize. At t =t,, 0 <n < N — 1, we have

du(t)
dt

— f)| o+ au(e) @

t=tn t=tn dt  li=t,

0<t<T.

Y

We now consider the Euler-Maruyama method, we shall use the following approximations,

_ U(tni1) — ultn)
t=ty, At

+ O(At),

—~ W(tn-H) B W(tn)
t=ty, At ’

Let U™ ~ wu(t,) be the approximate solution of wu(t,), we define the following Euler-

Maruyama method,

Uttt — " = f(UMAt+ GUMAW™, n=0,1,2,...,N -1,
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where
AW™ = W — W™ ~ VAL N(0,1).

Here N (0, 1) denotes the normally distributed random variable.
To consider the strong error estimate, we introduce some notations. Let U(t) denote

the continuous approximation such that

Ult)=U"+ (t—t,) f(U") + GU W (t) = W(t,)), tE [tn,tns1]-
It is easy to see U(t) is continuous on [0, 7] and

Utn) =U", Ultnyr) =U"

Let U(t) denote the piecewise constant function defined by

U(t) =

UMY [tvo, tw).

\

Then we have
=U"+ /f ds+/ G(U(s))dW(s), V0O<t<T. (2.8.3)
For example, with ¢ = t; and t,, we have
Uty =U"+ / f(U ds+/ G(U(s))dW (s)
— U0 4 (U (1 — to) + / GUO)dW (),
U(ty) = U° + / fu ds+/ G(U(s))dW (s)

— U4 F(U0)(t — fo) + / CGUOIW (s) + FUY )t — 1) + / “GUha(s)

t1

=U'+ f(UY(ty — t1) + /tQ G(UYHAW (s).

t1

For the general t € (t,,t,41], we have

=U+ /f ds+/ G(U(s))dW (s)

O /0 F(U(s))ds + /0 G(U(s))dW (s) + /tt F(U(s))ds + /t:G(U §))dW

Ut (E— ) F(U") + G(U™) / LI (s).

tn

(s)
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We have the following strong convergence error estimate for the Euler method.

Theorem 2.8.1. Let u(t) and U(t) be the solutions of (2.8.1) and (2.8.3), respectively.

Then we have

E sup |[U(t) — u(t)|z. = O(At).

0<t<T

Proof. Stepl. We observe that u(t) satisfies
—u0+/ flu ds—l—/ G(u(s))dW (s), (2.8.4)
and U (t) satisfies

:U”bAf@KQM&+A(%U@DMV@) (2.8.5)

Subtracting (2.8.5) from (2.8.4), we get, since uy = U?,

U(t) — ult) = /nﬂU@D—ﬂ()WB+AVﬂU®N—G@®mﬂW®,

2

| [ )ds + / t[G(U(s)) — Glu(s)aW (s

<2’/ ds

Taking the expectation, we get,

BIT(e) — ut) < 26| [ (W) = fu)as] + 28] [ [6(s) = Gluts)iaw (s

— L+ L. (2.8.6)

2

+ 2]/ ())]dW ()] -

‘ 2

For I, we have, by using Cauchy-Schwarz inequality and Lipschitz condition,
< 2] [ Plas [ 106) - ao)Pas
0 0
< CE /t \U(s) — u(s)|* ds.
0
For I, we have, by using the isometry property,

12_2E/||G |yds<0E/yU ) u(s)|2ds.
Here ||G(U(s) — G(u))|| denotes the matrix norm. Thus we get

E|U®t) —u(t)]* < C’E/ \U(s) — u(s)|ds

<CIE/ U (s) \ds+CE/ 1T7(s) — u(s)[2ds.



Step2. By the Gronwall Lemma, we have
t
E|U(t) —u(t)|* < CIE/ \U(s) — U(s)|* ds.
0

Step3. Estimate E [J |U(s) — U(s)|*ds.
Note that, for ¢, < s <t,41,

U(s) ~ 0(s) = U7 — (U7 + / FU() dr + / G aw ()
—fU")(s = tn) = GU")(W(s) = W(tn)).
Thus we have

U(s) = U(s)* < CLAUMPAL + C|GU™)PIW (s) — W (ta)]*.
By linear Growth conditions of f and G, we have

E|U(s) — U(s)|* < CE|U"2A* + CE|U"|*At,
where we use the fact that

EW(s) = W(t,)|? =s—t, <At, fort, <s<tn.

Thus we get

e [ 10 Pds—E[/“+/t2~ /t]|U<> O(s)? ds
= Z/W |ds+IE/ U (s)

trt1
/ E|U’“|2At2 + IE|U’“|2At] ds

—
]
= o

| /\

k

0/ [E|U'2At* + E|U'2At] ds

t

By using the boundedness assumption E[sup<,<7 |U(¢)*] < C, we get

/ |U(s) s)|2ds < CAt + CAt* < CAt.

The proof Theorem 2.8.1 is complete.
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(2.8.7)

(2.8.8)
(s)]*ds

(2.8.9)
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We now consider the boundedness of the solution u.

Lemma 2.8.2. Let u be the solution of (2.8.1). We have
Elu(t)]* < C.
Proof. We have
t t
u(t) = u0+/ f(u(s))ds+/ G(u(s))dW (s).
0 0
Note that
Elu(t)* < 3E|ug|? +3Ey/ f(u(s))ds|? +3E|/ G (u(s))dW (s)|?
= 3E\uoy2+3E|/ f(u ds|2+3E/ |G (u(s))|?ds.
By the linear growth condition, we get
t t
Elu(t)|* < 3E|uo|* + CE/ lu(s)]* ds + C’E/ lu(s)* ds
0 0
t
< 3E|uo|* + CIE/ lu(s)|* ds.
0
Hence we have, by Gronwall Lemma,
Elu(t)* < CEJug|* < oco.
Together these estimates complete the proof of Lemma 2.8.2. O]

We next consider the boundedness of the solution of (2.8.3).

Lemma 2.8.3. Let U(t) be the solution of (2.8.3). We have
E[U®)] < C.

Proof. We have

U®:m+Aﬂwmw+AGW@MW@.



Note that
E|U(t)]? < 3Eyuoy2+3E\/ f(U
<3E|u0|2+3E|/ f(U
< 3Eyu0|2+CE/O |U(s)[*ds
< 3E]u0]2+CE/Ot|U(s) -

By Gronwall Lemma, we have,

ds\2+3E\/
ds|2+3E|/

20

W(s)|*
W (s)|*

t
Ul(s)|*ds + C’E/ |U(s)|?ds.
0

t
E|T ()] < CEJuo|2 + CE/ U(s) — U (s)[2ds.
0
Note that,
EU(s) — U(s)|]? < C(E|U™2) A + C(E[U™P)At

< CAHEU™?).

Thus we have

t
E|T(#)2 < CEluo|? + CIE/ AHE[U™2)ds

< cEiuomo/ AHE sup |0(s)?) dr.

0<s<t

that is,

t
E[ sup [0(s)P] < CEyu0|2+oAt/
0

0<s<t

By Gronwall lemma, we get

E[ sup |U(s)]’] < CE|ug|* < oo.

0<s<t

The proof of Lemma 2.8.3 is complete now.

E sup |U(s)|* dr.

0<s<t



Chapter 3

Basics for Stochastic Partial

Differential Equations

3.1 Introduction

Stochastic partial differential equations (SPDEs) generalize partial differential equations
via random force terms and coefficients, in the same way as ordinary stochastic differential
equations generalize ordinary differential equations. The study of SPDEs is an exciting
topic which brings together techniques from probability theory, functional analysis, and

the theory of partial differential equations.

The solution to a stochastic partial differential equation may be viewed in several
manners. One can view a solution as a random field (set of random variables indexed by
a multidimensional parameter). In the case where the SPDE is an evolution equation,
the infinite dimensional point of view consists in viewing the solution at a given time as
a random element in a function space and thus view the SPDEs as a stochastic evolution
equation in an infinite dimensional space. In the pathwise point of view, the solution has a
meaning for almost every realization of the noise and then view the solution as a random
variable on the set of (infinite dimensional) paths thus defined. SPDEs can describe
several phenomena (physics, biology, medicine): heat or sound propagation, fluid flow,

transport of substances, population dynamics, neuronal activity, traffic modeling [62].

21
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Let H denote a Hilbert space. We consider the following stochastic partial differential

equation
du + Audt = f(u)dt + G(u)dW, (3.1.1)

where A is a linear elliptic operator that generates a semigroup E(t) = e~*A. For example
A= —AD(A) = H(D)NH*(D). Here W is the H-valued stochastic Wiener process.[62]
Now we introduce some different types of solutions of stochastic partial differential

equation such that strong solution, weak solution, and mild solution.

Definition 3.1.1. A predictable H-valued process u(t) : t € [0,7T] is called a strong so-
lution of (3.1.1) if

u(t) = g —l—/o [—Au(s) + f(u(s))]ds —l—/o g(u(s))dW (s), Vte[0,T]. (3.1.2)

Definition 3.1.2. A predictable H-valued process u(t) : t € [0, T] is called a weak solution
of (3.1.1) if

(u(t),v) = (uo,v) +/0 [—(u(s), Av) + (f(u(s)), v)lds
+/0 (g(u(s))dW (s),v), Vtel[0,T], ve DA).

Definition 3.1.3. A predictable H-valued process u(t) : t € [0, T is called a mild solution
of (3.1.1) if

ult) =g+ [ eI p(u(s))ds + / e IAG u(s))dIV (), (3.1.3)

0

t

where e~ is the semigroup generated by -A.

3.2 Q-Wiener Process

Let (Q, F,P) be a filtered F;-adapted probability space. A H-valued stochastic process
{W(t) : t > 0} is defined as follows [62, page 436].

Definition 3.2.1. A H-valued stochastic process {W(t) : t > 0} is a Q-Wiener process if
1) W(0)=0, a.s.,

2) W(t) is a continuous function R* +— H for each w € Q,
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3) W(t) is F; adapted and W (t) — W (s) is independent of F; for s < t,
4) W(t) — W(s) ~ N(0,(t —s)Q), V0 < s <t where Q : H— H is a positive,

definite bounded operator.

3.3 Green Function

The unique solution of a PDE can be written in a very compact form by introducing an

auxiliary function known as the Green’s function.

Consider
w—u"=f 0<x<l, (3.3.1)
u(0) =u(l) =0,
u(0) = up.

Let {e;}32, be the eigenfunctions of A = — 2 and D(A) = H}(0,1) N H?(0,1).

Lemma 3.3.1. Let f = 0. Assume that

o0

uw(0,2) = ug = Z(uo, e;)e;. (3.3.2)

j=1
Then the solution of equation (3.3.1) has the form of

o0

ulta) = 3o egeea) = [ Glta.g) wly) do (3.3.3)

j=1

where G(t, z,y) is the Green function and
G(t,z,y) Ze ite;(z)e;(y).
Proof. Assume that the solution of equation (3.3.1) has the form of
x) = f:uj(t)ej(x). (3.3.4)
=0

Substituting this into the equation (3.3.1), we have,

D Wj(t) = Ajuy(t))ej(@) = 0,

j=0
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which implies that
Ul(t) — )\]U](t) = O, with U]<O) = (Uo, 6]').

Hence we get

u;(t) = (uo, e5)e ",
and
u(t,z) = Z(uo,e] Nlei( Z </ )dy) ‘ej(x)
j=1 j=1
1
= / G(t’ x, y)U()(y) dya
0
where the function G is called the ” Green function”. O

Assumption 3.3.2. [62] There exists a constant L > 0 such that the linear growth

conditions hold:

1f )l < L1+ [Jullf), (3:3.5)
IG(W)7z < L1+ [Jullz),

and the global Lipschitz conditions hold:

1f (ur) = f(u2) |l < L(lJur — ual[m), (3.3.6)
|G (ur) — G(uz)l[rz < L([Jur — uz|[r)-

Here L2 = HS(Qz H, H) defined by

= {0 Q2 |}s = Y I[vQ%¢;|* < oo}, (3.3.7)

j=1
Here ||.||zs denotes the Hilbert-Schmidt norm, where e; is an orthonormal basis for H.

Lj is a Banach space with norm || - || 2.

Assumption 3.3.3. [62, page 436]
Let @ € L(H) be non-negative definite and symmetric bounded operator. Further, @
has an orthonormal basis {e; : 7 € N} of eigenfunctions with corresponding eigenvalues

g; > 0 such that } . ¢; < oo (i.e., Q is of trace class).
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Theorem 3.3.4. [62, page 437] Let @ satisfy Assumption 3.3.3. Then W (t) is a Q-Wiener

process if and only if
= VaeBit), as, (3.3.8)
j=1

where $3;(t) are iid F;- Brownian motions and the series converges in L?(€2, H). Moreover,

(3.3.8) converges in L*(Q, C([0,T), H)) for any T > 0.

Proof. Let W (t) be a Q-Wiener process and suppose without loss of generality that ¢; > 0

for all j. Since e; : j € N is an orthonormal basis for H, we may write

= Z(W(t) e;)e

Let B;(t) := ﬁj(W(t},ej)ej, so that (3.3.8) holds. Clearly then, 3;(0) = 0 a.s. and 5;(¢)

is F; adapted and has continuous sample path. The increment

B;(t) = Bi(s) = E(W(ﬂ —Wis)e), 0<s<t,

is independent of F,. As W (t) — W (s) ~ N (0, (t — 5)Q), we have

1

Cov(B;(t) — B;(s), B(t) — Br(s)) = NG

E(W(t) — W(s),e;),

and
(V1) = W(5).€4) = —rlt = 5)( Qe 8) = (¢ = )0
Then, 3;(t) — B;(s) ~ N(0,t — s) and B;(t) is a F; Brownian motion. Any pair of

increments forms a multivariate Gaussian and hence 3; and 3, are independent for j # k.
To show W (t) as defined by (3.3.8) is a Q-Wiener process, we first show the series

converges in L?(Q, H) for any fixed ¢t > 0. Consider the finite sum approximation
J
=D Vi)
j=1

and the difference W7 (t) — WM (), for M < J. By the orthonormality for the eigenfunc-
tions e;, we have, using Parseval’s identity,

J

W) =W @) = D abit).

j=M+1
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Each f;(¢) is a Brownian motion and taking the expectation gives

E || W/t -W"t) llh= Y BB T=t Y g
j=M+1 j=M+1

As () is a trace class, Zj‘;l ¢; < oo and the right-hand side converges to zero as M, J — oo.
Thus the series (3.3.8) is well defined in L*(Q, H). Now we prove W is Q-wiener process.

In fact, we have

E(W(t),e;) =0,

E(W(t) — W(s),¢;)* = (t — 5)(Qej, 5) = q;(t — 5).
The proof of Lemma 3.3.4 is complete. [

Definition 3.3.1. [62] Let (\;, ;) be the eigenpairs of A. The fractional power A* for
« € R is defined by, with u = Y7

o0
o o — « O -
A%y = E )\jujej.
j=1

Let the domain D(A%) be the set of

j=1 Wj€j, Uy eR,

o0 o0

D(A”) = {u: |A%|7> = Y (A%u,e;)” =) A3*u? < oo} (3.3.9)

=1 =1
Theorem 3.3.5. [62, page 445] Let @) satisfy Assumption 3.3.3 and suppose that {¢(s) : s € [0,T]}

is a L2 -valued predictable process such that

/0 E %(s) [2)ds < oo, (3.3.10)

1
Fort € [0, T], the following stochastic integral is well defined, with W (s) = 377, ¢7 ¢;5;(s),

/zp )dW (s Z/ U (5)v/q;e5dB;(s). (3.3.11)

For t € [0, 7] the following It6 isometry holds:

t
E| / ) IP= [ B Bs) I s

Further { fo (s)dW(s) : t € [0,T]} is an H-valued predictable process.
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Proof. We have

/w YW (s Z/ W (s)v/q;e5dB;(s). (3.3.12)

To show (3.3.12) is well defined in L2(Q, H) we have, with I(t) := [ (
I = Z/ P = 3 Z/ UV e (5), ek)

B / ((s)v/a,e5. ) dBs(s))?.

k=1 j=1

By Ito isometry, we get

E[|| 1(t) Z/ qej,ek)2ds.
0

k=1

Since Qe; = gje;, we have

E| I(t) |*= Z/ Q?ej,ek ds—/ Z Q26J,ek)2ds.

By the Parseval identity, we have

B 1) = Zw 9Qbes I ds = [ B (o) I ds.
[l |

Together these estimates complete the proof of Theorem 3.3.5. O

Assumption 3.3.6. [62, page 450] (Lipschitz condition on G) For constants ¢ € (0, 2]
and L, we have that G : H — L2 satisfies

¢—1
| A G(u) < L+ | u llm),
| A (Gwr) — Glu)) lp2< Llllus —uz i), Vu,ur,up € H.

3.4 Existence and Uniqueness of Stochastic PDEs

Theorem 3.4.1. [62, page 450] Assume that f : H — H satisfies Assumption 3.3.2 and
G : H — L2 satisfies Assumption 3.3.6. Suppose that the initial data ug € L*(Q, Fo, P; H).

Then there exists a unique mild solution u(t) on [0,T] to (3.1.1) for any 7" > 0, such that

sup || u(t) || z2,m< Cr(1+ || uo [|20,m))-
te€[0,T]
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Proof. Let Hyp denote the Banach space of H-valued predictable processes {u(t) : t €

[0, T} with norm ||u||g, , := supg<;<r ||u(t)||22(0.1). For u € Hyp, we define

(Ju)(t) = e Huy + /0 e~ DA f(u(s))ds —l—/o e EDAG (u(s))dW (s). (3.4.1)

A fixed point u(t) of J is an H-valued predictable process and obeys Definition 3.1.3 and
hence is a mild solution of (3.1.1). To show existence and uniqueness of the fixed point,
we show J is a contraction mapping from Hs r to Ha r.

Here we only show that J maps into Ho 7. Ju(t) is a predictable process because ug
is Fo- measurable and the stochastic integral is a predictable process. (Theorem 2.6.3).

Let us show that ||Ju||q,, < oco. First, we have

lle™ || L2y my < [|uol|r2().m) < oo

Second, we have

| [ e statonas

t

< —(t—s)A 9 d

o < ]I i

t

< | S (u(s)) r2@m) ds
t

S/ L(1+ || u(s) ll2@.m ) ds.

0

Third, by the isometry property, we have

2

L2(Q,H)

H /Ot e~ AG (u(s))dW (s)

t
- / B || %294 42 Glu(s)) |2:1ds
0

t
a=9
<[220+ sup 1 ulo) ] [ 14" e iy as
0

0<s<t

tA

By the smoothing property of the operator e **, we have

t
H / e IAG(u(s)AW (5) o< CL(1+ sup | uls) [z ).
0 0<s<t

Thus, for u € Ha r, since all three terms are uniformly bounded over ¢ € [0, 7] in L*(Q2, H),

we get || Ju ||m, < oo. Hence J maps into Hy . O
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Lemma 3.4.2. (Regularity in time) [62] Let the Assumptions of Theorem 3.4.1 hold and

let ug € L*(, Fo, D(A)). For T > 0,¢ € (0,€), and 6; := min(5 —¢€,1/2) there exists a

positive constant C' such that

| u(tz) — u(ty) [[r2@m< Clta — )", 0<t; <t <T.
Further, for £ € [1,2] and 6, := § — € there exists C' > 0 such that

| u(ts) = u(ty) [|2i.m< Clts — )™
Proof. We write u(ty) —u(ty) =1+ I1 + I11, where

I = (e7t24 — ey,

1= [ s - [t ds

0 ., 0 .

111 = /0 (e~ @2=94G (u(s))dW (s) — /0 (e= =94 (u(s)) dW (s).

The estimations of I and I are easy to estimate. We only focus on I1] here and write
I =111+ I1I,,

where

I, = / ’ (e7 2794 — (=N G(u(s) dW (s),

0

and

111, := /t2 (e~ 274G (u(s))dW (s).

t1
We consider only the case £ € (0,1) and analyze I11; and [I]; separately. First let us
consider [11;. Using It6 isometry property, we get

t1
B 1P = [ (0 = e 0 Gluls) | ds
0
t 1— -1
= [CRIA  AT Gu(s) [ s
0
Using Assumption 3.3.6 on G, we obtain

t1 _ 2
E| I11 ||2§ (/ | AlT§<e—(t2—s)A_e_(t1—s)A) ||%(H) ds> (1+ sup || u(s) ||L2(Q7H) ) .
0<s<t

0
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Note that

t1 B
[ e
0
t1 _
= [ 1A g
0
f 1 (pis —£.. (t—
—/0 | Az=e” = | AL — e 13 ) ds.

Hence there exists C', C5 > 0 such that, noting that 0 < £ < 1,

2e
tl

t1 e
/ | (e7 294 — e (=M AT |13 ) ds < (012?)(022(?52 —11)"7%).
0

Then we have, with C} := K1 Ko LT/ /e,

1 ‘.
I 2mn = (E]Hl||2>2 < Oy(ts — 1) (1+ sup ||u(s)||L2(Q7H)). (3.4.2)

0<s<T

Similarly we may estimate E[I11]|?].
The proof of Lemma 3.4.2 is complete. O



Chapter 4

Fourier Spectral Methods for Solving
Parabolic Partial Differential

Equations

4.1 Introduction

In this chapter we will consider how to use MATLAB functions to solve parabolic equations
by using spectral methods. There are many ways to solve such equations by using MAT-
LAB functions. Here we will mainly consider how to use MATLAB functions "dst.m”,
7idst.m” and "fft.m”, ”ifft.m” to solve such equations [62].

We will consider how to use the spectral method for solving the following parabolic

equation
8“5;;’ b_ 82222’ D~ fue,t)), 0<z<1t>0, (4.1.1)
u(0,t) =u(l,t) =0, (4.1.2)
u(z,0) = ug(x). (4.1.3)

Here ug(z) is the initial condition. f : R — R is a smooth function, for example f(u) =

3

u® — u.
Denote,
A 82 A ! 2
:_@7 D( ) :HO(()?l)mH (071)

31
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Then (4.1.1)-(4.1.3) can be written into the abstract form

WO | dult) = Flu(®). >0, (4.1.4)
u(0) = ug (4.1.5)

It is well known that the operator A : D(A) — H has the eigenvalues and eigenfunctions.
N = 2m% e = V2sin(jrx), 0<az <L (4.1.6)

We also know that {e;}; is an orthonormal basis in H = L*(0,1). Thus for any v € H,

we have
—+o00
vV = E V;€4,
=1

where v; = (v,e;) = fol v(z)ej(x)dr, j =1,2,3,---, are called the Fourier coefficients of
v. Note that the solution u of (4.1.1)-(4.1.3) is in L?(0,1). Therefore, the solution u of
(4.1.1)-(4.1.3) must have the form, for ¢ > 0,

u(z,t) = Z u;(t)ej(x).

To find the approximate solution of (4.1.4)-(4.1.5), we will truncate the series of (4.1.4)-
(4.1.5).
Denote by Sy = L(eq, s, . . . ey) the subspace spanned by the basis functions ey, e, . . . ex.

The spectral method of (4.1.1)-(4.1.3) is to find, for ¢t > 0, u¥(¢) € Sy such that

P L a 1) = s (), (4.L7)

UN(O) = PNUO,

where Py : H — Sy is defined by

N

Pyv = Z(U, e;)e;.

=1

Assume that

uV(t) =l ()e;. (4.1.8)
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Replacing u” (t) in (4.1.7) by (4.1.8) and approximating Py f(u¥ (¢)) with ZJ LSl (0)]e;,

we then have

Z_; [dt ! }eﬁz ()] e; ;f[uj»v(t)]ej,
which implies that
ul (1) + Nul (8) = flul ()], j=1,2,3.... (4.1.9)

at'
For each j, we can solve ordinary differential equation (4.1.9) to get u}'(t) at different
time ¢. Hence we obtain the approximate solution of (4.1.1)-(4.1.3).

We can also use the discrete sine Fourier transform MATLAB functions “dst.m ”and
“idst.m "for solving (4.1.1)-(4.1.3). Let 0 =29 < 1 < 29 < --- < xy_1 < x; = 1 be the
space partition of [0, 1] and Ax be the space stesize.

Let Sy_1 = L(ey, ey, ...ey-1). The spectral method for solving (4.1.1)-(4.1.3) is to find
u’~1(t) € S;_; such that

uJ—l
iﬂ§Q+AJ1M Proaf(’ 7 (#), ¢>0, (4.1.10)
u’71(0) = Py_jup. (4.1.11)

Let 0 =ty <ty <ty <ty <--- <ty =T be a time partition of [0,7] and At be

the time stepsize. We define the following backward Euler method at t = t,,,
U (@) = UpZi(2)

At + AU, () = f(UZ20), (4.1.12)
U (x) = Py_yuy.
Assume that
U3 w) = S U ey (o), i)

=1

.

for some coefficient UZ1(5).

Letx:xn—nAx—nJ,n—12 .,J — 1, we have
J-1 J-1 jmn
U/=Yz,) = U7=1(j)v/2sin ITL,) = U771 (5)V2sin(2==).
m();m(ﬁ (J)j;m(J) (=)

By using “dst.m ”, we have
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U7 () VaUIL(1) U1 (1)
G C I I C ) B S )
U2 (@) VUL (T - 1) U (T - 1))
and
Ui || vauiay [ U()
st | U@ | | VR | 5| UO)
U (esm)| VUL - 1) U7 - 1)

Replacing U7~Y(z) and U’} (x) in (4.1.12) by (4.1.13), we get
Z U (G)es(@) = (1 + AtA) U (@) + AtFU)]
= (I + AtA)” [ZU“ j)ej(x +AthUJ1 )],
which implies that

U '(3) = (I + AtN) T ULT) () + (1 + At T ALF (U Z1(7)). (4.1.14)

To determine

Ul (wy-1)

we need to determine the coefficients

Un '] =1)

which we can be obtained by (4.1.14).



Suppose we know

Ui (2-1)

Further we note that

and

and

idst(y) =Y

= dst

- <idst(y F AL (y). /(1 + At

/2.

V2

35
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Let us now consider the starting value. Assume that
J—1
Ui (2) = YU/ (esa),
j=1

with some coefficients UJ (1), UJ(2),..., Ui (J — 1). For example, we assume that

U/ (x) = e () + 3es(x). Then we have

N
Uy~ (1) 0
UJ*I 2 3
v o (2) | _ 7
: 0
Ud—(J —1)
0
and
N
U~ (1) 0 er(m) +3es(a)
U] | page ] = | ) Beale)
. 0 .
U () | : | e1(wg-1) + 3es(2y-1) |
0

Now let us calculate

[ U7 (1)
U~ (2)

U7 (1) |

Noting that

U~ (z1)

Ud]f(“) _ dst(Y) « V2,

U (zy-1)



we have

Ui (1)
Ui(2)

U - 1)

Uy~ (1)
U/ (x2)

U7 (@-1)

Uy
7= "

Uj-1

n

po| ",

Y-

Yk = E U, SIN

where

- [idst(y + ALf(y))./(1+ At)

= dst

k:7m

Y

that is, ¥ = dst(ﬁ), where

U7 ()
U7 2)

U/=(J —

into the discrete sine coefficients

1)_

/2.

4.2 Some Matlab Functions

)IV2.

In MATLAB, there is a MATLAB function “dst.m ”which transforms a vector [62]

37

The inverse discrete sine transform MATLAB function ”idst.m” satisfies @ = idst(7/),
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Thus, given a vector

U

7= "

_UJil_
we can find the discrete sine coefficients 7 The inverse discrete sine transform then
transforms ¥/ back to @. This is very useful when we solve partial differential equations
by using the spectral method.

To understand how to use ”dst.m” and ”idst.m” to solve partial differential equation,

let us first consider the following equation,

— () = f(z), 0<uz<l, (4.2.1)
u(0) = u(1) = 0
Let
o

A= D(A) = Hj(0,1) N H?(0,1).

"

2

It is well-known that A has eigenvalues \; = j?7? and eigenfunctions e; = V/2sin( Jjmx).

Further {e;}°} is an orthonormal basis in L?(0,1). Then the equation (4.2.1) can be

written into
Au = f. (4.2.2)
The solution u of (4.2.2) must have the form
+o0
u(z) = Zﬁjej(:c), (4.2.3)
j=1

where u;,j7 = 1.2,3--- are the Fourier coefficients. The spectral method of (4.2.2) is to
find wy_;(z) € Sy_1 such that

AUJ,1 = Pt],lf, (424)
where S;_; = span{ej,es--- ,e5_1}. Here Py : H — S;_; is the orthogonal projection
defined by

J-1
PJ,1'UI E Vj€j.
=1



Let

T
L

J-1
uj_1(x) =) ue; = ﬂZﬁjsin(jﬂx).
=1

<.
Il
—

Hence we have

uy_1(xk) \/_E ]sm

which may be written as

o= (VD)5

Htﬂk

By using the MATLAB functions “dst.m ”and “idst.m ”

Uj—-1 (371)
ts-1(2) = (ﬁ%) idst
_UJ—1($J—1)_

Taking the discrete sine transform i

| UJ—1($1) ]
dst “J‘f(‘”?) :(ﬂg)
_UJ71<xN71>_

Thus we obtain the relation between u;_q(zy), k

coefficients 4,5 =1,2,---,J — 1.

. (jmk)

11 ;sin

il

a(J — 1))

a(1)
(2)

g3

(g — 1)

Now let us solve (4.2.4). Assume that

J-1 J-1
Uj-1 = E uje;, Pyaf = E fiej.
j=1 j—1

Substituting these into (4.2.4), we get

J-1 J-1
a;(Aey) = 3655
j—1 j—1
or
J—1 J-1
(Ajiy)e; = i€

k=1,2,--,

n both sides, we get

39

J—1

, we have

-,J — 1 and its Fourier sine

(4.2.5)

(4.2.6)

(4.2.7)
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which implies that
(4.2.8)

G =M1 j=12 -1
=1,2,...,J—1. The Fourier sine

Since f(z) is given, we may have P;_; f(zg) =~ f(x), k

cofficients fj can then be obtained by (4.2),

[ ) flan)
10| gty aue | 1
_f(J - 1)_ _f(fol)_
By (4.2.8), we get 4; = )\j_lfj. Hence we have
[ uy(21) | RO

u‘]_l.(@) = (\/E%) idst

_UJ_l(J?J_l) _ﬁ(J - 1)_

Based on the detailed analysis above, we now give the following algorithm.

Step 1: Calculate

_f(mel)

Step 2: Find the Fourier sine coffeicients

-,
Il
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Step 3: Find the Fourier coefficients

a(1)
(2)

g3
Il
>

a(J —1)

by a(j) = A1 F())-
Step 4: Find the solution u;_q(zx),k =1,2,---,J — 1 by

UJ_1<$1) a(l)
st (z2) | _ (\/55) idst a('2)
| ug-1(Tn-1) L=

For the reader’s convenience, below we include the codes for solving partial differential

equation by using the spectral method.

clear

T=1; Dt=0.01; M1-T/Dt;

A=1;

hepsilon=1e-03;

J=512; h=a/J; x=[h:h:(J-1)*h];
lambda=pi*[1:(J-1)];
M=lambda. " 2;

EE=1./(1+dT*m) ;

u0=sin(pi*x);

for m=1;M1

u0_hat=(sqrt (2)*J/2) " (-1)*DST(UO) ;

%F_U0=U0-U0."3; %f(u) = u-u~3

f_uO=exp(m#Dt)*sin(pi*x) + exp(m*Dt)*sin(pi*x)*(pi~2);
f_u0_hat=(sqrt(2)*J/2) " (-1)*dst (f_u0);

ul_hat=(u0_hat + Dt*xf_uO_hat) .*EE;
ul=(sqrt(2)*J/2)*idst (ul_hat);



ul=ui;

end
u_exact=exp(1)*sin(pi*x) ;
error=u0-u_exact;
figure(1)

plot(x,u0)
title(’approximate solution’)
xlabel(’x’)

ylabel(’exact solution’)
figure(2)

plot(x,error)
title(error’)

xlabel(’x’)

ylabel (’error’)
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Chapter 5

Fourier Spectral Methods for Some
Linear Stochastic Space Fractional

Partial Differential Equations

5.1 Introduction

Recently stochastic space fractional partial differential equations attract a lot of attention
in view of their modeling applications. Fractional derivative is a powerful instrument for
the description of memory and hereditary properties of different substance. Here we
consider numerical methods for solving some linear stochastic space fractional partial

differential equation in 1- dimensional case.

Fourier spectral methods for solving some linear stochastic space fractional partial
differential equations perturbed by space-time white noises in one dimensional case are
introduced and analyzed. The space fractional derivative is defined by using the eigen-
values and eigenfunctions of Laplacian subject to some boundary conditions. We approx-
imate the space-time white noise by using piecewise constant functions and obtain the
approximated stochastic space fractional partial differential equations. The approximated
stochastic space fractional partial differential equations are then solved by using Fourier
spectral methods. Error estimates in Lo-norm are obtained, and numerical examples are

given.

43
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We will consider now Fourier spectral methods for solving linear stochastic space

fractional partial differential equation:

ou(t, ) o _OPW(t,x)
u(t,0) = u(t,1) =0, 0<t<T, (5.1.2)
u(0,z) = up(x), 0<z<l. (5.1.3)

Here (—A), % < a < 1, is the fractional Laplacian and —82&/‘%@

is the mixed second
order derivative of the Brownian sheet [94]. It is well known that the Laplacian —A
has eigenpairs ()\;,e;) with \; = j27% e; = v2sinjmz,j = 1,2,3--- subject to the

homogeneous Dirichlet boundary conditions on (0, 1),1i.e.,e;(0) = €;(1) = 0 and

—Aej:)\jej, j:172,3,

Let H = L*(0,1) with inner product (-,-) and norm || - ||. For any r € R, we denote:
Hj:={v:v= Z(v,ej)ej, Z N (v,e;)? < oo}, (5.1.4)
j=1 j=1
with norm:

o], = (fy;(v,eﬁ)%. (5.1.5)

Then, for any v € H2*(0, 1),% < a <1, we have

o0

(—A)* = Z(U, ej)Aje;. (5.1.6)

j=1
Space fractional partial differential equations are widely used to model complex phenom-
ena, for example, quasi-geostrophic flows, fast roating fluids, the dynamics of the fron-
togenesis in meteorology, diffusion in fractal or disordered medium, pollution problems,
mathematical finance and transport problems.

Let us here consider two examples, which apply the fractional Laplacian in the physical

models. The first example is the surface quasi-geostrophic (SQG) equation,
0,0 + U N0 + k(—A)*0 = 0,

where £ > 0 and a > 0,60 = (1, x2,t) denotes the potential temperature, U = (uy,us)
is the velocity field determined by # . When k£ > 0, the SQG equation takes into account
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the dissipation generated by a fractional Laplacian. The SQG equation with £ > 0 and

«a = = arises in geophysical studies of strongly-rotating fluids. For the dissipative SQG

>
equation, a = % appears to be a critical index. In the sub-critical case with o > %, the
dissipation is sufficient to control the nonlinearity and global regularity is a consequence
of global a priori bound. In the critical case with a@ = %, the global regularity issue is
more delicate. There are few theoretical results for the supercritical case a < % in the
literature [20].

The second example is about the wave propagation in complex solids, especially vis-
coelastic materials (for example, polymers) [12]. In this case, the relaxation function has
the form k(t) = ct7",0 < v < 1,¢ € R, instead of the exponential form known in the
standard models. This polynomial relaxation is due to the non-uniformity of the material.
1tv

The far field is then described by a Burgers equation with the leading operator (—A) ™

instead of the Laplacian,

1+v

ou = —(—A)2 u+ 0,(u?).

This equation also describes the far-field evolution of acoustic waves propagating in a
gas-filled tube with a boundary layer.

Frequently, the initial value or the coefficients of the equation are random; therefore,
it is natural to consider the stochastic space fractional partial differential equations. The
existence, uniqueness and regularities of the solution of stochastic space fractional partial
differential equations have been extensively studied, see, e.g., [11], [16], [12], [23]. In
this work, we will focus on the case % < «a < 1, since the existence, uniqueness and
the regularity of the solution in this case is well understood in the literature, see [23,
Theorem 1.3]. However, the numerical methods for solving space fractional stochastic
partial differential differential equations are quite restricted even for the case % <a<l.
Debbi and Dozzi [23] introduced a discretization of the fractional Laplacian and used it to
obtain an approximation scheme for fractional heat equation perturbed by multiplicative
cylindrical white noise.To the best of our knowledge, [23] is the only existing paper in the
literature that deals with the numerical approach of this kind of problems. In this work, we

will use the ideas developed in [2] to consider the numerical methods for solving stochastic

space fractional partial differential equation, see also [17], [51]. We first approximate
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the space-time white noise by using piecewise constant functions and then obtain the
approximate solution (t) of the exact solution u(t). Finally, we provide error estimates
in the L?- norm for u(t) — u(t).

For the deterministic space fractional partial differential equations, many numerical
methods are available in the literature. There are two approaches to define the fractional
Laplacian. One approach is by using the eigenvalues and eigenfunctions of Laplacian
—(A)*v, 3 < o < 1 subject to the boundary conditions as in (5.1.6). Another approach
is by using the left-handed, right-handed Riemann-Liouville fractional derivatives. For
the deterministic space fractional partial differential equations defined by the Riemann-
Liouville fractional derivatives, many numerical methods are available, finite difference
method, finite element method and spectral methods. In this work, we will use Fourier
spectral method to solve the stochastic space fractional partial differential equations.
The main advantage of this approach is that it gives a full diagonal representation of the
fractional operator, being able to achieve spectral convergence regardless of the fractional
power in the problem. By using the integral for the function v, where v is defined on the

whole real line R and is the extension function of v,

v(z), 0<x<l,
0, x¢(0,1),

we define

o 20(z) +v(x+y) —v(z—y

where C,, is a positive constant depending on . We then define, [81], [50],

(A o) = F (I (F@)E), veR
where F and F~! denotes the Fourier and inverse Fourier transforms, respectively. For

v(z),z € (0,1) we define the fractional Laplacian by
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It is easy to show that for some suitable function w(z),x € R [98],

1
~ 2cos(ma)

(—A)w(@) = F (g F(w)(©) (fD2w(@) + FDZu()),

where #__DPw(x) and EDS w(x),1 < B < 2 are called Riemann-Liouville fractional

—0oQ
derivatives define by

1 d?

R Diw(x) = T2 = F) da? /_;(90 —y)' Pwly)dy,

“DEnle) = rgy g [ =) ey

Hence, for the function v(x) defined on the bounded interval (0, 1), we have
o 1
(=4)%(x)

= W(?Bi“v(m) -+ Df%(m)), z € (0,1), (5.1.7)
which is also called the Riesz fractional derivative.

We note that Definitions (5.1.6) and (5.1.7) are equivalent [81]. For the determin-
istic space fractional partial differential equations where the space fractional derivative
is defined by (5.1.7), or the Riemann-Liouville space fractional deriavative, or the Ca-
puto space fractional derivative, many numerical methods are available: finite difference
methods, [41], [69], [91], [89], finite element methods [31], [45] and spectral methods [57],
[58].

For the deterministic space fractional partial differential equations, where the space
fractional derivative is defined by (5.1.6), some numerical methods are also available: the
matrix transfer method (MTT), [41], [15] and the Fourier spectral method [14]. In this
work, we will use Fourier spectral methods to solve the approximated stochastic space
fractional partial differential equations. The main advantage of this approach is that
it gives a full diagonal representation of the fractional operator, being able to achieve
spectral convergence regardless of the fractional power in the problem.

Let 0 =29 < x1 <29 < --- < xy; =1 be the space partition of (0,1) and h the space
step size. Let 0 =ty < t; <ty < --- <ty =T be the time partition of (0,T) and k the
time step size. To find the approximate solution of (5.1.1)-(5.1.3), we first approximate
the space-time white noise %

by, with n=1,2,3,...,N, j=1,2,...,J, [2],

. . . 7 82/1/17(7573:)
by using a piecewise constant function ===~ defined

—~

82W<t7$) L nn,j
otdxr kR

tho1 St < lp, Tjm1 S @ < @y, (5.1.8)
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where 7,,; € N(0,1) is an independently and identically distributed random variable and

1 tn /xj
= e AW (t, ). 5.1.9
o= | e (5.19)

Hence we have

W t, 1 tn T
815((9151:) . w/kh/ / dW (¢, x), on [tny,tn] X [2j-1, 75]. (5.1.10)
tn—1JTj1

We also note that [2]

tn T . tn T 2/\ t
/ / AW (t, z) = / / ag/t—ég;x)dxdt.
tn—1 JTj—1 tn—1 JTj—1

The solution u(t,x) of (5.1.1)-(5.1.3) can be approximated by 4(t,z), which solves the

following:
da(t, z) . W (t, )
—A)* = — T 1 d.11
5 + (=A)%a(t, x) Y 0<t<T, 0<z<l, (5 )
u(t,0)=ua(t,1) =0, 0<t<T, (5.1.12)
w(0,z) = up(x), O0<z<l1. (5.1.13)

Note that 822‘;3(';’&;) is a function in L*((0,T) x (0,1)) and therefore we can solve (5.1.11)-

(5.1.13) by using any appropriate numerical method for deterministic space fractional

partial differential equations. In Theorem 5.2.2 we prove that, if % < a < 1, then we have

2a—3

T 1
E/ / (u(t, ) — a(t,x))? dedt < C(l{:l_i + h%k 2 ). (5.1.14)
o Jo

Let us now introduce the Fourier spectral method for solving (5.1.11)-(5.1.13). Let J be
a positive integer, and denote S; = span{e;,es...,e;}.
Define by P; : H — S the projection from H to S},

J

P = Z(v,ej)ej. (5.1.15)

J=1

The Fourier spectral method for solving (5.1.11)-(5.1.13) is to find 4,(t) € Sy, such that

dis(t, ) .. L PW ()
—g T AUt e) = P, 0<t<T, 0<w <], (5.1.16)
ay(t,0) =iy (t,1) =0, 0<t<T, (5.1.17)

uy(0,2) = Pyup(z), 0<uz<l. (5.1.18)
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In Theorem 5.3.1 we prove that, with % <a<l,

X . 1 b e, \2
||u<t>—ua]<t>uscqu—P.]uouwm( / 1F(s)2ds)”, (5.1.19)

where || - || denotes the norm in Lo(0, 1) space.

Combining Theorems 5.2.2 with 5.3.1, we have

T 1
E/ / (u(t, ) — dy(t, 2))* dedt <C(k'" 25 + B2k"5= ) + Cllug — Puo||?

1 1

5.2 Approximate the Noise and Regularity of the Solu-
tion

Consider the stochastic space fractional partial differential equation:

a“gt’ D) o (—AYultr) = f(ta), 0<t<T 0<z<l, (5.2.1)

u(t,0) =u(t,1)=0, 0<t<T, (5.2.2)

u(0,z) = up(x), 0<z <1, (5.2.3)
where f(t,x) = 823;8 denotes the mixed second order derivative of the Brownian sheet
[2]. There is no strong solution of (5.2.1)-(5.2.3) since f(t,x) = % ¢ L*((0,T) x
(0,1)).

It is well known that the mild solution of (5.2.1)-(5.2.3) has the following form, [23],
78],

u(t, ) Z/O1 Ga(t:lf,y)lm(y)dy+/O1 /OtGa(t—S,x,y)dW(s,y),

where

o

otz y) = Ze itej(z)e;(y),

and the stochastic integral fot fol Go(t — s,x,y) dW (s,y) is well-defined. Such stochastic

integral has the following properties.
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First, if S = {(s,y): a <s<b, ¢ <y <d} is arectangle, then

//dWsy //88 (s,y)dsdy = W (S)

=W(b,d) — W(a,d) — W(b,c) + W(a,c),

where W(S5) is Gaussian with zero means and variance |S| and |S| is the area of S.

Second, if y, is the characteristic function of rectangle S, then
T b
/ / Xs AW (s,y) =W (S), for S c (0,T) x (a,b).
0 a

Third, if E(fOT fabf(s,y) dsdy) < 00, then

o[ [ saven) =a( [ [ Feiaw)

We have the following existence and uniqueness theorem, see, e.g., [23], [24].

Theorem 5.2.1. 24, Theorem 1.3] Let £ < o < 1 and 8 > 0. Let ug be a HE(0,1)-

valued Fy-measurable function, such that

E||uol|” < 00

HE(0,1)
522 Then (5.2.1)-(5.2.3) has a unique mild solution u such that, for any

0 <6 < min{2%! — 2?‘1,6},

E supogth’ ’u(t) ’ ’?{8(0,1) < 00

Our strategy is to approximate the solution wu(t,z) of (5.2.1)-(5.2.3) by a(t,x), which

satisfies the following problem:

o5 (=AMt x) = flt,x), 0<t<T, 0<z<l, (5.2.4)
u(t,0) =u(t,1)=0, 0<t<T, (5.2.5)
w(0,x) = ug(x), 0<x<l. (5.2.6)

Here f(t,z) = 82;}2@(;&:) is defined by (5.1.8). The solution of (5.2.4)-(5.2.6) has the form

of, see, e.g., [2],

u(t, ) :/o Ga(t,x,y)uo(y)dy—i-/ot/o Ga(t—s,x,y)dW(s,y). (5.2.7)
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Theorem 5.2.2. Let u and @ be the solutions of (5.2.1)-(5.2.3) and (5.2.4)-(5.2.6) re-

spectively. Assume that ug € H and % < o < 1. Then we have

2a—3

T 1
IE/ / (u(t,z) — a(t, x))*dwdt < C’(l{:l_ﬁ + Rk 2 ).
o Jo

Remark 1. When a = 1, we obtain the same estimates in [2], [28], that is,

T 1
E / / (u(t, z) — a(t, 2))’dedt < C(k? + 2k~ 2).
0o Jo
We shall prove Theorem 5.2.2. To do this, we need the following lemmas.

Lemma 5.2.3. Let 1 < 8 < 2. We have

ST e <ok, (5.2.8)
n=1
0 1 — —nPk
3 _neﬁ < Ok 7, (5.2.9)
n=1
o0 e—nﬁk 8_3
> 5z <Ck7, (5.2.10)
n
n=1
ST < ok, (5.2.11)
n=1
0 1— —nPk\2 B
> s 5 Feors, (5.2.12)
n=1
Jj—2
e (t; —ti) < Ck 'n™?, j>2. (5.2.13)

Proof. We have, with the variable change #°k = y°,

S ehnd < ¢ / e alde = O / e (R )k Ry (5.2.14)
n=1 1 ko

< c/ eV kT T EyBdy < Ok (5.2.15)
0
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Similarly we can show (5.2.9)-(5.2.12). For (5.2.13), noting that 1 + 2z < e*,x > 0, we

derive
=
e’ (t; — tip1) < e (M2 p < e R (e R ) (5.2.16)
1=0
—nPk 1 1 -1 -1, —
et = e SOk < Ok (5.217)
The proof of Lemma 5.2.3 is now complete. O]

We also need the following isometry property for the approximated space-time white

noise W (s, y), see, e.g.,[94].

Lemma 5.2.4. We have

el [ [ sawsn = [ [ sy

Similarly, we have the following isometry property for the approximated space-time white

noise W (s, ), see [2].

Lemma 5.2.5. We have

E‘ /OT /Olf(s,y)dw(s,y)

‘_E /0 ' /0 (s, y)dsdy.
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Proof. We have, by (5.1.10), Lemma 5.2.4 and the Cauchy-Schwarz inequality,

E\//fsydWsy IEI//f )dd\2

N-1M=1 .0 raje tis1 [T
=LY L e [ awe 2yasa
—0 i—0 Jti j ti i
1 M-1 i1 x]+1 1 tit1  fTj41
B }:/" LG s msa)ave o
=0 =0 ti
N- —1 i+1 xy+1 1 tit1 5'?3+1
=E / / o / (s y)dsdy) dr dz
j=0 =0 b
N-1M-1 . rajes 1 tig1  prj+l
<E / / o / (s y)dsdy} drdz
j=0 i=0 ti
N-1M-1 400 pzje tit+1 m]+1
<E / / / (s y)dsdy] drdz
7=0 =0 kh
N-1M-1 oty %+1
<E Z / / (s,y)dsdy
7=0 =0
1

_E / F2(s,y) dsdy.
0o Jo
The proof of Lemma 5.2.5 is complete. O]

Proof of Theorem 5.2.2. We shall prove

T 1
E / / (ut,x) — a(t, z)) dwdt < O (k' "2 + B2k"%). (5.2.18)
o Jo
Note that
t 1
(t,x) /Ga(t,x,y)uo(y)dy+// Go(t — s,2,y) dW (s,y), (5.2.19)
0 o Jo
1 t 1 .
ita) = [ Galtrpua)dy+ [ [ Guolt = s.ap)al¥ (s.y). (5.2.20)
0 0o Jo
Here
+oo
Ga(tvxu y) = Z ei/\j t€j<x)€j(y)'
=1

Subtracting equation (5.2.20) from (5.2.19), we get

IE/OT /01 u(z, £) — iz, 1) Pdadt
:E/OT/O1 [/Ot/ol Ga(t—s,x,y)dW(s,y)—/Ot /01 Ga(t—s,x,y)dW(s,y)]Qdmdt.
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By using inequality (a + b+ ¢)? < 3(a® + b* + %), Va,b,c € R, we get,

/ /\uxt a(z, t)|*dxdt
< EZ/{HI/ {[/t/IGa(t—s,x,y)dW(s,y)—/Otj/OIGa(tj—s,x,y)dW(s,y) :

+[//G —5,2,y)dW (s,y) — //G Sxy)dW(sy)r
| / / —s,2,y)dW(s,y) — /0 /0 Ga(tj—8,$,y)dW(s,y)]2}dajdt

=3(I + 11+ III).

_l_

We first estimate /. Using the approximation of the space-time white noise (5.1.8), we

have, taking also account (5.1.10),

11 EZ/M/ / / ~ sy, y)dW (s, y)

—/' Gty — 5,2, )W (s, )Pt
0 0

N—-1 tit1 1 J—1M-1 ti1 Tiq1

=E / / | / / Go(t; —ryx, 2)dW(r, 2)
j=0 V1t 0 =0 i=0 “t i
Jj—1M-1 tit1 Tit1 1 tiya Tit1 2

— / / Ga(t; — s,x,y)—/ / dW (r, z)dyds} dxdt.

1=0 i=0 Yt i kh Jy x;
N-1 atig 1 J-1M-1 tiy1 Tit1

= / I / /
j=0 7t 0 =0 i=0 7t i

L1 pTip 2
/ Go(tj — s,z y)dyds) dw (r, z)} dxdt

MZ
\7
—
M

7=0
Tit1 i1 LTt ,
/xi E/tl /x Ga(tj —r,x,2) = Go(t; — s, x,y))dyds) dw (r, z)} drdt.

By using the following isometry property and Cauchy-Swartz Inequality

/f YdW (s 2:E/Otf2(s)ds
[t <t P [ ¢



we get
-1 ti+1 1J-1 M-1 1 Tit1
T =E / / 3 / /
j=0 7t 0 y—p i=0 YU z;
1 titr T
(ﬁ/ / [Ga(t; — 1,2, 2) — Go(t; — s, y)) dy d3> dzdrdxdt
t; T;
N-1 ti+1 1J-1M-1 ti41 Tig1
= [T
j=0 Yl 0 =0 i=0 Yt i
1

Ly fTig1 2
o / / (Ga(tj —rxz,z) — Gyt — s, x,y)) dydsdzdrdxdt.
t; x;

Further, we have
1M-1

N— 19~ e | L R
-y / S wl
t 1

§=0 1=0 i=

00 . o 2
Z (eanamen(z) _ e*)‘n(tﬂ"s)en(y)> dy ds dz dr dt

n=1
N-1l gy I M-1 oy pay 1 tiy1 T4
=E) / 2.2 / / / /
j= 1=0 =0 t
o0

e [e] a 2
6—2>\ntj <€>\"r€n(z> — 6>\"86n(y)> dy dsdz dr dt

t]+1] LM—-1 oy paiga 1 iyl pTigl
<m [ [
=0 V1 i=0

=

S ey (2) — en(y)) e dydsdzdrdt

)2 dydsdzdrdt

Z[=
\
‘E
\R
E
8

w

A

s

=~

D
>
i

=211, + 211,.

55



For Ty, since €2(y) < 1 and 377 [“*" dz = 1, we have

tit1 J tiv1 Tit1
th=% / / /
=0 7t 1=0 i=0 Yt T

1 bt Tit1 el « e a
o / / Z e~ Pl (M — M2y ds dz dr dt
t

—1 -1 0o

t]+1 ti41 1 tiy1 \a
:E / / / Ze 2Anty )2 ds dr dt
j=

N-1

j+1 1 1+1
_ /tt]+ JX:/tt+ %[/t Ze 2,\t(6,\ AT e )st]drdt
l I n=1

j=0 V1t 1=0

2
L

N=Lo i J7 tig1 1 trpr X 2
+ / Z/ / e 2 tf( — eA%S> ds} drdt
j=0 Jti 1=0 =1
= 115 + I1s.

For 115, we have

+1“ S LN N2
Iy = Z / / / Y e (1 _ e—W—S)) ds} drdt

o op=1

J+1Jl it 1 1 N Wi\ 2
<3 / > / - / > e (1— e k) as| drat
j=0 Yt =0 7/t Bl w3

N-1

tipn I71 et 171 [t+ o N N
/ / — / Z et (] — g Ank)2 ds} drdt
t; _ t; k -J i _
J =0 n=1
tit1 tjg X
/ [/ Z e PN (1 — g Ank)2 dr] dt.
tj 0 n=1

We will show that

tjt1 tj o
/ / D el (1 — e "V drdt < Ck' o
0 n=1

Assume (5.2.21) holds at the moment, we then have

IN

Z <
Il
— o

=0

<

1121 <Cl{? 2“.

56

(5.2.21)

We now show (5.2.21). Note that 1 —e ™ < Cx for z >0 and 1 —e * <1 for z > 0, we



NZLo gty pty . .
/ / Z efQAn(tjfr)(l . efAnk)2 dr dt
j=0 Yt 0 n=1
N-Loptjn ptjoa &
_ / Z e—QA%(tj—r)(l _ e—)\%k)Q dr dt
j=0 7t 0 n=1
«— [ [y i 229 (tj—r) Ak 2
+ / / e “nlTI(]1 — e )  dr dt
j=0 7t tj-1 p=1
— [ 222 (t;—) 2
gZ/ / D e PRI\ k) dr dt
j=0 V1t 0 n=1
+ / e~ Pnlti=r) 12qrdt
j=0 Yt ti—1 p=1
NoLoptjn 20 ,=22a(k) _ =231, NZLoptjn 1 L po—2M\ak
<C k)2t + / ———dt
<oX [y gy X [T
]:O J n=1 ]:O J n=1
N-1

o 1— 6—2)\%16

titl X o—2X\nk ) N-1 oty
<C Ank)®dt ———dt.
<oy [ earas X [T

n=1

Applying (5.2.8) and (5.2.9), we get

— [ —22\& (t;—7) —A%k\2 1-o-
Z Ze nTN(1 — e ) drdt < Ck' ™ 2a,
j=0 V1t 0 n=t1

which is (5.2.21).

For 1155, we have
N-1 tjt1 Jj—1 ti41 1 - ti4+1 >
Iy =Y / > / % / DN — )| dre
j:O tj =0 tl YT n=1
tit1 1 ¢ [l e o o
Z/ . / Z e~ Pnlti=s)(] — e—An(S_T))st} drdt
— YT n=1

= [ g e & 2% (t;—s) kN2
< — e T — e ds} drdt
DTS (1= e

7=0 vt =0 " n=1

N-1 apiyq 371 tii 11 [t+ 0
< — e Pnti=s) (1 _ g~ Ank st} drdt
SIS (1 - %)

j=0 7t =0 Y4 l n=1

N—-1 tit1 j—1 ti1 ®
=Y [ [ e e asar

j=0 Yt =0 Yt  p=1

N-1
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and hence, by (5.2.21), we drive
Il < Ck'"2a

For 11, we have

N-1 j—1 M-1

[[1 /JHZZ/”H /‘Iz+1 1 /tz+1 /IZH
- L _

=0 =0

<
Il
o

D e (e, (2) — en(y)) e dydsdzdrdt
M-1

tit1 ti—1 Tit1 | Tit1
2l

j=0 v i=0 Y Ti

3 e N (e, (2) — ealy))2eP dydzdrdt

n=

1

Noboetjn oty M1 ey 1 [%i+l

! Z/ / 2 / E/
=0 Yt J=1 = Y Ti

D B (2) — ()26 dydzdra.

n=1

Noting that e, (z) = v2sin(n7z), |sinz —siny| < |v —y| and |sinz — siny| < 2, we have

N-Loetjn ptya M1 oy 1 [T 2
11, < Z/ / Z/ / Ze 2Ant (2n7h)%e 2T dydzdrdt
=0 0 =0
N-1

t]Ml

tit1 i Tit1 q Tip1 X
—2XSt; (g 2NST
/ / Z/I E/ Ze (8e“*") dydzdrdt

] 1= Z;

0
bt b & —2A%(t;—r bt —2A%(t;—r)
<C Z e (mrh Ydrdt+ C Z Z drdt
t; 0

=0 """ n=1
1 —2A% —2)21; 2%k

i e —e 9 J+1ool—e
—oY [T mcz/ I

X Gk © | _ 222k
=0 POy
n=1 n n=1 n

Applying (5.2.10) and (5.2.9), we finally get

I < C(k'" 2 + h%k 75 ). (5.2.22)
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For I, we have
N-1 tj+1 1 t 1
]:EZ/ / [/ / Ga(t—s,x,y)dW(s,y)
=0t o “Jo Jo
t; 1 2
—/ / Go(t; — s,x,y)dW(s,y)] dx dt
0o Jo
N-bLoptjn 1 tor1 2
< 2E Z/ / [/ / Go(t —s,2,y) — Ga(t; — S,x,y)dW(s,y)} dx dt

=0 Ut o “Jo Jo

N—-L oot 1 t rl 5
+ QEZ/ / [/ / Galt - S7x,y)dW(s,y)] dux dt
=0 t; 0 t; JO
N1 etjn pl t; prl )
§2EZ/ / [/ / (Ga<t_5ax>y)_Ga(tj—S,iU,y))] dy ds dx dt
=0 t; 0 0 0

N-1 ttj+1 1 t 1 2
+2EZ/ / [/ / Ga(t—s,x,y)} dy ds dz dt
j=0 t; 0 t; JO

=20 4+ 21,.

Now for I;, we have, by using isometry property and noting that (e,, €,) = pm,n, m =

1,2,...,

NZLoptjr 1 oty 1 2
L =E / / / / (Ga(t—s,x,y)—Ga(tj—s,x,y)) dydsdxdt
———— o Jo Jo
j
NZboptjpn plopty ol o 2 2
=E / / / / [Z(e”\n(t’s) — e”\”(tj’s))en(x)en(y)} dy ds dx dt
j=0 Yt 0 JO0 JO "
NZLoetjn pty
= E / / Z(Q_An(t_s) — e_kn(tj_s))2 ds dt
j=0 Yt 0 n=1
NZLo gty pty
—E / / D el — e )2 gt
j=0 0 n=1
N-1 at;y o0 =220 (t—t5) _ =2\t 2
- (1 _ —A%(tj—t)) dt
. /t | 2 Ao ¢
7=0 J n=1
N—oLooatjg 90 —oX(t—t;) _ ,—2X\%¢ . .
= E / Z ¢ 2)\a € 6_2>‘n(tj_t) (6_)‘7L(t_t]') — 1)2 dt
j=0 Yt n=1 n
N-1 oo

—2A5t;

ti+1 1—e \ 2
_ I (P Vol (2 7) I
—E / > (e 1) at
, t
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Applying (5.2.9) and noting that 1 — e 2*% < 1 and 1 — ek < 1, we get

=z

-1

E /tjﬂ i i(1 — e Y2 dt
: 275

J n=1

I

IA

I/\
2 <.
H o

j+1
— e Mk < 1=3a 5.2.23
/ Z w )2 dt < Ck ( )

O

Moreover, for I by (5.2.9) and noting that (e, €,) = 0pm,n,m = 1,2, -+ we have

I, = EZ/tHI/ // s,x,y)dW(s,y)rdxdt
_EZ/HI/ / / Golt — 5,2,9)? dy ds dz dt

N-1 Jj+1 2
=FE / / / / Ze w9, (2)en(y )} )dy ds dx dt

7=0

N=Lrtjn it SN (1 — e 2N (t — ty)
_ “200-9) g dt = E / L dt

Z/ / Z ’ Z 2o

N-1 tig1 (1 . 6,2)\a(k 1 o 672)\0416)
_ 1-5-

Jj= =1 " n=1

Finally, we consider /1. We have

]IIzE%LtHI /01 [/Otj /OlGa(tj—s,x,y)dW(s,y)—/Ot/OIGa(t—s,x,y)dW(s,y) o dt
:Ei/m/ / /G s, y)d TV (s, y)
/ / s,as,y)dW(s,y)+/tjt/Ol Ga(t—s,x,y)dW(s,y)rdxdt

Z/m/ / / Galt; — s,2,y) — Ga(t—s,x,y)dW(s,y)rdm‘dt

tjt1 1 t 1 - )
=0 “" j

=211 +2111.

For 111, using the isometry property and the estimates for I, we get
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11 = EZ/]H/ / / — sy, dW (s, y)

- 2
—/ / Ga(t—s,x,y)dW(s,y)} dxdt
o Jo

N=1 etjpyn plopt; pl )
Z / / / / |:Ga(tj —5,2,Y) — Gu(t — s, ;p,y)] dydsdxdt
j=1 "7t 0o Jo Jo

kl=oa .

IN
Q

Further, for 1115, again by the isometry property and the estimates for Iy, we have

N-1 ti+1 1 t 1 P 2
I, = EZ/ / [/ / Gao(t — s,x,y)dW(s,y)] dx dt
§=0 tj 0 t; JO
N-1 tit1 1 t 1
= Z / / / / (Go(t — s,2,y))?* ds dy dz dt
=0 t; 0 t; JO

< Ck' 2.

Together these estimate complete the proof of Theorem 5.2.2. m

Theorem 5.2.6. Let 5 < o < 1. Let @ be the solution of (5.2.4)-(5.2.6). Then we have
ti+1 L N
IE/ / W2 (t, x)drdt < C(k™2a + h™Y), (5.2.24)
t; 0
and
/ ‘ ’ dz < C(k'"% + h~1k1). (5.2.25)

Proof. We only prove (5.2.24), the proof of (5.2.25) is similar. Note that

u(t, x) :/ Golt, z,y)uo(y dy+/ / s,x,y)d/W(s,y) (5.2.26)
0
' O*W (s,y)
—A Ga(t,x,@/)lbo( )dy+/0 [/(; GOz(t_Saxay)aS—aydy]dsa
and
W (s,y)
¢(t, x) / 815 otz y)uo(y dy+/ / It Go(t — s, ay)as—aydy}ds
(92 IW(t,y) )

/ Go(0,2,y) “osoy W (5.2.27)
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Since w(t,z) = fol Go(t, x,y)wo(y)dy is the solution of the following equation

Ow(t, x)
ot
w(t,0) =w(t,1) =0, 0<t<T,

w(0, ) = wo(x),

+ (—A)w(t,z) = 0, O<zr<1,0<t<T,

we therefore have
1
wo(z) = w(0,2) = / Go(0, 2, y)wo(y)dy. (5.2.28)
0

Choose wy(y) = 2 g/ét Y) for fixed ¢, we have

/G oy 82 Wity , _GQ/W(t,x).

otoy otox

Hence, by (5.2.27),

) 1 8 t 1 a o~ 82W(t,l‘)
u(t, ) —/0 EGa(tJI>y)u0(y)dy+/0 /0 aGa(t—s,x,y)dW(S,y)—F otor

Using the inequality (a + b+ ¢)? < 3(a® + b? + ¢?), Va,b,c € R, we have

tiv1 pl
]E/ / a2 (t, v)dwdt
t; 0
tjt1 1 trlp . )
j+1 82 i1 1 1 8 )
3E E J
! / / 8t8x dxd”S /tj /0 [ /0 5 Calt, 2 y)uo(y)dy| dzdt

= 3(I + 11+ III).

Using the inequality (a + 0)? < 2(a® + b?), Va, b, € R, we have

tiv1 pl ti- 1o N ,
1< 2E/ / [/ / —Go(t — s,x,y)dW(s,y)] drdt
tj 0 0 0 ot
tiy1 1 t 1y . ,
-+ QE/ / [/ / —Ga(t —-S,7, y)dW(s’ y)} drdt
tj 0 ti—1J0 ot

=21, + I).
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For I, with my = N'(0,1),k=0,1,2,...,5—1,1=0,1,2,...,j — 2, j > 2, we have

/”1/ /] 1/ o’ S’fﬂ’y)dﬁ?(s,y)rdwdt

2 M-1

tj+1 11 ] i1

|l /z
1 -1

/0@[

Z0 </tztl+1 /karl 5T y)dyd5>77kz} dxdt

tigr 1o JT2 ML tip1 LTk

= — —s,x,y)dyds ) dxdt

/0 X (L i)

ti1 TRy 2
/ Z/\O‘ t=9e, (z )en(y)dyd8> dxdt

Il
&=

Trt1 2
/ EG (t— s,m,y)nkldyds] dxdt

ﬁ

tit1
=
1

I
v\“
T
B_‘
i\TIH
—
s~

i 1=0 k=0
e p1oq 2L o COSNTTTp 41 — COSNTTY,
=¢ kh [ ( An nmw
t 0 =0 k=0 n=1
—An(t—tip1) _ o= AR(E—t)\ 2
e e
en(x) e ) dxdt
n
Note that (€, €m) = Opm, n,m = 1.2...., we have
I —C ti+1 1 J-2M-1 oo COSNTTpq1 — COSNTT) 2 e~ (t—tip1) _ o=An(t—t) th
e kh [ Z Z ( nmw ) ( 1 )
tj k=0 n=1

t: o
_ O/ a % [Z 3 (COS “mm?ll; cos "ka)Qe—zxz(t—tl+1) (1 _ e—Az(tz+1—tz)>2dt
tj

=0 k=0 n=1
J—2 M—-1 oo
1 § : COSNTTLp41 — COSNTLY 2
—O— } :
kh nm
=0 k=0 n=1
AN(ti—ti41) _ ,=AS(tjt1—ti41) )
- = (1 — e*)‘%(tlﬂftl))
Aq
M—-1 oo o o2
Z — 2(1 — p—A%k\2
_ oL COSNTT 41 — COSNTLTE\ 2 (1 — e~ k) V.
kh nmw o § ,
k=0 n=1 o P
1 o= (1 — e k)2 . 5 J—2
B Cﬁ Z Ao+l < E :COS NMTE41 — COS nﬂxk> e~ 2An(tj—ti41)
" ! F=0 1=0

Since |cos(nmayy1) — cos(nmay)| < (nwh)?, we have

[y

T
A
<

(cosnmapy — cosnmay)? < C Y (nwh)? = CA\uh.
0

i
o
i
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Hence we get, by (5.2.13) and (5.2.12),

—\ok 7j—2
klh (1 _)\i+1 ) (Anh) Z 6—2)\%(tj—t1+1)

n=1 =0

ol i —(1 ) ()

— k2 Z e < Ok 2" < Ok,

We remark that I; can also be estimated by using the following alternative way.

tit1 ti-1 19 — 2
= IE/ / / / —Go(t— s,x,y)dW(s,y)] dxdt
0 ot
1 1 1 2 2
_ / / / / (t~s,2,9)) dyds| dedt
o tJo 0
B tj+1 i)\a e (t—s)e <x>e ( )2
= o n(z)en(y) ) dydsdxdt
o Jo 0
t]+1 . 00
/ / D e dsdt
tj n=1

tit+1 00 e*)\g(tftjfl) _ e*)\%at
= / A2 dt.
. 2 A
J

n=1

o

Note that ¢t > t;, we then have, by using (5.2.8),

j+1 2
L<C / ZA“ —2Nikdp = Ckz o < Ok,
tj €

For I, we have

ljt1 1 a —~ 2
I, < QIE/ / / / — s,x,y)dW(s,y)] dxdt
0 (915
g e i (s,y)] ded
+2 / /0 |:[ /0 a S,l‘,y) W(‘S)y)] xat

= 2091 + 215.
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Here I5; can be estimated as follows:

j+1 Th41
I < IE/ [/ / — s, y)nk]dyds} dxdt
k=0 “ti-1

tit1 1 1 Th+1
_ /t | /O - Z / / s y)dyds} dudt
J k=0
tj+1 1 1 M*l xk+1 oo 2
- L «a A (t—s)
T S
tisr gl M1 e~ M (t—t;) _ o= AR (t—tj-1) COSNTTTLpqq — COSNTLY T2
_ 1 Jaf : + | daat
/t' /0 Lh Z Z n o en(2) nmw v
J k=0 n=1
ti+1 ] M-l &> COSNTT)+1 — COSNTLE 2 alt=t;)
o2t —A%kN\2
_ 1 e }dt
/tj kh % |:n:1 ( nmw ) ‘ ( ‘ )
| M=l NTTpp1 — COSNTTLN2e PHEt) — e=2X3(tir1—t) e
2 |2 ) (e
kh nm An
k=0 n=1
1 (1 —Aoky2 M-l
= Z ( )\(;1 ) ( Z COS L)1 — COSNTTTY) > 1
n=1 n k=0
1 %) (1 _ e_)\nk>2 1 [e’s) (1 . e—)\ak> 1 e e} (1 o e—)\%k)
< — )\nh - - < - 9
= kh; )\%Jrl k; AY - k; A%
which implies, by (5.2.9)
1
[21 < Ek‘l_% == k‘_i
For I, we have
41 — 2
[22 = E/ / / at a S,I,y)dW(S,y)] dxdt
tit1 1 M- Ty X 2
_ L AXe N (e, dd]ddt
/ /khz// > (1)en(y)dyds| du
tivn 1oq M-1 “AR(t=ty) _ o= AR(t—t;) COSNMILL41 — COSNTL 2
_ 1 \of . +1 Edyds| dxdt
/t' /0 o [Z a % en() = yds| dx
J k=0 n=1
B /tj+1 1 Mz_:li (cos NM Ly — COS mrxk)Q(l e,Agk)g] dt
o . kh nm
J k=0 n=1
M-1 oo o
1 2(1 — —A0k\2
= ]{;ﬁ 2 ; (cos NT T4 — COS mrxk) %.

Moreover, applying (5.2.11) and taking into account |cos(nmzyi1) — cos(nmzy)| < nwh,
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we derive
M—l o0 «
1 2 272 (1 - G_A"k>2
B < 5 (30 ) B
k=0 n=1
<Y (- e < Ok
n=1

For IT we have, with n;; = N(0,1),

M—-1

o 8W t,x) i
IIT=E d dt =FE
/ [ (Tgt) = [ 2

J

tip M Tt
= / dxdt = —k =h L

J

Th41 1
/x khnk]dxdt

k

Similarly, we can estimate I11.

Together these estimates complete the proof of Theorem 5.2.6. O

5.3 Fourier Spectral Method

We will consider a Fourier spectral method for solving the deterministic space fractional

partial differential equation:

a“gt’ ) (APt a) = f(ta), 0<t<T, 0<z<1, (5.3.1)
a(t,0) = a(t,1) =0, 0<t<T, (5.3.2)
w(0,2) = ug(x), 0<x<l. (5.3.3)

Here f(t, ) = 823‘; is defined by (5.1.8), and f € L2((0,T) x (0,1)).

Denote A = —A with D(A) = H}(0,1) N H?(0,1). For any s > 0 and v € H2*(0, 1),

we have A*v =377 A%(v,e;)e;. It is obvious that

0o 1
v, = ||A3v|| = (Zkg(v,ejf) *. Yo e Hi0,1), r> 0.

Further, we denote E,(t) = e ™", 2 < o < 1. Then the solution of (5.3.1)-(5.3.3) can be

written as the following operator form:

a(t) = Ba(t)ao + /0 Lt —s)f(s)ds,  a(0) = up. (5.3.4)
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The spectral method of (5.3.1)-(5.3.3) consists of finding 4 ;(t) € S; such that

Dy (¢ )
% 4 Py(—A)y(t,x) = Prf(ta), 0<t<T,0<z<l, (5.3.5)
as(t,0) = as(t,1) =0, 0<t<T, (5.3.6)
uy(0,2) = Pyup(z), 0<z <1, (5.3.7)

where P; : H +— S is defined by (5.1.15).
Similarly, the solution of (5.3.5)-(5.3.7) has the form of, with E, ;(t) = e 74

t
ZALJ(t) = Ea’J(t)PJUO +/ Ea”](t — S)PJf(S)dS, ﬂJ(O) = PJUO.
0
Note that E,(t)v; = E, j(t)v; for any v; € S;. We may have
t
(1) = Bu(t) Pyup + / Bt — )Py f(s)ds,  i1y(0) = Pyuo. (5.3.8)
0

Theorem 5.3.1. Assume that @ and 4, are the solutions of (5.3.4) and (5.3.8), respec-
tively. Let 0 < r < %, and assume that ug € H{(0,1). Then, there exists a positive

constant C such that

,
li(t) = s (t) - < Clluo — Py, + cml—l)a(l;)( / NFeRas). (539
In particular, we have, with r = 0,
1 Lo 3
la(t) — ()] < Clluo — Pruol + Om—m( / 1 (s)l1%as)”. (5.3.10)

To prove Theorem 5.4.1, we need the following smoothing property for the solution oper-

ator F,(t).
Lemma 5.3.2. (1). Let s > 0. We have
s 1
|ASE, (1)) < Ct—ae™, t>0, with g<as<l (5.3.11)

for some constant C and ¢ which depend on s and a.

(2). Let P;: H+— S; be defined by (5.1.15) then we have

o 1
|EL(t)(I — Py)|| < e ™|, ¢>0, with g <as<l (5.3.12)



Proof. Note that A is a positive definite operator with eigenvalues 0 < \; < Ay < A3 <
For any function ¢(-), we have

lo(4)] = sup (V).

Hence, with § =

IR
) oot t oot t
|A*Ea(t)]] = [[A*Ea(5) Ea(3)]| < [[A*EL(3) I Eal(3)]]
2 2 2 2
t tya z)\a i t _g tyo
— sup (Ve ). sup () = sup (0L
A>Ap A>Ay Asa ezt 2
t ~a s
< C<§> e < Ctmwe™

Y

which is (5.3.11). To show (5.3.12), we note that

[e.9]

j=J+1
The proof of Lemma 5.3.2 is complete

1B =Pyl = (3 e (v,6,)?) < e o]

Proof of Theorem 5.3.1. Subtracting (5.3.8) from (5.3.4), we get

|a(t) — s (t)]

E (t)(uo—Pju0)+/0tEa(t—s)(f(s)—ij( Yds =1+ 11

For I, we have, with 0 <r < 5

(5.3.13)
1]} =

|Ba(t)(uo = Pruo)[? = [ A2 Ea(t) (uo — Pyuo)|
( Z o2 )\r u07€j> )

N ug — Prug|
Jj=J+1

For 11, by virtue of Lemma 5.3.2, for some v € (0,1), we get

1), = | / Ealt — 8)(f(

$) = Pyf(s))ds), = | / A3 Ea(t — s)(I — Py)f(s)ds|
| / S, (1 )(t — E(y(t — 8)(I — Pr)f(s)ds]
SC/t(t—s) z

_ T e—kal(t—s)
2a ¢

f(s)dsl,

where ko = 6(1 — ) + A7

68
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By the Cauchy-Schwarz inequality, we have

*° _ T e—kalt— s)
< ([ -9 ) ([ s ras)

Note that 7 < o and Aj,; = (J + 1)*7 imply

/°° e_Qj“SdS < fooo S_f_e:%ds <c 11_£ <C 1 __<c 1 -
o s ko ko o (gt T (TR0
Thus we get
1 Lo 3
1), < € ([ IIRas)
Together these estimates complete the proof of Theorem 5.3.1. O

Combining Theorem 5.2.2 with Theorem 5.1.11, we obtain the following Theorem. [J

Theorem 5.3.3. Let u and @, be the solutions of (5.2.1)-(5.2.3) and (5.3.5)-(5.3.7),

respectively. Assume that ug € H. Then we have

// (t,x) (t,x))*dzdt < C(k' "+ B2k 2a)+CHu0 Prugl)?
1

- (k' 1 - <1.

(J—|—) ~(k~ + R, for2<a_1

Proof. Note that

E/OT /Ol(u(t,x) — dy(t, z))*dxdt
< QE/OT /Ol(u(t,x) —ﬁ(t,x))Qda:dt+2E/OT/Ol(ﬂ(t,x) — dy(t, ) dzdt

=21+ 2I1.

For I, by Theorem 5.2.2, we have

[ <Ok 2 + W25,

For I1, we have

T
u:E/O Jit) = i)t < Cllun = PrnlF + Oz //nf )[2dsdt.

Note that f(s) = @,(s) — (—A)*a(s), and hence, by virtue of Theorem 5.2.6, we have
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e[ [ Wi <s [ [ - -arae)? s

T T 1
gOE/ / /(ai(s,x)Jry(—A)aa(s,x)dedsdt
0 0 0
N

<CY (k= + ) <Ok T+ iR,

J=0

Together these estimates complete the proof of Theorem 5.3.3. O

Remark 2. In Theorem 5.3.3, the convergence error bounds depend on the step sizes k, h
and the dimension J of the spectral approximate space S;. In general J is independent
of h. So we may choose sufficiently small J and get some convergence rates in Theorem

5.3.3.

5.4 Numerical Simulations

In this section, we will present the computational issues for solving the following stochas-
tic space fractional parabolic partial differential equation by using the spectral method

developed in the previous section, with % <a<l,

ou(t, ) o O*W (t,x)

7 — = _ < 4.
5 +e(—A)u(t,x) = f(u(t,x)) + ETE O<zx<l, 0<t<T, (54.1)

u(t,0) =u(t,1)=0, 0<t<T, (5.4.2)

u(0,2) = up(x), 0<z <1, (5.4.3)

where (—A)* is the fractional Laplacian defined by using the eignvalues and eigenfunctions
of the Laplacian operator —A subject to the periodic boundary conditions. Here f : R —
R is a smooth function and ¢ > 0 denotes the diffusion efficient. In our numerical example,
we will use the discrete sine transform MATLAB functions dst and idst. We also include
the nonlinear term f, although the error estimates in the previous sections are only proven
for f = 0. In our future work, we will consider the error estimates for solving the nonlinear
stochastic space fractional partial differential equations with multiplicative noise by using

the spectral method.
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Let g < 21 < -+ < x; = 1 be a space partition of [0,1] and Az = h be the space

step size. Let 0 =ty < t; < --- <ty = T be a time partition of [0,7] and At = k be

the time step size. The space-time noise BQgt/éi’x) is approximated by using the following

. . . 0PW(t
piecewise constant function 8ta(f) where

PW(t,x) ey

8tax = \/m, tn—l S t S tn, Tj-1 S i S Zj. (544)
For convenience, we will denote G(t,z) = 82?;%”") below.

Equations (5.4.1)-(5.4.3) can be approximated by the following, with % <a<l,

a“gt’ ) AU 2) = f(alt 1)+ Clha), 0<z<1,0<t<T,  (545)
at0) =at1) =0, 0<t<T, (5.4.6)
w(0,2) = ug(x), 0<x<l. (5.4.7)

Denote A = —&5 with D(A) = HL(0,1) N H2(0,1). Then operator A : D(A) — H has

T o2

the eigenvalues )\; and eigenfunctions e; where,

N = §%m% ey = V2sin(jrx), j € 7. (5.4.8)
That is
Aej = )\jej, j € AR (549)

Then the equations (5.4.5)-(5.4.7) can be written into the abstract form: find u(t) €
H(0,1) N H?(0,1), such that

T Aate) = fa) + G, 0<t<T, (5410
fL(O) = Ug.

Let S;_1 := span{ej,eq, -+ ,e;_1}. The spectral method for solving (5.4.5)-(5.4.7) is to
find u;_1(t) € Sy_1, such that, with 0 < ¢ < T,
diy_1(t)
dt

ty-1(0) = Pj_1uo,

+ Ay_qtiy1(t) = Pr_y flug_1 (b)) + Pr_1G(t), (5.4.11)
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where P;_1 : H — S;_; is the orthogonal projection operator defined by
J—1
PJ_1U = Z@jej, @j == (U, 6]'),
j=1

where Ay 1 = P; 1A :S; 1+~ S;_1. We remark that we use S;_; (not Sy), since we will
apply the MATLAB functions "dst” and ”idst” in our numerical algorithms below.
The semi-implicit Euler method for solving (5.4.5)-(5.4.7) is to find uy_y ,, = uy_1(tn),

such that:
aJ—l,n—‘rl - aJ—l,n ~ ~ vy
Al + AJ_1UJ_1,n+1 = PJ_lf(UJ_l’n) -+ PJ_lG(tn), (5412)
Uy_10 = Pr_1up.
Assume that
J—1
lALL]_lyn = Zﬂjmej € S;_,. (5413)
j=1
It is easy to see that Fourier coefficients 4, ,, satisfy, with j =1,2--- ,J — 1,
Ujpi1 = (1+AtA) (ﬂm + Atfi(ty_1,) + At@jyn>, (5.4.14)
Ujo = (PJ—luov ej)a (5415)
where
J—1 J-1
Py 1G(t,) = Z Gjnej € Sy-1,  Praf(iyn) = Z fi(tgn)e;.
j=1 j=1

Here 7, Gjn, f_lj(ﬁ,],n) denote the Fourier coefficients of @;_; , é(tn) and f(dj_1,), re-
spectively. We may use the following steps to describe how to solve (5.4.5)-(5.4.7) numer-
ically by using the spectral method.

Stepl. Given initial value 4g(z) and f, we get the approximation wu;_jo(z) =
Pj_jug =~ ug and PJ—1f(UJ—1,0) ~ f(uo(x)).

Step2. Find the Fourier coefficients ;¢ and f;(us_10) by

U1,0 up(z1)

() |,

| Ug—1,0 | uo(,7-1)



and

and

Here,

_fJfl(qul,O)_

where W is generated by

A 1

~ VAtAz

«randn(N, J —1).

f(uo(z1))
f(uo(z2))

fuo(zs-1))

G1o G(to, 1)
Gap I\ G(to, x2)
_GJ—I,O_ _G(to, 90J—1)_

G(t07$1)
G(to, .
] i),
_G(tOPTJ—I)_

Step3. Find the Fourier coefficients u;,,5 =1,2---J — 1 by

U1,1

U2 1

Uj_1,1

— GG./EE

where ./ denotes the element-wise division and

Uo(l’l)

{2y

Uo(ﬂﬁJ—1)

FArV) () ast

f(uo(z1))
f(uo(22))

fuo(z5-1))
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(5.4.16)



(&)

(tor1)
(toza)

FAL(V2)! (g) st | :

Q)

G(toLIZ'J,l)

and, with \; = mj,

1+ At % \2

1+ At x\3
EE = |

|1+ At* AT

Step4. Find the Fourier coefficients ;2,5 = 1,2,---,J — 1 by

o = (1 4+ AtA) " (U1 + Atfi(dy_11) + AtGy ).

Here
[ Fiwsoa) [ f(iyaa(a) |
fz(u:]_l,l) _ (*/5)_1(%)_1 dst f(ﬁJ—1:,1(932)) |
()]  FGisa(es)]
and
R [ Gt 1) |
Gan | _ (\/é)l(g)_1 dst G(tl" ) |
(G ] (G(t,25-1) |
where
[ G(t1,21) |
G(tl.,xg) i,
|Gt 25-1) |

and W is defined by (5.4.16).



75

Step5. Find u;q9(zi),k=1,2,---,J —1 by

Ugy_12(x1) U1,9

onsaled) | _ () s |

_@7—1,2 (xy-1) _@7—1,2_

Step6. Repeating Step 3-5, we obtain all 4y ,(xg), k=1,2,---,J — 1.

Let us now introduce the MATLAB codes to solve our problem. Let ug denote the ini-
tial value vector, that is ug = [u(x1, ), up(z2) -+ ,up(zs-1)]. Let u denote the approximate
solution vector at time 7', that is u = [u(zq,T),u(z2,T) ..., u(z;_1,T)]. We may use the
following MATLAB function to get the approximate solution u at T for any function f.
Here we choose f(u) = u — u?.

Let x = [xy,29--- ,25_1],epsilon = 1,kappa = 1. We can obtain the approximate

solution u at time T' at the different x, k = 1,2,--- ,J — 1, by the following MATLAB

function.

function [ul=spde_oned_Gal(u0,x,T,N,kappa,Wl,J, epsilon)
dt=T/N; Dt=kappax*dt; % kappa for the different time steps
N/Dt;

lambda=pi*[1:(J-1)]’; M= epsilon*lambda. ~2; EE=1./(1+Dt*M);
for n=1;N

u0_hat=(sqrt(2)*J/2) " (-1)*dst (u0) ;

f_u0=u0-u0."3;%f(u)=u-u"3
f_u0_hat=(sqrt(2)*J/2) " (-1)*dst (f_u0);
W=W1(kappa*(n-1)+1,:); W=W’; % kappa for the different time steps
G_hat=(sqrt(2)*J/2) "~ (-1)*dst (W) ;

ul_hat=(u0_hat + Dt*f_uO_hat + Dt*G_hat) .*EE;
ul=(sqrt(2)*J/2)*idst (ul_hat);

ulO=ul;

end

u=ul;
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where W1 denotes the Brownian sheet generated by:

W1l= _ «randn(N, J — 1).
At x Az

Example 1. Consider, with 0 <z < 1,0 <t < T, [2], [28],

a“gt’ ) 4 (A ult,z) = Flult, 7)) + h(t, z) + %, (5.4.17)
u(t,0) = u(t,1) =0, (5.4.18)
u(0, ) = up(x), (5.4.19)

where € = 1, f(u) = —bu,b = 0.5 and ug(z) = 102%(1 — z)? and
h(t,r) = 10(1 + b)2*(1 — x)%e’ — 10(2 — 12z + 12z%)e".

Allen, Novosel and Zhang [2] and Du and Zhang provided [28] the numerical approxima-
tion of E(u(t,z)) and E(u(t, z))? with a = 1 at time ¢ = 1 and = = 0.5 by using the finite
element method and the finite difference method. In Table 5.4.1 we obtain similar approx-
imation values as in their papers for different pair (At¢, Az) by using spectral method. In
our experience, for each pair (At, Ax), 1000 runs are performed. In Table 5.4.1 u(1,0.5)
denotes the approximation of u(t,z) at ¢t = 1 and x = 0.5. The computational results
converge as At and Ax approach zero.

In Figure 5.4.1, we plot a piecewise constant approximation of the noise G(t, x) with
J=2and N=2°on0<t<land0<z<l1.

In Figure 5.4.2, we plot an approximation sample path of u(t,z) with J = 2% and
N=2on0<t<land0<z<1.

In Figure 5.4.3, we consider the convergence rate against the different time steps.
Choose the fixed J = 64; we than consider the different time steps. The reference
solution is obtained by using the time step Atref = T/Nref with Nref = 10*. Let
kappa = [20, 50, 100, 150, 200, 250, 300]; we will consider the approximate solutions with
the different time steps At; = Atref * kappa(i),i = 1,2,...,7.

In our experiment, for saving the computation time, we will consider the error esti-
mates ||Un(tn) —u(ty)| L2, 1) at time ¢,,. We hope to observe the same convergence order

as in Theorem 5.3.3.
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Piecewise constant approximation for the noise $ \hat{G}(t, x)$ with J=2"4, N=2"

150
100

50

\hat{G}
)

-50

-100

-150
1

Figure 5.4.1: Piecewise constant approximation of the noise G(t,x) with J = 2* and

N=2 T=1.

An approximate sample path of u(t, x) at T=1 with J=2 4 N=28

Figure 5.4.2: An approximation sample path of u(t,z) with J =2* and N =25 T = 1.

A plot of the error at T=1 against log2 ( A t)

10
5| 1
=
e
k)
~N
j=2)
o
ol 1
I
< reference line of slope 1/2
5 . I I I I I I
-9 -85 -8 -7.5 -7 -6.5 -6 55 -5

log2(At)

Figure 5.4.3: A plot of the error at T'= 1 against log 2(At).
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Piecewise constant approximation for the noise \hat{G}(t, x) with J=2"4, N=2"6

100

50

\hat{G}
)

-50

-100

Figure 5.4.4: Piecewise constant approximation of the noise G(t,x) with J = 2* and

N =26 T=3.

An approximate sample path of u(t, x) at T=3 with J=2 4 N=28

Figure 5.4.5: An approximation sample path of u(t, z) with J =2* and N =25 T = 3.

A plot of the error at T=2 against log2 ( A t)

log2(error)
N

| i
= reference ine of siope 1/2
: D - ‘7 : ‘ : L L L
-8 75 7 65 -6 55 5 " .

log2(At)

Figure 5.4.6: A plot of the error at T'= 3 against log 2(At).
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Piecewise constant approximation for the noise $\hat{G}(t, x)$ with J=2"4, N=2"(

\hat{G}

Figure 5.4.7: Piecewise constant approximation of the noise G(t,x) with J = 2* and

N =25 T=>5.

An approximate sample path of u(t, x) at T=5 with J=2 4 N=28

100

u(t,x)

Figure 5.4.8: An approximation sample path of u(t, z) with J =2* and N =25 T = 5.

A plot of the error at T=5 against log2 ( A t)

8 T

log2(error)
N

./t/./,,/*%ﬂe
6L ]

L “feference line of slope 1/2]|

Figure 5.4.9: A plot

of the

-5 -4.5 -4 -3.5 -3 -2.5
log2(At)

error at T' = 5 against log 2(At).
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Az | At | Eu(1,05) | E(u(1,0.5))?
1/4 | 1/4 | 1.6108 2.6386
1/4 | 1/8 | 1.7003 2.9883
1/4 | 1/16 | 1.9051 3.6534
1/4 | 1/32| 1.9051 3.6534
1/8 | 1/4 | 1.4838 2.5923
1/8 | 1/8 | 1.6574 2.7709
1/8 | 1/16 | 1.7323 2.7585
1/8 | 1/32| 1.6676 2.8153
1/16 | 1/4 | 1.4681 2.3333
1/16 | 1/8 | 1.6097 2.6420
1/16 | 1/16 | 1.6110 2.5681
1/16 | 1/32 | 1.6133 2.8737
1/32 | 1/4 | 1.3605 2.4143
1/32 | 1/8 | 1.6099 2.6095
1/32 | 1/16 | 1.6839 2.7930
1/32 | 1/32 | 1.7061 2.8747

Table 5.4.1: The approximation of Eu(1,0.5) and E(u(1,0.5))?

To do this, we consider M = 100 simulations. For each simulation w,,,,m =1,2,--- /M,
we compute Uy (t,) ~ 4(t,) at time t,, = 1 by using the different time steps. We then com-

pute the following L? norm of the error at ¢,, = 1 for the simulations w,,,m = 1,2,..., M,
e(Ats,wm) = e((Aty, Wi, tn) = ||tn (tn, i) — uref (t,, wn)|?,

where the reference (or "true”) solution uref (¢, w,,) is approximated by the step Atref =
T/Nref . We then average €(At;, w,,) with respect to w,, to obtain the following approx-

imation of ||ty (tn, wm) — uref(t, )| 12(q,ar) With respect to the different time step At;,

-

S(AL) = (% i_ e(Ati,wm)y _ (% i_ [0t 0) — ref(ty, ) [?)

Since the convergence rate with respect to the time step is O(At2) which implies that

log(S(At)) =~ 3log(At;),i=1,2,...,7.
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In Figure 5.4.3, we plot the points log(S(At;)) ~ tlog(At;),i = 1,2,...,7 and we see
that the points are parallel to the reference line, which has the slope %, as we expected in
our theoretical results.

In Table 5.4.2, we list the error S(At;) against the different time steps At;.

At; 2e—03 | 5e—03|1le—02| 1.5e—02 | 26 — 02 | 2.5e — 02 | 3e — 02

L2-error | 0.2775 | 0.5355 | 0.7116 0.9249 1.0306 1.1159 1.1742

Table 5.4.2: The L? norm error at T = 1 against At

In this chapter, we present a Fourier spectral method for solving space fractional partial
differential equations. The space-time white noise is approximated by using piecewise
constant functions. For the liner problem, we obtain the exact error estimates in the
Lo-norm and find the relations between the convergence order and the fractional power
a, % < a < 1. For the nonlinear problem, we introduce the numerical algorithm and the
MATLAB code for solving such problem based on the discrete sine transform and inverse
discrete sine transform MATLAB functions dst.m and idst.m. The MATLAB code in
this paper can be easily modified to solve other nonlinear stochastic fractional partial

differential equations with Dirichlet boundary conditions.



Chapter 6

Fourier Spectral Methods for
Stochastic Space Fractional Partial
Differential Equations Driven by

Special Additive Noises

6.1 Introduction

Fourier spectral methods for solving stochastic space fractional partial differential equa-
tion driven by special additive noises in one dimensional case are introduced and analyzed
in this chapter. The space fractional derivative is defined by using the eigenvalues and
eigenfunctions of Laplacian subject to some boundary conditions. The space-time noise
is approximated by the piecewise constant functions in the time direction and by some
appropriate approximations in the space direction. The approximated stochastic space

fractional partial differential equations is then solved by using Fourier spectral methods.

For the linear problem, we obtain the precise error estimates in the L, norm and find
the relation between the error bounds and the fractional powers. For the nonilinear
problem, we introduce the numerical algorithms and MATLAB codes based on the FFT
transforms. Our numerical algorithms can be adapted easily to solve other stochastic space

fractional partial differential equations with multiplicative noises. Numerical examples for

82
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the semilinear stochastic space fractional partial differential equations are given.
Fourier spectral methods for solving the following stochastic space fractional partial

differential equation are considered in this work, with % <a<l,

du(t) N B dW (t)
2 A = fu(e) + S

u(0) = wp. (6.1.2)

0<t<T, (6.1.1)

Here A is an unbounded positive self-adjoint operator, ug is an initial value and f(u) is a
nonlinear term. The space-time white noise W (t) will be defined below.

Let H be a separable Hilbert space and || ||, (+,) denote the norm and inner product
in H, respectively. Let A : D(A) C H — H be a positive selfjoint operator such that A~
is compact on H. Assume that A has the eigenpair { Ay, ex},k=1,2,---

Using the basis {e} we may also define the fractional powers of A. Given % <a<l,

we define
H* :=D(A*) ={ve H: Y N(v,e)]” < oo},
k
and

A% = Z)\g(v,ek)ek, v e D(AY), (6.1.3)
k

with the associated norm defined by
[|A%||* = Z A% (v, ep,)?

The special space-time noise considered in this work is

dW(t) & :
— = t) B (t 6.1.4
7 ;Uk( )Br(t)er, (6.1.4)
where ﬁk(t) = & C’;t(t), k =1,2,--- is the derivative of the standard Brownian motions

Br(t),k=1,2,--- and oy (t),k = 1,2, - are some appropriate functions of ¢. In particu-

lar, when oy (t) = 7,3 Ak > 0, the noise (6.1.4) reduces to
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which is so called H-valued Wiener process with the covariance operator ) and the linear
operator Q : H — H is a trace class operator, that is Tr(Q) = > ;- 9% < 0o where
Qer = Yep, k=1,2....

Let us here give two possible operators in (6.1.1)-(6.1.2). One is A = —A with the
homogeneous Dirichlet boundary condition, D(A) = H}(0,1) N H%*(0,1), where A = 8‘9—;2
denotes the Laplacian. In this case, A has eigenvalues )\, = k*7? and eigenfunctions e; =
V2sinkrz, k = 1,2,... Our error estimates in this work are based on these eigenvalues
and eigenfunctions. Another one is A = I — A with periodic boundary conditions, D(A) =
H?,.(—m, ). Here HZ, (—m, ) denotes the completion with respect to the H?(—m,)
norm of the set of u € C*°([—n,7]) such that the pth derivative u®(—7) = u®(7) for
p=0,1,2,.... It is well known that H>, (—m,7) is a Hilbert space with the H*(—m,n)
inner product, [62, Definition 1.47]. In this case, A has the eigenvalues \; = 1, Ay, =
1+ k% Aopy1 = 1+ k? and eigenfunctions e;(x) = ﬁ,egk(x) = \/L;Sin kx,eqy1(z) =
\/LE coskr,k=1,2..., see, e.g., [62, Example 1.84].

We obtain the detailed error estimates, i.e., Theorems 6.2.1, 6.3.1, 6.3.2 below for
the linear stochastic space fractional partial differential equation subject to the Dirichlet

boundary conditions. More precisely, we shall consider the error estimates for the following

linear problem, with % <a<l,

Ou(t, x) O*W (t,x)
, —A)u(t,z) = ————, 0<t<T,0<z<1 6.1.5
B2 s oyt = o), 0<r<l (615
ut,0) =u(t,1) =0, 0<t<T, (6.1.6)
u(0,2) = up(x), 0<zx<Ll (6.1.7)
Here the space-time noise 82?{5?) = dvgt(t) is defined by (6.1.4).

For the linear stochastic space fractional partial differential equation subject to the
periodic boundary conditions, we may obtain the similar error estimates as in Theorems
6.2.1, 6.3.1, 6.3.2. The stochastic partial differential equations driven by the white noise
(the co-variance operator () = I) often have poor regularity estimates. In the physical
world, to take into account short and long range correlations of the stochastic effects, both
white noise and colored noises may be considered. There are many situations where colour
noises model the reality more closely, and there are also instances where the important

stochastic effects are the noises acting on a few selected frequencies. For example one
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may choose oy (t) = <%5¢, see e.g., [28].

Space fractional partial differential equations are widely used to model complex phe-
nomena, for example, quasi-geostrophic flows, fast roating fluids, dynamic of the fron-
togenesis in meteorology, diffusion in fractal or disordered medium, pollution problems,
mathematical finance and transport problem, [9], [11], [16], [101].

Let Ny € Nand let 0 =ty < t; < ty < --- < tny, = T be the time partition of
[0,7] and At the time step size. To find the approximation solution of (6.1.5)-(6.1.7) we

W (t,x)

approximate the noise by the piecewise constant functions in the time direction,

otox
with [ =1,2,--- N, [28],
O 1,2) Z (i ! (t)> (6.1.8)
T otdr o ( (r) 2 \/Ztnlel ) 1.
where
/ df(t) (ﬁk(tz) ﬂk(tH)) € N(0,1), (6.1.9)
and
1, telt,t], 1=1,2--- N,
xi(t) = i, (6.1.10)

0, otherwise.

Here o/ (t) is the approximation of oy (t) in the space direction. For example, we can

choose with some positive integer M > 0,

cost ox(t), k<M,
op(t) = T o (t) = (6.1.11)
0, k> M.
More precisely, replacing oy (t) by U,QJ (t) we get the noise approximation in space, and
replacing ﬁk( ) by Z i1 \Ftn"f ;Xi(t), we get the noise approximation in time.
Substituting W (ta) oy OWita) 5 (6.1.5)-(6.1.7), we get

otox Otdox
dilt, ) . *W (t, x)
—A)" = T 1 1.12
ot +( ) (t> ) gtor 0<t< ,O<£L’< , (6 )
u(t,0)=ua(t,1)=0, 0<t<T, (6.1.13)

u(0,2) = ug(x), 0<x<l. (6.1.14)
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92W (t,2)

Note that e

now is a function in L*((0,7) x (0,1)) and therefore we can solve
(6.1.12)-(6.1.14) by using any numerical methods for deterministic space fractional partial

differential equations. Assume that {0y (¢)} and its derivative are uniformly bounded, [28]
ok < B, lop(®) <w,  VEE€[0,T], (6.1.15)
and the coefficients {2} are constructed such that
() =o' ()] < ol o (B)] < B (@) (B) <, Ve e (0,7, (6.1.16)

with positive sequences {a}!} being arbitrarily chosen, {83} and {7/} being related to
{Br} and {~x}. Further we assume that

BM < k% forsome 0<a< (6.1.17)

N)I»—l

Let E denote the expectation, in the Theorem 6.2.1, we prove that, with % <a<1and

0<a<s,
/ / (t,2) —a(t, ) *dxdt (6.1.18)
< C(Z (zAa) +At22 (Aaﬁk e, ) +At1+%—%>. (6.1.19)

k=1
Let J € N, we denote
S; = span{ey, e, e},
and define by P;: H — S; the projection from H to S,

J

Pyo =Y (v,¢))e;. (6.1.20)

Jj=1

The Fourier spectral method of (6.1.12)-(6.1.14) is to find u;(t) € S; such that, with

it x) = L),
Dy (t
% b (=AYt z) = Prg(t,z), 0<t<T,0<z<l, (6.1.21)
fL](t, 0) = ﬁj(t, 1) = O, O<t< T, (6122)

uy(0,2) = Pyug(x), 0<z<l. (6.1.23)
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In Theorem 6.3.1, we prove that, with % <a<l,

1 t
a(t) — a7 < — Pugll? S i(s)||%ds. 1.24
[a(t) —a;()]|" < Cllug — Prul| +C(J+1)2a/0 1g(s)[|"ds (6.1.24)

Combining Theorem 6.2.1 with 6.3.1 we have, with uy € D(A%), % <a<l,and0<a<

/ / (1) — it (t, 7)) 2dadt

(Z w) FaeS o Fpt)  artEeE)

k=1 k k=1

1 oo o0
+ CBlfug = Prugll* + C 7y (Al A%wol -+ A STOFBYY + 3 (8Y)).
k=1 k=1

l\JI»—A

6.2 Approximate Noise and Regularity of the Solution

It is well known that the mild solution of (6.1.5)-(6.1.7) has the following form.

ult, z) :/0 Galt, =, y)uo(y dy+/ / — s, 2,y)dW (s, y), (6.2.1)

where

ot zy) = Ze itej(x)e;(y),

and the stochastic integral fot fol Go(t—s,x,y)dW (s,y) is well-defined. The existence and
uniqueness of the solutions of (6.1.12)-(6.1.14) are discussed in, e.g., [23], [24], [78] and
the references cited therein.

Similarly the mild solution of (6.1.12)-(6.1.14) has the form of, see, e.g., [28]

u(t, x) / Golt, z,y)uo(y dy+/ / Gal s,x,y)dW(s,y). (6.2.2)

Theorem 6.2.1. Let u and @ be the solutions of (6.1.5)-(6.1.7) and (6.1.12)-(6.1.14)
respectively. Assume that the Assumptions (6.1.15)-(6.1.17) hold . Then we have, with

=~ 1
0§Oé<§,

/ / (t,x) t,x))*dxdt

< (J(Z (‘;‘fa) + AP Z (Ag@,ﬁ” e ) + At1+"*>. (6.2.3)

k=1 k=1
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To prove Theorem 6.2.1, we need the following Lemma.

Lemma 6.2.2. Let % <a<land0<a< % We have
/ g2 Ore) (] — =T AN gy < CAETE 2 (6.2.4)
0
Proof. With the variable change y = x?*At, we have
o0 1 o0 _
= e a 1 - Y
/ g2EF) (] — T A gy < CAt e 2 (/ +/ >% dy.
0 0 1/ y*TaT
It is easy to see that, with % <a<land0<ac< %,
11—
/ W =C
1 y +o¢ 2a

Further, we have, with % <a<l,0<a< %,

1—eV ! L
\/ <o [ Sl owzo [ i<
2+z*% 0 y?*Ta"2a 0 yHE*%

Together these estimates complete the proof of Lemma 6.2.2. O]
Now we turn to the proof of Theorem 6.2.1.

Proof of Theorem 6.2.1. Subtracting (6.2.2) from (6.2.1), we have

x) —u(t, x)

/ / s,x,y)dW(s,y)—/Ot/olGa(t—$>$ay)d/W(3>y)
// Ga(t—s,x,y)dvv(s,y)—/Ot/olGa(t—s,:c,y)dW(s,y)]
/ / Golt — s,2,y)dW (s,y) —/Ot/ol Ga(t—s,x,y)dW(s,y)]

= Fi(t,z) + Fy(t, x),

where with 7, ; and x;(t) defined as in (6.1.9),

0*W (s,
AW (s,y) = ﬁdsdy— ZUk s)ex(y }dﬁk( )dy,
— O*W (s,
dW (s,y) = %yy)dsdy = Zak s)ex(y }dﬁk( )dy,

d/V[7(s, y) = ag/s—gzy)dgdy = Z ol (s) ( Z \/n%txl(s»ek(y)} dsdy.
k=1 I=1
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Thus we have

//\utx —a(t, )|’ dxdt

<CIE//F2txdxdt+CE//F2txdxdt C(I+1II).

For I, we have, by using isometry property and (6.1.16),

I:E/T/l /t/lga —s,x,y)dW (s,y) — //G — s, 2,y)dW (s, y) 2d:cdt
L / Gl Sxy>(2<ak<s>—a£4<s>> (o) )y dsdad

1 °° — o2\
/ / 2(t=s) Vdsdt = / (o)t
(U— 2)‘k

<CZQ)\a o2,

For I1, we have

H:]E/OT/OI{[/;/OI Ga(t—s,x,y)dW(s,y)—/t/l Ga(t—s,x,y)dW(s,y)]Q}dazdt
g3E]§/:“/01{[/Otf[aa(t—s,xy W)= [ [ Gty = .00 s.)]

/tj /lGa(t]——s,x y)d / / s,x,y)dW(s,y)]Z
/ / Gu(t; — s,2,y)dW (s, y) / / — s,2,y)dW (s, y)r}dxdt

< 3(IL + I, + I13).
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For 15, we have, using the isometry property,

Il = EZ/:M/ ]zi/tm/ — 5,2,y <ng s) dy>dﬁk( )
_]i / %”1 / Galt; — Zak 5) dyds( Alt / o dﬁk(s)ﬂzdxdt

1

FERTS B e

_z/*zzf*/ s (St
"~ 1 ti41

At/ / Gt (ng (3) dyds} dsdzdt
Ne—1 SRS B o S 1 ti41
Zo/t /OZ/t {At/t /G sxyZak
j j : :
1

— | Gu(t; —5,z,y) ( Z a,]y(E)ek(y)dy]d§} dsdxdt

k=1
Nem b ptjn J710 oty 1 ti41 ) )
= / [ / Y5 / NG (5) — e g (5)]ds | dsdt
Jj=0 tj 1=0 Y k=1 7]
Nl ptin I8 ptn &2 o-220t i1 B 2
- Z/ Z Z eAt2 {/ [6)\'“(8)(71]3/[(5) —eA’“(S)CT;]fV[(E)]dE} dsdt.
j=0 Yt =0 't k=1 t

By (6.1.16) we have, with &, &2 lying between s and 3,

(X — XN gM (5) 4+ X (gt (s) — i (5)

gl (s) = MOl (3)

IN

(N2t A (s) + X (o) (1) AY

< | B AL + X (3 A

< M (ABY + At

Hence we have

1 [e'e) _o)\a
I, < Z /t 1 I~ /tl+1 Aeti |:e>\‘;§tl+1 ()\gﬁé\/j + ’yé\/[)A#] dsdt
" “ At?

i1 [t 2 > 2
< AP Z /t /0 Z (A2BY 4+ 1) dsdt < Ca Y (A28 + 1),
7=0 J k=1 k=1

where we use the inequality e 2t —t+1) < 1 for [ = 0,1,2,--- ,j — L.

) Y Y
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For 11, we have

N¢—1 tjt1 1 t 1 o 4 1 B )
I =E Z / / [/ / Gao(t = s,7,y)dW (s,y) —/ / Gao(t — S,x,y)dW(57y)] drdt

j=0 ‘1t 0 0o Jo o Jo

j+1 o )

/ / / / ot —s,2,y) — Go(t; — s,x,y)dW(s,y)} drdt
ti+1 o )
£ Z/ / [/ / Ga(t—s,ﬂf,y)dW(s,y)] drdt = 211} + IT?).

7=0 tj 0 t; JO

For I}, we have, by the isometry property and (6.1.16),

I} = Z / " / Z AR N S>> (o (s))dsdt

Note that

/ (e—xk(t—@ Y s)) s — / (=2 (=) (1_6—Ak<tj—t>> s
0 0

2
—2AX(t—t;) _ ,—2A%t (1 — e’\g(t_tj)>
_ (1_6—A%<tj—t>>2e R — e
228 - 208

We have
1 1 — e—/\g(t—tj))z e (1 . e—,\gAt)Q
1 )( < M2 _
11 § / % dt < CY (B

By (6.1.17) and Lemma 6.2.2, we obtain

II'< ¢ EOO gzl ) e EA)’ <C / 20ta)(] — gDy < CAEa "2
L 2)0 < :
k=1

For I1?, we have, by isometry property and (6.1.16) and (6.1.17),

tj+1 _ 2
I} = EZ/ / // s,x,y)dW(s,y)] dxdt
_ Z /]H/ Z —zAg(t—s)(U dsdt< Z /]H/ Z k 26, — 27 (t— S)dsdt
tj t k=1 £ tj k=1
)

<CZ/JMik2a1 }dt CZ[k2a1_ek ]

foQQAt ser
< C'/ et - _dr< C/ Aata) (] — =AY g,
0

_ At
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By Lemma 6.2.2, we obtain

IT? < CAt'a 2, (6.2.5)
Similarly we may show, with 0 < a < %,

II; < CAt' a2, (6.2.6)

Together these estimates complete the proof of Theorem 6.2.1. O]

Theorem 6.2.3. Let @ be the solution of (6.1.12)-(6.1.14). Assume that the Assumptions
(6.1.15)-(6.1.17) hold . Further assume that ug € D(A%), 3 < a < 1 and E[|A%|[* < co.

Then we have

E/ttjﬂ /01 ‘%’iﬁdt < C(AE|| A2 + At f: AR (B + f:(ﬁ'%?)’
} =1 k=1
(6.2.7)
and
o / b / 1 | A (t, ) Pdadt < C(AtE||A°‘u0||2 + AtiAZ(ﬁé” )2>~ (6.2.8)
t 0 k=1

Proof. Assume that, with 0 <t <t,44,
it x) =) dg(t)er(x), (6.2.9)
k=1

and with 4x(0) = (ug, ex), k =1,2,--,

NE

w(0,2) = ug(x) = Y U(0)ex(z).

i

1

Substituting (6.2.9) into (6.1.12) we get, with 0 <t < ;44,

O it = o0 S montv), (6:2.10)
I=1
which implies that, with 0 <t <t;,4,
. t . Jj+1 1
in(t) = e Mt (0) +/0 R (tfs)gly(s)<z \/Ztnk,lxl(s))ds. (6.2.11)

=1
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Let us first show (6.2.7). Note that {e} is an orthonormal basis in H = L?(0,1), we

have, by (6.2.10),
/W/ ‘8“ ’d dt = EZ/tM
i+ tjt1 Ug/[(t) ] 2
< ZEZ </ kuk )| dt—l—/ \/Zt an,le(t)‘ dt)
ZQEZAza/ )| dt—l—QEZ/JH
k=1 tj

= 2(I + II).

duk

2

dt

"7k,j+1Xj+1(t)

For I, we have, by (6.2.11), with t; =¢t,,1 <[ <jand tf =t,l =j+ 1,

o ti+1 2
I<2EY N© / ) A%takm)‘ dt

k=1 4
= 2a b . Tk,1 g f)\a(tfs) M 2
+2E2Ak Z x R oM ()ds| dt
_ tj t ti—1
O [+
= QEZ/ e P (A%, e, dt
k=1t
et tiyr Jt1 1 t} . 9
+22)\ia/ th(/ e‘Ak(t_S)a,iV[(s)ds) dt
k=1 o =1 i1
s s ti+1
<Y (A et 23N [
k=1 k=1 tj
Jtl 1 tr H
> / P (o () s / 12ds )
=1 At t—1 t1—1

° > tjt1 ¢
<2E Z(A“uo, er) At + 2 Z A / < / e*QA?(t*S)ay(s))2d3> dt
tj 0

tit1 1— 6—2)\215

(A%ug, ex)?At +2°5 7 A2 ( / ST
,; o, ) Z R

< 2F||A%uo| At + Atz A (B2,

k=1
where in the last inequality, we use the inequality 1 — e™2** < 1.

For I1, we have

17 = ]EZ/HI

nk7j+1Xj+1(t)
k=1

a3 [ (G s o
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Combining I with 11, we get (6.2.7).

Similarly we have

tiv1 rl tjr1
E / / |A%G(t) Pdzdt = / [ A%a(t, 2)|[2dt
t; 0 t

J

tjr1 © o tjt1
_IE/ (ZA@%@(t))dt_EZAza/ ()| dt = I,
L k=1 k=1 4
which implies (6.2.8) also holds.
Together these estimates complete the proof of the Theorem 6.2.3. O]

6.3 Fourier Spectral Method

Denote E,(t) = e7™", 1 < a < 1, where A® is defined by (6.1.3). The mild solution of

Ay OPW(ta)
(6.1.12)-(6.1.14) has the form of, with g(t) = =572,

t
u(t) = Eu(t)u(0) +/ E.(t —s)g(s)ds, a(0) = up. (6.3.1)
0
Similarly the solution of (6.1.21)-(6.1.23) has the form of
¢
uy(t) = Eu(t)P;u(0) —|—/ E.(t —s)Psg(s)ds, 4(0) = up. (6.3.2)
0

Theorem 6.3.1. Assume that @ and 4 are the solutions of (6.1.12)-(6.1.14) and (6.1.21)-

6.1.23), respectively. Let 0 < r < 1 and let vy € H. Then we have, with 2 < o < 1,
2 2

T T 1 t
Az (0(t) — ay()|]* < OJ|Az(ug — P 24+ C / 2ds.
[[A= (a(t) — i, (8)]]” < Cl|AZ (uo — Pruo)||” + (J+ 1205y 19(s)l["ds
(6.3.3)
In particular, with » = 0,
. . 1 Lo
[I(a(t) — s ()* < Cllug — Pruol|* + CW/O 19(s)]|*ds. (6.3.4)

Proof. Subtracting (6.3.2) from (6.3.1), we get

a(t) = as(t) = Ea(t)(uo — Pruo) + /O Ea(t = s)(g(s) — Psg(s))ds = I+ 11.

(6.3.5)
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For I, we have, with 0 < r < %,
|AZI|| = ||A2 B (t)(uo — Pruo)||

o0 1
::< ) éﬁﬂfﬁﬁm¢%y>2S‘fﬂﬁdw4aﬂo—fﬁudH

j=J+1

For IT we have, for some v € (0, 1),
BT = | [ A% ELG = )01 = PG
- A7 B =)t - 9] [Eutrte - )T - ) ate)as]
< ¢ [t= 5% g)as,

where ko = 6(1 —v) + A9,
By Cauchy-Schwarz inequality, we have

1

il < o [ - sFerepas) ([ laeiras)

Note that 7 < a, we obtain, with A\;,; = (J + 1)?7?,

t —2kas o0 —2kas oo =L —2s
e~ 2Fa e~ 2ha sa e “%ds 1
/ - dsﬁ/ = dsg—fo — <CO——
0 0 s o

S’s S k.« - kcl;g
S c a ! 1-Z <C 12a(1—i
(AGyq) o (J+1) )
Hence we have
1 ! 5 \3
ASII|| < C (/ i(s ds).
45111 < O sz ( Nt
Together these estimates complete the proof of Theorem 6.3.1. O

Combining Theorem 6.2.1 with Theorem 6.3.1, we obtain the following Theorem.

Theorem 6.3.2. Let v and 4, be the solutions of (6.1.5)-(6.1.7) and (6.1.21)-(6.1.23)
respectively. Assume that the Assumptions (6.1.15)-(6.1.17) hold. Further assume that

up € D(A%), 3 < a <1 and E[|A%uo||* < co. Then we have
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/ / (t,2) — (¢, x))*dedt

= C<Z (Zfa) + A ; (/\Eﬁk + %?4)2 + AtH%*i)

1 oo oo
+ CEljug — Pyuo|? + C——— (AUE|| Aol |2 + AL DO AZ(BE)2 + 32 (8Y)?).
(J+1) o o
Proof. Note that
T 1
E/ / (u(t, ) — ay(t, x))*dxdt
o Jo

< 9E /0 ' /0 (u(t. 2) — a(t, 2))Pddt + 2 /0 ' /0 ((t. 2) — (1, ) Pdadt

=21 +211.

For I, we have, by Theorem 6.2.1,

. (akq 2 a QM 148 1
1<c L AN (B + AR ),
(3G +aeoua +at') )

For 11, we have
T 1 T t
I[:]E/ H'&(t)—’ELJHthSCEHUO—PJUOH2+C—2&/ / 1G(s)||dsdt.
0 (J+1)™ Jo Jo

Note that ¢ d“(s) + (=A@ , we obtain, by Theorem 6.2.3,
g y

/ /Hg H?dsdt<E/ /Hd“ —A)a(s)||*dsdt
gCE/O /0/0 8“0—8’ +‘(—A)O‘ﬁ(s,x))dxdsdt

< C(AME|| A | + A Y AR(BY) + D0 (B?).
k=1 k=1

Together these estimates complete the proof of Theorem 6.3.2. O

6.4 Numerical Simulations

Here, we will consider the numerical simulation of the Fourier spectral methods for solving
the following semilinear stochastic space fractional partial differential equation subject to

the periodic boundary conditions, with % <a<l,0<z<,0<t<T,
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Ju(t, x) N B O*W (t,z)

o +e(—A)%ult,z) = f(ult,z)) + “otor (6.4.1)
u(t,0) = u(t,1) =0, 1u,(t,0)=1,(t,1), (6.4.2)
u(0, ) = up(x), (6.4.3)

where (—A)® is the fractional Laplacian defined by using the eignvalues and eigenfunctions
of the Laplacian —A subject to the periodic boundary conditions. Here f : R — R is a
smooth function and € > 0 denotes the diffusion coefficient. Here we consider the problems
with the periodic boundary conditions because we want to compare our numerical results
with the results in [62, Example 10.39]. Where the algorithms of the spectral methods
for stochastic semilinear parabolic equation subject to the periodic boundary conditions
are given and discussed. One may also consider the algorithms and MATLAB codes
for stochastic space fractional partial differential equations with homogeneous boundary
conditions following the approaches in, e.g., [42], [43]. Although the Laplacian is singular
n (6.4.1)-(6.4.3) due to the periodic boundary conditions, we expect the error to behave
as in Theorem 6.3.1, see the comments in [62, Corollary 10.38].

Denotes, A = —% with D(A) = H7,.(0,1), where D(A) = H},,(0,1) is defined in the

introduction section. Then the eigenvalues and eigenfunctions of A can also be expressed
by
AL = (27T]£)2, €L = eizﬂkx, ke Z.

The noise has the form of

(‘) W(t,

where S;(t) = % ’“(t) , k € Z are the derivatives of the standard Brownian motions 5 (t), k €

Z and oy (t), k € Z are some appropriate functions of ¢. Here k € Z since we consider the
1

periodic boundary conditions. When o (t) = 72,9, > 0,k € Z, the noise (6.4.4) reduces

to

1

O*W (t,x) .
o Z 32 Br (6.4.5)

€L
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The approximation noise 82?;.5?) is, with some positive integer M > 0,
W (t, z) 1 N Tk
kEZ|k|<M =1

In our numerical example below, we assume that, [62, Example 10.8],
Fo=0, A=k ke k#0, (6.4.7)

where € > 0 is a small positive number. When r; = —% we obtain so-called space-time
white noise. When r; = 1 we obtain the smooth noise.

Let Sy := span{eg, €7 - - €1, € g g ,e_1}. We assume J < M where M is deter-
mined in (6.4.5). Here the ordering 0,1,2,--- ,%, —% +1,---,—1 is consistent with the
ordering of the MATLAB functions fft and ifft [92]. Let 0 =ty < t; <ty < --- < tpn, =
T, N; € N be the partition of [0,7] and At the time step size with T" = N;At. We use
the semi-implicit Euler method to consider the time discretization.

We will consider the convergence rate against the different type of steps. Choose
J=64. The reference solution is obtained by using the time step size At of = T'/N, ot With
Nyof = 10*. Let kappa = [5, 10, 20, 50, 100, 200, 500], we will consider the approximate
solutions with the different time step sizes At; = At ¢ * kappa(i),i = 1,2,---,7. By

Theorem 6.2.1, we have

E /0 ' /0 1 (utt. 2 —ﬁ(t,x))dedt

< C(Zw ARy (Agﬂ,ﬁ”+%§4)2+Atl+3i>. (6.4.8)
kEZ

2)\;: kEZ

We remark that here we choose k € Z since we consider the periodic boundary condi-

tions. In our numerical example, we will choose, with 7, given by (6.4.7),
1
O'k<t>2’_)/,§,’_}/k>0, kGZ,

o (t) =
0, k| > M,

which implies that

1
o' ()] < Bif, where B =32, [k| < M,
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and
1
on(t) — o (1) < alf where o}, =37, [kl = M.

We first observe that for sufficiently large M the convergence order of the L? norm of
the errors in (6.4.8) is dominated by O(At2+a~2:)). In fact, we will choose M = J
where J is sufficiently large. Then the first term of the right side of (6.4.8) satisfies, with
M = (27k)% Kk € Z,

(al1)? M2

a (« 1 1
25w = 2 o <O(5—Fy )

(6% )\a
kEZ |k|>M M+1 M+2

SC((Minw+ (Mi2)2a+'”>

:0<(J+11)2a+ <J+12)2a+...>‘

The second term of the right side of the error in (6.4.8) is O(A#?). Hence for sufficiently

large .J, the convergence order of the L? norm of the errors in (6.4.8) is O(Atz(+8~20)).

We now consider two cases r; = —% and r1 = 1 in (6.4.7). For r; = —% we may

choose @ = 0 which implies that the convergence order of the L? norm in (6.4.8) is

1

O(At20+3720)) = O(At2073a)) . Indeed @ = 0 satisfies (6.1.17) that is,

< |k[7

29 +14e
- 2

N

Bl =7¢ = k| = |k

For ry = 1 we may choose a@ = % — € (since 0 < @ < %) with arbitrarily small

positive number € which implies that the convergence order of the L? norm in (6.4.8) is

O(At20T5720)) = O(At20-8)) ~ O(At2). Indeed, in this case, @ = 1 —é€ satisfies (6.1.17)
that is,
1 271 +14¢ _ 34€ _a
B =k =k = kT <k

. 1q_L
12 — ullr2,r2(0,m),m)y < CAE20 2, (6.4.9)
andwith%<a§1andr1:1

N 1
i = ullz20,20m).1)) < C(AL2), (6.4.10)
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0 A plot of the error at T=1 against log2 ( A t)

¥

log2(error)
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log2(A t)

Figure 6.4.1: A plot of the error at T = 1 against log 2(At) with o = 0.8,7; = —1

where the norm is measured in L? both for time and space. In particular, when o =

1,r = ;, we have

N 1
||u — U/||L2(Q7L2(07T)7H)) < C(Aﬂ), (6.4.11)

which is consistent with the standard time discretization error for the stochastic heat
equation driven by space-time white noise, e.g., [95].

In our numerical experiments below, we choose f(u) = u — u?, ug(r) = sin(27z), and
e = 1. See the simulation of this problem for & = 1 in [82]. We will consider the error

estimates ||u(t,) — u(t,)||r2(0 ) at time t,. We hope to observe the same convergence

order as in (6.4.9) and (6.4.10).

To do this, we consider M = 100 simulations. For each simulation w,,,m = 1,2---, M,
we generate J independent Brownian motions 5;,l =0,1,2--- %, —% +1---,—1 and com-

pute 4, (t,) ~ u(t,) at time ¢, = 1 by using the different time stepsizes. We then compute

the following L? norm of the error at t, = 1 for the simulation w,,,m =1,2,--- , M

6(Athwm) - E(Atiawrmtn) - HaJ(tmwm) - uref(tnawm)’|27

where the reference (”true”) solution w,ef(t,,ws,) is approximated by using the time step
Aty = T/Npof and Joep = J. We then average e(At;,w,,) with respect to wy, to obtain
the following approximation of ||t;(t,) — wres(tn)| 20,6y for the different time step size
At;,

1 1

M
(8tim))” = (7 22 talm) = ey )

Ms«

S(A (1

m=1
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25 A plot of the error at T=1 against log2 ( A t)
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Figure 6.4.2: A plot of the error at 7' = 1 against log 2(At) with o = 0.8, =1

For example, in the case « = 0.8, = —%, the convergence rate against the time step size

is O(At2(72a) = O(At16), i.e., with some positive constant C,

3
6

S(At;) = CAt}®,
which implies that
3 .
log(S(At;)) ~ log(C) + 1—610g(Ati), i=1,2,---T.

In Figure 6.4.1, we consider the case a = 0.8, = —%, and plot the points

(log((At;),log(S(At;)),i = 1,2,---,7 and we observed that the experimentally de-
termined convergence order is higher than the theoretical order in this case. Here the
reference line has the slop 1%.

In Figure 6.4.2, we consider the case a = 0.8,7; = 1 and in this case the theoretical
convergence order with respect to the time step size is O(At%). We plot the points
(log(At;),log(S(At;)),i =1,2,--- ,7 and we observe that the experimentally determined
convergence order is also higher than the theoretical order in this case. Here the reference

line has the slop %



Chapter 7

Discontinuous Galerkin Time
Stepping Method for Solving Linear
Space Fractional Partial Differential

Equations

7.1 Introduction

In this chapter, we will consider the discontinuous Galerkin time stepping methods for
solving the linear space fractional partial differential equations. The space fractional
derivatives are defined by using Riesz fractional derivative. The space variable is dis-
cretized by means of a Galerkin finite element method and the time variable is discretized
by the discontinuous Galerkin method. The approximate solution will be sought as a
piecewise polynomial function in ¢ of degree at most ¢ — 1, ¢ > 1, which is not necessarily
continuous at the nodes of the defining partition. The error estimates in the fully discrete

case are obtained and the numerical examples are given.

Now we will consider the discontinuous Galerkin time stepping methods for solving the

following linear space fractional partial differential equation, with % <a<l,

102
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u(t,x) 0*u(t, z)

5 R = f(t,z), 0<t<T,0<uz<l, (7.1.1)
u(t,0) =u(t,1) =0, 0<t<T, (7.1.2)
uw(0,z) = up(x), 0<z<I, (7.1.3)

where the Riesz fractional derivative is defined by, [76], [80]

82aw<x) o 1 R N2« R M2«
O _W<0Dx w(z) + ; Di%w(x)),

and FDYw(z) and DJw(x), 1 < < 2 are called the left-sided and right-sided Riemann-

Liouville fractional derivatives, respectively,

{D20le) = rrmas | =0 ey (114
and
R DYw(r) = ﬁj— / (v — ) w(y)dy. (7.1.5)

Space fractional partial differential equations are widely used to model complex phe-
nomena, for example, in quasi-geostrophic flow, the fast rotating fluids, the dynamic of
the frontogenesis in meteorology, the diffusion in fractal or disordered medium, the pollu-
tion problems, the mathematical finance and the transport problems, soil contamination
and underground water flow, see, e.g.,[9], [11], [20], [72].

In recent years, many authors consider the numerical methods for solving space frac-
tional partial differential equations, e.g., finite difference methods [4], [5], [69], [70] finite
element methods [25], [26] and spectral methods [14], [15], matrix transfer technique
(MTT) [41]. Recently, Jin et al. [45] considered the finite element method for solving
the linear space fractional parabolic equation where the space fractional derivative is de-
fined as left-handed Riemann-Liouville derivative, see also [44]. The estimates in [45] are
for both smooth and nonsmooth initial data, and are expressed directly in terms of the
smoothness of the initial data.

The Riesz space fractional partial differential equations are firstly proposed by Chaves
[18] to investigate the mechanism of super-diffusion. Benson et al. [9], [10] considered

the fractional order governing equation of Levy motion. Zhang et al. [103] considered a
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finite element method in space and backward difference method in time for solving Riesz
space fractional partial differential equation. Sousa [86] studied a second order numerical
method for Riesz space fractional convection-diffusion equation. Bu et al. [13] considered
a finite element method in space and Crank-Nicolson method in time for solving Riesz
space fractional partial differential equations in two-dimensional case. Duan et al. [22]
studied a finite element method in space and backward Euler method in time for solving
Riesz space fractional partial differential equations in two-dimentional case.

In this chapter, we will consider a finite element method in space and discontinuous
Galerkin method in time for solving Riesz space fractional partial differential equation.
When the approximating functions are piecewise constant in time, we proved the error
is O(h*"=%) 4+ k,) and the bound contains the terms ||u||,, and ||u]|,.s,, see Theorem
7.3.1 below. When the approximating functions are piecewise linear in time, we proved
the error is O(h2"~% 4 k3) and the bound contain the terms ||u|,, and ||uy||,,, see
Theorem 7.3.3 below. The advantages of the discontinuous Galerkin method is that, e.g.,
variable coefficients and nonlinearities present no complication in principle. We obtain
precise error estimates for the discontinuous Galerkin method which make it possible to

construct the adaptive methods based on the automatic time-step control.

Definition 7.1.1. [31], [57] For any ¢ > 0, we define the space 'HJ(0,1) and "Hg (0, 1)
to be the the closure of C§°(0,1) with respect to the norms |[[v[|igg(0,1) and [|v|]rmg(0,1),

respectively, where

2 o
||U||2ng(0,1) = ||U||L2(o,1) + ||§D:c”||%2(0,1)v (7.1.6)
and
2 o
||v] 27'Hg(0,1) = ||U||L2(0,1) + HfDIUH%Q(O,l)' (7.1.7)
The semi-norms are defined by |U’ng(o,1) = HoRDgUHL2(0,1) and ]v|ng(071) = Hf}D;vaLg(O,l),
respectively.

Remark 3. In Definition 7.1.1, |v|iggo,1),0 > 0 is a semi-norm (not a norm) since

o—1

|v|t5g(0,1) = O does not imply v = 0. For example, when 0 < o < 1, let w(x) = 277, we
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have w(z) # 0 and

1 d [* 1 d [*
RDO’ — —_/ _ —0 d :—_/ _ —0o U—ld
o Diw(z) Ti—0)ds ), (z —y) " "w(y)dy Ti—0)ds J, (x—y)y" dy,
1 d [
= ——— [ t1 -t 'dt=0
r'l—o) da:/o ( ) ’
which implies that |w[igg1) = [|FDJwl|12(01) = 0. The similar comments are for the

semi-norm |v|r g (0,1) and the semi-norm in Definitions 7.1.2 below.

Definition 7.1.2. [31], [57] For any ¢ > 0,0 # n — 1,n € Z", we define the space

°HZ(0,1) to be the closure of C§°(0,1) with respect to the norm ||v

cHZ(0,1)5 where

||U||26Hg(0,1) = HUHQLQ(O,I) + ((])%nga TD7v)|.

The semi-norm is defined by |v QCHg(O,l) = |(ED3v, ED3v)|.

Definition 7.1.3. [31], [57] For any o > 0, let H?(R) denote the fractional Sobolev space
defined in the whole line R. We define

H?(0,1) = {v € L*(0,1) : ¥]1) = v, where @ € H(R)},
with the norm

[vllme0,1) = Infoere®),00. =0l [0l o ®),

where
119 oy = [1(1 + |w]*)2 F(0) (w)]| 2, (7.1.8)

and F(v) denotes the Fourier transform of © and the corresponding semi-norm is defined
by |0 gow) = |||w|F (?)|| 2(r). Further we define the Sobolev space H{ (0, 1) to be closure

of C§°(0, 1) with respect to the norm ||v|| g (o,1) and the semi-norm in H{ (0, 1) is denoted

by [v]#g(0,1)-

Lemma 7.1.1. [31, Theorem 2.12, 2.13|, [57, Lemma 2.4, 2.5] Let ¢ > 0, 0 # n — %,
n € Z*. The semi-norms and norms in spaces ' HJ(0,1), "HZ(0,1), *HZ(0,1) and HZ(0,1)

are equivalent.



Lemma 7.1.2. Let 0 > 0, 0 #n — 3, n € Z*, we have
(§DIv, BEDJv) = cos(wo)||6DIv||?, Vv € HJ(0,1).
In particular, (§ DZv, ED{v) is negative when 3 < o < 1.

Proof. 1t is sufficient to prove

(0D, 2 D) = cos(mo)|ly DI¢ll*, Vo € C3°(0,1).

xT

In fact, we have, for any ¢ € C§°(0,1), [57],

(0 D7, 1 D7¢) = (5 D7p, FD5P)r2m) = cos(ma)||Z

x x .}

where ¢ is the extension of ¢ by zero outside of (0, 1).
Lemma 7.1.3. Let 3 < o < 1. We have, see [57],

(o D3 w,v) = (¢ D3w, Dfv), Vw,v € Hg(0,1),

(z Di"w,v) = (; Dfw, ¢ Dgv), Vw,v € H(0,1).
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D712y = cos(ma)llg Dgll?,

O

We also have the following fractional Poincare inequality:

Lemma 7.1.4. [31], [32], [57] Let u € H§(0,1), 3 < o < 1. We have

[ullz20,1) < Clulmg o),

andfor0<s<,u,s;én—%,nEZ+,

[ulms0.1) < Clulge,-

Multiplying v € H§(0,1) in both sides of the equation (7.1.1) and integrating on (0, 1)

we get, by Lemma 7.1.3,

(ut,v) + Ba(u,v) = (f,v), Yve HF(0,1), (7.1.9)
u(0) = uy, (7.1.10)
where the bilinear form B,(.,.) is defined by
1
Ba(u,v) (D2, "D3w) + (RDFu, £D2w)) (7.1.11)

~ 2cos (aur)



107

By Lemmas 7.1.1, 7.1.2, and 7.1.4, it is easy to show that the bilinear form B,(.,.) is
symmetric, continuous and coercive on H§(0,1), 3 < a < 1.
Let S, C H§(0,1), % < a < 1 be the piecewise continuous linear finite element space.

The finite element method of ( 7.1.1)-(7.3.12) is to find uy(t) € Sy, such that
(uns X) + Balun, x) = (f,Xx), VX € Sh, (7.1.12)
up(0) = vn, (7.1.13)

where v;, € S}, is some appropriate approximation of uy € L(0,1).

7.2 The Backward Euler Method

In this section, we will consider the error estimates of the backward Euler method for
solving (7.1.9)-(7.1.10). Let us first consider the error estimates for solving (7.1.9)-(7.1.10)
in the semidiscrete case.

To do this, we need to introduce the regularity assumption for the following fractional

elliptic problem, with £ <a <1, g € L*(0,1).

O w(x) 1 R P B
Oz 2cos(am) <OD$ wie) + Dy w($)> =9(@), 0<z<l (T21)
w(0) =w(1) =0. (7.2.2)

The variational form of (7.2.1)-(7.2.2) is to find w € H§(0,1) such that

Bo(w,¢) = (9,9), V¢ € Hg(0,1). (7.2.3)

Assumption 7.2.1. Let 1 < o < 1. For w solving (7.2.3) with g € L*(0,1), there exists

some r € [«, 2a], such that

lwllz50,0) < Cllgllr2(0,1)-

Remark 4. Suppose that the equation (7.2.1) only contains the left-sided Riemann-
Liouville derivative, Jin et al. [45, Lemma 4.2] and [44, Theorem 4.4] shows that r =
20—1+03, 0<p8< % for % < a < 1in the Assumption 7.2.1. For the equation (7.2.1)
with the Riesz fractional derivative, we have at least w € H§(0,1). Further we assume
that, by the Assumption 7.2.1, there exists r € [a, 2] such that w € H"(0,1) N H§(0,1).

This similar assumption was also used in [31, Assumption 6.3.1].
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We next introduce the fractional Ritz projection Ry o on Sp.

Definition 7.2.1. Let 1 < a <1 and let v € H§(0,1). We define Ry, : H§(0,1) — Sy
by

Bo(Rpav,x) = Ba(v,x), Vx €S, veH;0,1). (7.2.4)

It is easy to see that Ry, : H§(0,1) — Sy is well defined since B,(.,.) is symmetric,

continuous and coercive on . Further we have, see [31],

Lemma 7.2.2. Let v € H"(0,1) N H§(0,1),
H§(0,1) — Sp, be the fractional Ritz projection onto Sj, defined as in (7.2.4). Then,

%<a§1,a§r§2aandletRh,a:

under Assumption 7.2.1, there exists a constant C' = C'(«) such that

[[Rhav — 0| + B Rpav — v]ge©1) < ChZ(’"’a)|]v|

H7(0,1)- (7.2.5)

Theorem 7.2.3. Let up, and u be the solutions of (7.1.12)-(7.1.13) and (7.1.9)-(7.1.10),
respectively. Let a < r < 2a, % < a < 1. Let ug € H"(0,1). Then under the Assumption

7.2.1, there exists a constant C' = C'(«) such that

t
Jun(e) = w(Ol] < llon = woll + CH (Jaall-on) + [ Il la-opds). (726)
0
Proof. We have
un(t) —u(t) = 0(t) + p(t),

where 6(t) = up(t) — Rpou(t) and p(t) = Ry ou(t) — u(t).

By Lemma 7.2.2, we have, with % <a<l,
1O < CR*T=[u(t)]| 17 (0,1).
Note that
t
u(t) = u(0) +/ ug(s)ds,
0
we get
t
e[ 10,1y < [lwollmro,1) +/ e (s)|] e 0,1 ds.
0
Hence we have

o] < Ch2=) (o

t
Hr(0,1) +/ [[ue(s)] H"(O,l)ds)'
0
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We next consider the estimates for 6(t). Note that 6(t) satisfies

(6, %) + Bal0,x) = (unt; X) + Ba(un, x) = (Bhats; X) = Ba(u, x)
= (fix) = (Bnat, X) = Balu, X) = (ur = Bpat, X)
= (=p:X), VX E Sh
Choose y = 0, we get
(01,0) + Ba(0,0) = —(p, 0),

which implies, by Lemma 7.1.1,
1d
2dt

Note that |6|? ao,1) > 0, we get
1d
2dt

1011 + C10lE501) < —(p1,0) < [l el 116]-

1617 < —(p0,6) < llorlI1101,
which implies that
Lol < o)l
dt = Ik
Hence
t t
6@ < 11610)]] + / o) llds < [lun(0) — Riau(0)]] + / Oy ()] 27 0.1 5.
t
< Nun(0) — w(O)]] + CH|u(0) |10y + / CR |y (5)] 27 0.1 5.
0

Together these estimates complete the proof of Theorem 7.2.3. O

We now introduce the backward Euler method for solving (7.1.9)-(7.1.10). Let 0 =
ty <tp <ty <---<Tnx =T be a partition of [0,7] and k be the time step size. Let

U™ =~ uy(t,) be the approximation of u(t,). The backward Euler method for solving
(7.1.9)-(7.1.10) is to find U™ € Sy, such that

X) + BalU" ) = (f(ta).X): ¥ € Sh, (7.2.7)

U = vy, (7.2.8)
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or

(U™, x) + kB (U™, x) = (U + kf(t,),x), (7.2.9)
U° = vy, (7.2.10)

Theorem 7.2.4. Let U™ and u(t,) be the solutions of (7.2.7) and (7.1.9) respectively.

Let a <r < 2a,i 5 <a < 1. Assume that ug € H"(0,1) and
lvw = uol| < CR*")|ug|| 1 (0,1)-

We have, under the Assumption 7.2.1 withn=1,2,--- , N,

tn
Hr(0,1) / KA
0

U™ — u(ty) = (U™ — Ryaults)) + (Rrau(ts) — u(ts)) = 0" + p".

tn
HUn B U(tn)H < ChQ(rfa)<Hu0| HT‘(O,I)d3> + k/ HuttHds.
0

Proof. We write

Hence p™ = p(t,) is bounded by

t
16°11 = NBuau(ts) = u(tn)l] < CR*fu(t)lmm©) < Ch*|lug +/ ui(8)ds||1r(0,1)
0

t
< Ch2("_a)<‘|uof|m(0,1)+/ Hut||HT(071)d3>'
0

We next estimate ™. Note that 6" satisfies, by (7.2.7) and (7.1.9),

(GH_TQM,X) + Bo (6", AY) (7.2.11)
- (P2 ) - (M=) ) )~ Bu(Ruau(t). )
= (). 1) - ( Ry, M=) )
( —ku(tn_l),x> . (u(tn) —ku(tn_l) ) —ku(tn_l) )

= —(w",x),
where w" = w} + wy,

u(ty) — u(tn_1) n
2 =g 2

= (Rh,a - I)

Choose x = 6™ in (7.2.11), we have

(07, 6™) — (0771, 0™) + kBo (67, 0") = —k(w", 0").
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Note that, by the coercivity property, B,(0",6") > 0, we have
167117 = (0", 0m) < Kllw"||l|6"]],
or
16711 < 1"~ 116" (] + K| [w"[][]6"]].
Cancelling ||6™]], we get
1671 < 116" + Kl Jw"]].

By repeated application, we have

1071 < 16O+ & D M| < [0 + & Y [[wi]| + kY [Jwi].
j=1 j=1 j=1
Noting that

i (Bpa— I)U(tj) —u(tj1)

wl —

we have

n .
kY il
j=1

IN

n t;
3 / (R — Tyue(s)]|ds,
=1 Jti—1

n t]- tn
< ) / ChH = |ug|| g 0.1y ds < CRA=) / ||| | - 0.1y ds-
j=1 tj—1 0
Further, we have

kst = u(t;) — u(ty 1) — kua(t;) = — /t " (s — ;1 )un(s)ds.

j—

We therefore obtain

n n t; n t; tn
eSS Nl < 300 [ = tuaollids <83 [ huats)lds =k [ luaslids
j=1 j=1 -1 j=17ti-1

J

Together these estimates complete the proof of Theorem 7.2.4. O]
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7.3 The Discontinuous Galerkin Time Stepping Method

In Section 7.2, we obtain the error estimates for solving (7.1.9)-(7.1.10) by using the finite
element method in space and backward Euler method in time. The error is O(h2"=) 4
k), <r < 2a,3 < a <1 and the bounds contain the terms fot" |[we ()] 0,1y ds and
fg " |ue(s)||ds. In this section, we will consider the discontinuous Galerkin time stepping
method for solving (7.1.9). When the approximating functions are piecewise constant in
time, we proved that, in Theorem 7.3.1, the error is O(h"~% + k,) and error bounds
contain the terms ||ul|, s, and ||ut||q,s,. When the approximating functions are piecewise
linear in time, we prove that the error is O(h?"~® 4+ k2?) and the bounds contain the terms
l|lullr.s, and ||ug||a,,, see Theorem 7.3.3.

Let 0 =ty <ty <+ <tpq <tp,<---<ty=T be the time partition of [0,T]. Let
kyn=1t, —t,_1,mn=1,2,3... N be the time step size. Denote J,, = (t,_1,t,]. Define

q—1
Sin ={X; [0, T] = S, X[, = > X;t/, X; € S},

=0

where ¢ is a given positive integer and X = X(t) € Sy, is left continuous at the dis-
cretization point t¢,, but not necessarily right continuous at ¢, ; on each subinterval
Jo = (tho1,ta],n = 1,2,..., N. Denote X" = X(t,—) = lim, - X(¢) and Xt =
X (tn—1+4) = limy ¢, , + X(¢). We then have X" = X(¢,) = X". Further, let S}, denote
the restriction of Sk, on J,, = (t,_1, t,)].

The discontinuous Galerkin time stepping method of (7.1.9)-(7.1.10) is to find U =
U(t) € Sp, such that, withn =1,2,..., N, and VX € S},

/tn [(Ut,X)+Ba(U,X)]dt+(U_t‘l,X_’;—l):(Uﬁ‘l,Xi‘1)+/tn (f, X)dt,

tn—1

(7.3.1)
Ultn1) =U"", (7.3.2)
[ (00304 B0+ Sl )+ @2 = @0, x4 [ (g0

U(O) = Ug = Up.
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Here [U],, = U} — U™ denotes the jump of U at t,,n=1,2,--- N — 1.

Denote
B0.X) = [ [0 X) 4 Bl Xt + Y (0] XD) + (02, XD)

Then the discontinuous Galerkin time stepping method of (7.1.9)-(7.1.10) is to find U €
Sk such that

Ba(U, X) = (U, X°) + / "Xt VX € S (7.3.3)

to
We remark that in the case ¢ = 1, (7.3.1)-(7.3.2) reduces to the following modified back-

ward Euler method

t

(U™, X) + knBa(U", x) = (U™, x) + ( ’ f(t)dt,x>, VX € Sh. (7.3.4)

tn—1

Note that the f™ = f(t,) occurring the standard backward Euler method (7.2.9)-(7.2.10)
has been replaced by an average of f over (t,_1,t,). The standard backward Euler method
may thus be interpreted as resulting from (7.3.4) after quadrature. We have the following

Theorem.

Theorem 7.3.1. Assume that k,.1/k, > ¢ > 0 for n > 1 and let ¢ = 1. Let U™ and
u(t,) be the solutions of (7.3.1)-(7.3.2) and (7.1.9)-(7.1.10), respectively. Let a < r <

2a,% < a < 1. Then we have, under the Assumption 7.2.1 with v, = Pyug,ue € L*(0, 1),

U = u(tn)l] < CLy max(h™[ullr.s, + knllulla.s,), (7.3.5)

where Ly = 1+ (log )2 and ||¢]]s, = supsey, [|2(0)]
Denote A, : D(A,) — L*(0,1) by

Hs(0,1)5 S=qQ,rT.

Ba(p,¥) = (Aap, ¥), Ve € D(Aa), 4 € Hy(0,1). (7.3.6)
We may consider the following backward homogeneous problem

— 2z +Aaz =0, fort<ty, (7.3.7)

2(tny) = . (7.3.8)

We next introduce the discrete fractional elliptic operator A, : S, — Sp by, with

1
§<Oé§].,

(AnX) = g (£D20. 2D1x) + (£ E02x) |, x5



114

The semidiscreat problem of (7.3.7)-(7.3.8) is then to find zj, € S}, such that

— Zpt T+ Ah,azh = 0, for t < tn, (739)

Zh(tN) = Pth. (7310)

The discontinous Galerkin time stepping method for (7.3.9)-(7.3.10) is to find Z, € S},

such that
tn
/ (X, —Zns + Ba(X ApaZi)]dt + (Xn(ta—), Zu(ta—)) (7.3.11)
tn—1
= (Xn(tn=), Zn(tat)), VX, €SP, (7.3.12)

Here we use the fact that B, (Xp, Z) = (AnaXn, Zn) = (Xn, AnaZh).

We remark that (7.3.12)-(7.3.13) are obtained by transforming (7.3.9)-(7.3.10) into the
forward homogeneous problem and then apply the discontinuous Galerkin time stepping
method (7.3.1)-(7.3.2) to this forward homogenous problem. In fact, let t = T — s, we

assume
z2p(t) = zp(T — s) = zZp(s)
which implies that
Zht = —Zns, 2n(tn) = zn(0).
Here (7.3.9)-(7.3.10) is equivalent to the following forward homogeneous problem

Eh,t + Ah,a'gh = 0, for t S tN, (7314)

The discontinuous Galerkin time stepping method of (7.3.14)-(7.3.15) is to find Z, € SP,
such that

/ T e X) + (AnaZa Kol + (20t — )4, Kot — 1))

N—tn

= (Zty = ta)=). Xallty —ta)=)).  VXi € Sp,
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which implies that, with s =ty — ¢, Z,(s) = Zu(t), Zns(8) = —Zn4 (),
tn
/ [(Xh, —Znt) + (Xn, Ah,aZh)] dt + (Xp(ty — (tv — to)+), Zn(tn — (ty — tn)+))
n—1
= (Xh(tN— (tN—tn)—),Zh<tN— (tN—tn)—), VX, € S]?h,
or
tn
| G0 =200+ (X AnaZi)] 4 (Xalt1). Za(t-)
tn—1

= (Xh(tn—), Zh(tn—i-)), VXh c Sl?h?

which is (7.3.12)-(7.3.13).

By summation with n =1,2,..., N, we get
tN N-1

/ [Xh, —Zng) + (X, Ah,aZh)] dt — Z(Xh(tn_)a [Zn]n) + (Xn(tn—), Zn(tn—))
to n=1

= (Xn(tn—), Zn(tn+)) = (Xn(tn—), Pup), VXu € Spa.
It is easy to show that, by integration by parts with respect to t,

Bo(Xn, Z) = / " [(Xh, —Zna) + (X, AWZ,Z)] dt (7.3.16)

- i(Xh(tn—), [Zh]n) + (Xp(tn—=), Zn(tn—)).

Hence we see that the solution Z;, € Sy, of (7.3.12)-(7.3.13) satisfies

Ba(Xh, Zh) = (Xh(tN—>,Ph(p) = (Xh(tN—>,g0), \V/Xh c Skh- (7317)

Lemma 7.3.2. Assume that k,,1/k, > ¢ > 0,n > 1. Then we have, for the solution of

(7.3.17),

tN N
[ (122l + Ul + 3 100 < Ll (.19

n=1
where Ly = 1+ (log Z—I;)%
The proof is similar to the proof of [93, Lemma 12.3]. We omit the proof here.

Proof of Theorem 7.3.1. Let u denote the piecewise constant function (with respect to t)

defined by u(t) = u(t,), for t € (t,—1,t,], we write

e=U—-u=U—Rpat)+ (Rpott—u)=60+p,
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where Ry, is defined by (7.2.4). For p, we have, noting that u(tx) = u(ty),

10" I = [| Bhati(tn) = ultw)l] = || Rnaulty) — u(ty)l] < CHJul

Hr(0,1)-

For 6, we have, with ¢ € L*(0,1), by (7.3.17),

Ba(0, Zn) = (0%, ).
Thus we have

(GN, ©) = B,(0, Zy) = Buo(e — p, Z1) = Bale, Z1,) — Balp, Z1,).
Note that

Ba(e,Xh) = Ba(U — U,Xh) =0, VX € S
In fact, we have, by (7.3.3),

— tN

Ba(UX0) = (U2 Xa(04) + [ (£ X0)dt, ¥Xa € Su

to
Further we have
N-1
(1, X,) = / (1, X0) + (A X) [t + 3 ([, Xi(ta+)) + (02, Xa(04))
n=1
:/ (f, Xn)dt + (v, X5 (0+)).

Thus we obtain

Ba(u,Xh) = (UB — ug,Xh(O—l—)) = (PhUO — UO,Xh(to—i-)) = 0
Hence we have

N—1
<9N7¢) p7Zh Z/ th +B P7Zh i| + P Phgo)
=1 Ytn-1 n=1

(7.3.19)

Noting that

Bu(p, Z1) = Bo(Rhap; Z1n) = (RhaAnaps Zn),
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tn N—-1
0V, 0)=-%" / (R AnaZidt + 3 (0" 20) — (07, Pug)
n=1"1n-1 n=1
tn N—-1
< (ol + Rnapllo ) [ [ ol + 3211+ 1]

By (7.2.5) with r = «, we have

1Braplls, < |Bhap = plls, +1lplls, < CROllplla.s, + lplls, < Cllplla,s,-  (7-3.20)

We therefore have

N
< :
1071 < CLy max ||plla.,

Note that,
plla,s. = [|Broti = ulla,s, < [[(Rha —Dtllag, +[|@—ulla,s,
= (B — Dulta)lla.s, + |t = vlla.s, < Ch™|ultn)]|mr©1) + Cknl|uela,s,
< Ch|ullr,, + Challuel]a,,-
Together these estimates complete the proof of Theorem 7.3.1 O

Theorem 7.3.3. Let ¢ = 2 and assume that k,.1/k, > ¢ > 0 for n > 1. Let U™ and
u(t,) be the solutions of (7.3.1)-(7.3.2) and (7.1.9)-(7.1.10), respectively. Let a < r <

204,% < a < 1. Then we have, under the Assumption 7.2.1 with v, = Pyug,ug € L*(0, 1),

U = u(tn)l] < CLy max(h*"Jull,,, + k3 uello.s.),

where Ly =1+ (log Z—Z)% and ||¢l|s,7, = supiey, [0, 5= a,r.

Proof. Let J, = (t,_1,t,], n > 1 and let u € Sy, denote the piecewise linear interpolation

defined by
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i.e., u interpolates at the nodal points, and the interpolation error is orthogonal to any
constant on J,. This interpolation is uniquely defined and the error estimates read as

follows, see [93, (12.10) pp.186],
lu(t) — u(t)|Hg(0’1) < Cka/J \utt(s)\Hg(o’l)ds, forte J,, 7=0,1. (7.3.21)

This time we find instead of (7.3.19),

(6™, ) = Z/ (P, Zns) + Balp, Zn) dt+2 (Zn]n) = (0N, Pr).

Here we have, using the definition of ,

/ (p, Zh’t)dt = / (Rh’aﬁ — U, Zhﬂg)dt = / (Rh,au —Uu, Zh,t) dt
Jn n n

By Lemma 7.3.2, we have

N N
‘ Z/ (Rpou — u, Zh7t)dt’ < max || Rp, o — ul| s, / | Zh.¢||dt
= n = 0

< 2(r—a)
< O mas o, g1,

and similarly

N—-1
\Z 1Zalul + G Phso)SI%%HRWU—U)(%)ME;I\[Zh]nl\+\|Pn90H)

< 2(r—a) )
< LA il .

Finally, by the definition of Ry, 4,

Z/ o(p, Zp)dt = Z/ — u, Zy)dt
:—Z/ w), Zy,)dt = iKn.

n=1

By the Assumption 7.2.1 and definition of the interpolant %, we have

Kol <kl — ull, / 1 Zuldt.
In

Thus we have

Zu{ | < max(kalli = ) Z/ 10,1t < C Ly man(k3

n=1

allel]

Hence we get the following estimates
(0™, ¢) < OLy max(k3 ||uelr,s, + B> |-
n<N

Together these estimates complete the proof of Theorem 7.3.3. O]
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7.4 Numerical Simulations

In this section, we will consider two numerical examples.

Example 5. Consider the following linear space fractional partial differential equation,

with%<a§1,

u(t,x) 0*u(t, z)

By A = f(t,x), 0<t<T, 0<z<l, (7.4.1)
u(t,0) =u(t,1)=0, 0<t<T, (7.4.2)
u(0,z) =up(x), 0<z<l, (7.4.3)

where ug(z) =0 and f(t,r) = 2tx*(1 — x)* — t*(2 — 122 + 122%). When a = 1, the ezact
solution is u(t, ) = t?2?(1 — x)2.

In the numerical simulation, we use the piecewise constant approximation in time
and the linear finite element approrximation in space. We consider the experimentally
determined orders of convergence ("EOC”) for the different o at t, = 1. We choose
k = 0.001 and the different step size h; = 55,1 =1,2,3,4,5. Let el) = |u(tn) = U201

denote the L* norm at t, = 1 obtained by using the different space step sizes h; = QL,Z =
1,2,3,4. Since the exact solution is not available, we will calculate the reference solution
(or ‘true’ solution) u(t,) by using the very small time step size k = 0.0001 and space step

size h = 2719 By Theorem 7.3.1, we have, with some o < r < 2o and % <a<l,
el < Ohre, (7.4.4)

which implies that the convergence order r — « satisfies
0 i
lOgQ(W) S log2(m)’”’a =r—a.
In Table 7.4.1 we observe that the experimentally determined orders of convergence

("EOC”) are 2cc which is much better that the theoretical convergence order in Theorem

7.53.1.

Example 6. Consider the following linear space fractional partial differential equation,
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k h | EOC(a=0.6) | EOC(a=0.7) | EOC(a=0.8) | EOC(a =0.9)
0.001 | 1/2
0.001 | 1/4 2.0132 2.4290 2.4232 2.3176
0.001 | 1/8 1.3547 1.6634 2.0163 2.1684
0.001 | 1/16 1.3493 1.3635 1.5023 1.5863

Table 7.4.1: The experimentally determined orders of convergence ("EOC”) for the dif-

ferent o at t, = 1 in Example 5

k h | EOC(a=0.6) | EOC(aa=0.7) | EOC(a =0.8) | EOC(a = 0.9)
0.001 | 1/2
0.001 | 1/4 1.4233 1.5410 1.5249 1.4240
0.001 | 1/8 1.0621 1.1559 1.4353 1.6324
0.001 | 1/16 1.0171 1.1045 1.2011 1.5345

Table 7.4.2: The experimentally determined orders of convergence ("EOC”) for the dif-

ferent o at ¢, = 1 in Example 6

with%<o¢§1,

ou(t,z)  0*u(t,z)
- = t<T 1 4.
By R f(t,x) 0<t<T 0<z<l, (7.4.5)
u(t,0) =u(t,1) =0, 0<t<T, (7.4.6)
u(0,z) =up(x), 0<z<l, (7.4.7)

where up(z) = x(1 — x) and f(t,x) = 0.
In Table 7.4.2, we observe that the experimentally determined orders of convergence
("EOC?”) are also better than our theoretical convergence order O(h™%), a < r < 2a in

Theorem 7.3.1. We will investigate this issue in our future work.



Chapter 8

An Analysis of the Modified L1
Scheme for the Time Fractional Partial
Differential Equations with

Nonsmooth Data

8.1 Introduction

We consider error estimates for the modified L1 scheme for solving time fractional partial
differential equation. Jin et al. (2016, An analysis of the L1 scheme for the subdiffifusion
equation with nonsmooth data, IMA J. of Number. Anal., 36, 197-221) established an
O(k) convergence rate for the L1 scheme for both smooth and nonsmooth initial data.
We introduce a modified L1 scheme and prove that the convergence rate is O(k?~%),0 <
a < 1 for both smooth and nonsmooth initial data. We first write the time fractional
partial differential equations as a Volterra integral equation which is then approximated by
using the convolution quadrature with some special generating functions. The numerical
schemes obtained in this way are equivalent to the standard L1 scheme and modified L1
scheme, respectively. A Laplace transform method is used to prove the error estimates
for the homogeneous time fractional partial differential equation for both smooth and

nonsmooth data. Numerical examples are given to show that the numerical results are
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consistent with the theoretical results.
Here we consider the following time fractional partial differential equation, with 0 <

a <1,
SDu(t) + Au(t) = f(t), for 0<t<T, with u(0)= u, (8.1.1)
where § Dfu(t) denotes the Caputo fractional derivative defined by

€ Dou(t) — ﬁ /0 (t — 5)~ou/(s)ds,

and v/(s) = % and A is a selfadjoint positive definite second order elliptic partial differen-
tial operator in Q C R, d = 1,2,3, with D(A) = HE(Q) N H?(2), where H}(Q) N H?(Q),
denotes the standard Sobolev spaces.

The equation (8.1.1) can be written as

ED(u(t) — u(0)) + Au(t)) = f(t), 0<t<T, (8.1.2)
where
B Doy () — ﬁ% /0 (t — 5)~u(s)ds, (8.1.3)

denotes the Riemann-Liouville fractional derivative.

Our analysis will use Laplace transforms. The assumption that A is positive definite
implies that A generates an analytic semigroup, so that for some § < 6y < m and with
C' = Cy, we have the resolvent estimate, see Lubich et al. [63], Thomee [93],

(1 + A) 7 < CJ2| 7 (8.1.4)

for z€ )y ={2#0: |argz| < O}.

In our analysis, we also need to choose 6 > 7 close to 7 such that ¢ < 6. Hence
2% € )y, forany z € Y, since 0 < @ < 1 implies that arg(2%) = afl < 6 < 6. Hence
there exists a constant C which depends only on 6 and « such that, see Jin et al.[47, (2.3)]

or [46],
1(z2T + )7 < Cla| ™, (8.1.5)

forze€ )y ={2#0:|argz| <0}
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We also need to choose § > 7 close to § such that zi € }_, for 2 € I' which implies
that (207 + A)'exists where z; is defined in (8.3.21) and I' =Ty = {2 : |arg 2| = 0}.

Many application problems can be modeled by (8.1.1), for example, thermal-diffusion
in media with fractional geometry [74], highly heterogeneous aquifer [1], underground
environmental problems [39], random walks [38], [72], etc.

To solve (8.1.1) numerically one needs to approximate the time fractional deriva-
tive. There are three predominant approximations in the literature: finite difference
methods (including L1 schemes), [52], [56], the Griinwald-Letnikov methods, [100], [105],
Diethelm’s method [27], [35]. The L1 scheme is obtained by approximating the integer
derivative with the finite difference quotients in the definition of the fractional derivative.
The Grunwald-Letnikov method is based on the convolution quadrature and finally the
Diethelm’s method is based on the approximation of the Hadamard finite-part integral.

Let us briefly recall some main results in these three approximations to the time frac-
tional derivative in the literature. Langlands and Henry [52] considered the L1 scheme
for the Riemann-Liouville derivative and proved that the convergence order is O(k*~) if
u € C?[0,T]. Lin and Xu [56] studied the L1 scheme for the Caputo fractional derivative
and proved that the convergence order is also O(k* %) if u € C?[0, T, see also [87]. Gao,
Sun and Zhang [37] introduced a new Ll-type formula and proved that the convergence
order is O(k*=®) if u € C®[0,T]. Li and Ding [54] obtained a finite difference method
with order O(k?) if D} *u € L'(0,T), see also [67]. Yuste and Acedo [100] considered
a Griinwald-Letnikov discretization of the Riemann-Liouville fractional derivative and
provided a von Neumann type stability analysis. Zeng et al. [105] introduced two fully
discrete schemes with convergence order O(k*~%) if u € C?(0, T by using fractional linear
multistep method in time to approximate the convolution integral. Diethelm introduced
a finite difference scheme to approximate the Riemann-Liouville fractional derivative by
using the Hadamard finite-part integral and showed that the truncation error is O(k*~%)
if u € C?[0,T]. The scheme is obtained by Hadamard finite-part integral with linear
interpolation polynomials. This scheme is actually equivalent to the L1 scheme since the
weights of both schemes are the same, see below. Ford, Xiao and Yan applied Diethelm’s
method for solving the time fractional partial differential equation and proved the con-

vergence order is O(k?~) if u € C?[0,T]. High order Diethelm schemes are also available
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in the literature, see [34], [35] [97].

However, the regularity of the solution of (8.1.1) is restrictive. For example, for the
homogenous equation with the initial data vy € L*(Q2). We have the following stability
estimate [79]

16 Df ul| < Ct=*[Juoll,

where ||.|| denotes the L? norm. That is, the ath order Caputo derivative is already
unbounded when t + 0. Hence, the C?-regularity assumption generally does not hold
for (8.1.1) and the case of nonsmooth data is not covered by the existing error analysis.
Numerical experiments indicated that the O(k*) convergence rate actually does not
hold uniformly in ¢ even for smooth data wug [47]. The purpose of this work is to consider
error estimates for approximating (8.1.1) with nonsmooth data.

Jin et al. [47] presented an optimal O(k) convergence rate for the fully discrete scheme
based on the L1 scheme , i.e., (8.1.13)-(8.1.14) in time and Galerkin finite element method
in space for both smooth and nonsmooth data, i.e., ug € L*(Q2) and Auy € L*(Q)(A = —A
with a homogenous Dirichlet boundary condition), respectively. We will introduce a
modified L1 scheme (8.1.19)-(8.1.20) to discretize the time fractional derivative in (8.4.1)
and discretize the spatial derivative by using the Galerkin finite element method. We shall
prove the optimal convergence order O(k*~%) with nonsmooth data for such modified L1
scheme. Our estimates are derived by using the techniques developed in Lubich et al.
[63] for solving the intergo-differential equation. We will use some delicate estimates
for the kernel function which involves the polylogarithmic functions, see Jin et al [47].
To the best of our knowledge, there are no proofs of the convergence order O(k*~*) for
numerical methods for solving the time fractional partial differential equation (8.4.1) with
nonsmooth data in the literature.

The main contributions of this paper are as follows:

(1) we introduce the modified L1 scheme for solving time fractional partial differential
equation and prove that convergence order of this scheme is O(k*7*),0 < o < 1 for both
smooth and nonsmooth data.

(2) we find the equivalence of the L1 scheme or modified L1 scheme with the convo-

lution quadrature formula for solving time fractional partial differential equations, i.e.,



125

Lemmas 8.3.1, 8.3.4.

(3) we apply the Laplace transform approach of solving integro-differential equation
in Lubich et al [63] to solve time fractional partial differential equation (8.4.1).

With B(t) = t*71/T'(a),0 < a < 1, the equation (8.1.2) can be written in the integral

form

u(t) — ug + /0 Bt — s)Au(s)ds = /0 Bt —s)f(s)ds, (8.1.6)

with A(+,-) denoting the bilinear form associated with A, and (-,-) the inner product in

L*(€). The variational form of (8.1.6) is to find u(t) € H(Q) such that, for Vv € H}(Q),

(u(t),v) + /o Bt — s)A(u(s),v)ds = /0 Bt —s)(f(s),v)ds. (8.1.7)

We first consider the case of the discretization in space only. Let S;, denote the piecewise

linear functions on a triangulation of {2 of the standard type so that

infoes, {[Ju = X|| + hllu = x[h} < CR?|[ul]s,

where ||v||s = ||AZv]|| for s > 0.

The spatially discrete problem is then to find uy(t) € Sy for 0 < ¢t < T such that, for
Vx € S,

(w110 = (00,0 + [ Bl = 9)Aun(s). 085 = [ 505516105, (319

un(0) = ugp = uo, (8.1.9)
where ug, € Sy is some approximation of ug. Or in the abstract form,

wn(t) — uon + /0 CB(t — ) Ayuun(5)ds /0 "Bt — )P f(5)ds, (8.1.10)
where A, : S, — S, denotes the discrete Laplacian defined by

(Ahwa X) = A(dja X)7 VT%X € Sha

and Py is the L?-projection onto Sj,.

For this problem, we show that, in Theorem 8.2.2, if ug, = Pjuq, then ¢ > 0,

IIUh(t)—U(t)II§0h2(t‘a||u(>||+t_a+1!|f(0)||+/o(t—S)_"‘“Ilft(S)IIdS). (8.1.11)
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We now turn to the discretization in time only. Let N > 1 be a positive integer and
let 0 =1ty <t; <ty <---<ty="T beapartion of [0, 7] and k the time step size.

For the convolution integral in (8.1.6), we apply the following quadrature formula [63],

() = k° Zﬁn_jgoj R~ / n B(t, — s)p(s)ds.
=0 0

Here, the weights 3,7 = 0,1, 2, - - - are determined by some special generating function
BC) = B¢ (8.1.12)
5=0

which we will define in Section 3.
It will prove convenient, however, to modify this formula slightly by omitting the term

with j = 0 so that [63],
n tn
() = kD Bujp’ = / B(tn — s)p(s)ds.
i=1 0

Let U™ =~ u(t,),n =1,2,--- , N be the approximate solution of u(t¢,). We may define

the following time discretization problem for solving (8.1.6),

U —U° + q,(AU) = ¢, (f),n > 1, (8.1.13)

U° = wy. (8.1.14)
Let V™ = U™ — uq, then V"™ satisfies

V" + qu(AV) = —gu(Auo) + ¢u(f), n =1, (8.1.15)
VO —0. (8.1.16)

Assume that 3(¢) = w(¢)™" where w(¢) = Y72 w;¢7 is defined in (8.3.2) below. Then
we prove, in Theorem 8.3.3 the following nonsmooth data error estimate of the equation

(8.1.6) with f =0
U™ —u(ty)|| < Ckt; ol (8.1.17)

In order to achieve higher accuracy, we will use the following modification of g, (y),

ie., [63]

n ) . 1
a, () = ka(Zﬁnfj(Pj + COanupO), with ¢y = 2, (8.1.18)

j=1
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to approximate the integral fot" B(t, — s)¢(s)ds. We therefore define the following time

discretization problem for solving (8.1.6),

U" — U+ g5(AU) = g5(f), n>1, (8.1.19)

U° = uy. (8.1.20)
Let V" = U™ — ug. Then V" satisfies

V" + g (AV) = —q;(Auo) + ¢ (f), n=1, (8.1.21)
Vi=0. (8.1.22)

Assume that 3(¢) = w(¢)™" where w(¢) = Y72 w;¢7 is defined in (8.3.2) below. Then

we prove, in Theorem 8.3.6 the following nonsmooth data error estimate of the equation

(8.1.6) with f =0

107 = ulta)]] < CK*457fuol .

8.2 Finite Element Method

In this section, we will consider the finite element method for solving (8.1.6). We have

the following theorem:

Theorem 8.2.1. Assume that u(t) and wu(t) are the solutions of (8.1.6) and (8.1.10),

respectively. Assume that f = 0. Then we have
[Jun(t) = u(®)]] < Ch*||uo||. (8.2.1)

Proof: The estimate (8.2.1) was first proved in Jin et al. [47] with a log factor. Later
the log factor was removed using the operator trick in Bazhlekova et al. [7]. The proof
in Bazhlekova et al. [7] is for the general inverse operator (g(z) 4+ A)~! in E(z) below. In
our case, we have g(z) = 2 and we will prove the estimate (8.2.1) below by using the
argument in Lubich et al. [63] which is slightly simpler than the argument in Bazhlekova
et al. [7] .

Let u(z) be the Laplace transform of u(t). Taking the Laplace transform for (8.1.6),

we get

(z) —upz™' + BAU(z) = 0.
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We have, noting that z* € Y, by (8.1.5),

A

() = (21 + 27T A) " ug = E(2)uy,

where F(z) = 2271(2* + A)~!, By using the inverse Laplace transform, we have

u(t) = L/FetzE(z)uoalz = E(t)uo,

- omi

where
['=Ty={z:l|argz| =6},

for some ¢ > 7 sufficiently close to 7 such that (8.1.5) holds. Here

. ol _ Ela _
IEGE) =27 (=" + A) 7| < T < Ozl

EI—
and E(z) is analytic for z € 3.
Similarly the solution of (8.1.10) has the form, with ug, = Pyug, f =0,

1

un(t) = 5 — /F By (2)uondz = Ej(t) Pyuo,

where

A~

En(z) = 2712 + Ap) 7t
Thus we have

[un(t) = u(®)]| = [|En(t) Phuo — E(t)uol]

1 ~ .
= H%/Fetz(Eh(Z)Ph — E(Z))UOdZ

We will show that
| En(2)Py — E(2)|| < Ch?|z]*7Y 2 €T (8.2.2)
Assume this for the moment, we then have, with some constant ¢; > 0,

un(t) — u(t)]| < C / B2z ol | < C / el 12|21 2|

[e.e]

<c / et B2 ||| < CR2 / 2 | ug|| < CH2E][ug).
0 0
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It remains to show (8.2.2). Note that
|En(2) Py — E(2)|| = 271 (%] + Ap) 7 Py — (2% + A)7Y).
With w = 2%, we have

(’LUI + Ah)_lph — (UJ[ + A)_l
= Py((wl + Ap)™t — (wl + A NP, — (I — P)(wl + AP, — (wl + A) I — P)
=+ II+1II.

For I, we have

Il = [[Pu((w] + Ap)™" = (wl + A)TH B < |4, Py — PLATY|
= |4, P — AT +[|(I = P)ATY| < OB,

For III, we have, by (8.1.5) and noting that A(w + A)™' =T —w(w + A)™!,

Z1T1] = [[(w] + A)~H I = Py)|| = [[(w] + A)TTAATHI = B)]
< CIA™NI - Ryl < CR*.

For II, we have
LI = [[(I = Pu)(wI + A)T)By|| < Ch2.
Together these estimates complete the proof of Theorem 8.2.1.

Our next Theorem is the nonsmooth data error estimates for f # 0,uy = 0.

Theorem 8.2.2. Assume that u(t) and wuy(t) are the solutions of (8.1.6) and (8.1.10),

respectively. Assume that f # 0,u9 = 0. Then we have

|wh@>—u@ﬂ|scﬂf(fﬂ+wuann+lé(t—syﬂ+wvxﬁumﬂ, (8:23)

where f'(s) = d{l(;).

Proof. We first show that, with the sufficient smooth solution w(t) and u(t),

m@—AEm—mw@m
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and

where

1 o
En(t)Pyug = %/Fetth(z)Phuodz,
and
1

E(t)uy = i /. e B (2)ug dz.

In fact, by taking the Laplace transform of (8.1.6), we have
W(z) + 2 %Ad(z) = 27 f(2),
which implies that
i(z) = (14 27"A) "2 f(2).
Denote E(z) = (142 “A)"'27, we have
ut) = (Ex i) = [ Bt 5)s(s)as.
0
With J,(t) = [J Fy(s)ds, Fi(s) = Ey(s) P, — E(s), we have
un(t) — u(t) = / (En(t — 5)P, — Bt — 5))f(s)ds
0
_ / Fiu(t — ) f(s)ds = Ju (1) F(0) + / Ju(t — $)f(s)ds.
0 0
Thus we obtain
[lun(t) — u(@)|] < [|Ju(t) F(O)]] +/0 [ Ju(t = )11 (s)]|ds.

Since the Laplace transform .J,(z) of J,(t) is 27 F(2), with F)(z) = Ey(2) P, — E(2),

our results follows from, using (8.2.2),

1 . 1 .
1011 = |55 [ € tnde]| = g [ = Butapasl
< C’hQ/ |z|e 2e~ il dz| < CR* o,
r

Together these estimates complete the proof of Theorem 8.2.2.
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8.3 Time Discretization

In this section we will consider the nonsmooth data error estimates of the time discretiza-
tion scheme for the equation (8.1.6) with f = 0.

At t =t,,n=12,--- N, we may use the following L1 scheme to approximate the
Caputo fractional derivative, see [47],

n—1

§Dfu(t,) = K (bou(ta) + S (by — by-a)ultu—y) — byrug) + O(K*™),

J=1

where the weights b; are given by
bi=(+1)"™—j")/T(2~a),j=012"- n-1L
Rearranging the coefficients, we may write

SDu(t,) = k=@ Z w; pu(t,_j) + O(K*~%)

§=0
= k) wajaulty) + O(K*), (8.3.1)
§=0
where w;,,7 =0,1,2--- ,n are given by
1, for 57 =0,
F(Q—O[)w]m - _2j1—a+<j_ 1)1—a+(j+1)1—a’ fOI', .] = 1727"' y I — 17
(j — Dl — gl for j=n.

We remark that the above weights w;,,j = 0,1,2--- ,n can also be obtained by using
Diethelm method [27]. In other words, the L1 scheme for approximating the Caputo frac-
tional derivative may be obtained by first approximating the Riemann-Liouville fractional
derivative by using Diethelm’s method [27] and then applying the relation between the
Riemann-Liouville and Caputo fractional derivatives, i.e., § DXu(t) =8 D@u(t) — ug) for
0<a<l.

For any fixed n > 1,w;,,j =0,1--- ,n —1 only depend on j =0,1,2--- ,n — 1. For
example, we have wy,, = 1/T'(2 — a) for any n > 1, wy,, = 1/T(2 — a)((—-2)1"* + (1 —
D) + (14 1)) for any n > 2. Therefore, we may write wy = wo n, W = Wy, Wy =

Wop, * , Wp—1 = Wp_1,, for any n > 1. For such defined w;, 7 =0,1,2,---, we denote
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w(z) = ijcj. (8.3.2)

Lemma 8.3.1. Assume that 3(¢) = w(¢) ™! where w(¢) := > w;¢ is defined in (8.3.2).
Then the time discretization problem (8.1.15)-(8.1.16) is equivalent to the following L1
scheme, with f =0,

EY wn_ja V4 AV = —Aug, n>1, (8.3.3)
j=0
V0=, (8.3.4)

where the weights w,_;,,j = 0,1,2,--- ,n are given by (8.3.1) and noting that w; =
Win,7 =0,1,2--- n—1foralln > 1.
Proof: The proof is similar to the proof of Lemma 8.3.4 below. We omit the proof

here.

Remark 7. Assume that 5(¢) = w(¢)~! where w(() := >z w;¢’ is defined in (8.3.2).
Then the time discretization problem (8.1.13)-(8.1.14) is equivalent to the following L1
scheme, with f =0,

E7Y wa_j U7+ AU =0, n>1, (8.3.5)
=0
U° = uy, (8.3.6)

where the weights w,_;,,j = 0,1,2,--- ,n are given by (8.3.1) and noting that w; =
Wjn,j =0,1,2--- ' n—1for all n > 1. In fact, let V/ = U’ —ug,j = 0,1,2--+ ,n we
have, by (8.3.3)

EY (U7 = ug) + AU™ =0, (8.3.7)
=0
which implies (8.3.5) by noting the fact
Z Wp—jn = 0.
=0

We then have the following theorem from Jin et al. [47].



133

Theorem 8.3.2. Assume that 3(¢) = w(¢)™" where w(¢) = Y7~ w;¢7 is defined in
(8.3.2). Let u(t,) and U™ be the solutions of (8.1.6) and (8.1.13)-(8.1.14), respectively.
Let up € L*(Q) and f = 0. We have, with 0 < a < 1,

[lu(ta) — U] < Ckt,,||uol. (8.3.8)

Proof. By Remark 7 the time discretization problem (8.1.13)-(8.1.14) is equivalent to the
L1 scheme (8.3.3)-(8.3.4). Further we note that (8.3.3)-(8.3.4) is the same scheme as the
difference scheme [47, (2.8)] introduced in Jin et al. [47]. Hence (8.3.8) follows from Jin
et al. [47, Theorem 3.16]. O

We next consider the modified L1 scheme (8.1.21)-(8.1.22) with f = 0, that is,
V' G (AV) = —gi(Au), 0> 1, (8.2.9)
Ve=o0. (8.3.10)
We have the following lemma.

Lemma 8.3.3. Assume that 3(¢) = w(¢)™!, where w(¢) = > oZowi¢’ is defined in
(8.3.2). Then the time discretization problem (8.3.9)-(8.3.10) is equivalent to, with ¢y = 3,

EY gV 4+ AV = (= Aug)(1 + ¢), for n =1, (8.3.11)
j=0

k< an_mvj + AV" = (—Aug), for n>2, (8.3.12)
j=0

Vo = 0. (8.3.13)

Proof. Denote
1+c¢y, co= %, for n=1,
a, =
1, for n > 2.
The time discretization problem of (8.3.11)-(8.3.13) can then be written as
E7Y wn iV AV = (= Aug)as,.

J=1

Denote V(¢) = 322, V¢, we have

ST (D wn V)¢ AV = (—Aug) D ().

=1 j n=1
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Note that
> (D wnaaV? )¢ = (D w ) (VI VI ), (8314
n=1  j=1 §=0

where we only use the weights w;,,,7 =0,1,2--- ,n—1for n > 1 and we do not use wy,,.

Hence we have

Few(()V(Q) + AV(Q) = <—Auo><ﬁ T e00).

Note that, by (8.1.12),

V(O) + kBOAT(C) = kBO)(—Aug)(—— + co0),

1-¢
we have
St v eSS (S )
n=1 j=1 =1

S— Z(Z B—jAug)C" — k* Z(Coﬁn—u‘mo)cna
n=1

n=1 j=1
which implies
v + k* Z Bn_jAVj = —k° Z Bn—jAuO - kaCQBn_lAUO, n Z 1.
j=1 j=1
Thus we get (8.3.9)-(8.3.10).

Together these estimates complete the proof of Lemma 8.3.3.

Remark 8. Assume that 5(¢) = w(¢)~! where w(¢) := >z w;¢’ is defined in (8.3.2).
Then the time discretization problem (8.1.19)-(8.1.20) is equivalent to the following mod-
ified L1 scheme, with f =0,

kE~< an_janj + AU"™ = (—Aug)cg, forn =1, (8.3.15)
7=0

EY wn_ U7+ AU =0, forn >2, (8.3.16)
j=0

U° = wy, (8.3.17)

where the weights w,,_;,,,j = 0,1,2--- ,n are given by (8.3.1) and noting that w,,_;,,j =
0,1,2---,n — 1 for all n > 1, which follows by the substitution V7 = U’/ — ug,j =
0,1,2---,nin (8.3.11)-(8.3.13) and the equality > 7w, _j, = 0.
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We are now ready to show our nonsmooth data error estimates of the modified L1

scheme for the homogeneous equation.

Theorem 8.3.4. Assume that 3(¢) = w(¢)~", where w(¢) := > osgw;¢’ is defined in
(8.3.2). Let u(t,) and U™ be the solutions of (8.1.6) and (8.1.19)-(8.1.20), respectively.
Let up € L*(Q) and f = 0. We have, with 0 < a < 1,

[lu(ta) = U] < CK*=457 luol|.

To prove Theorem 8.3.4 , we need to show that 23 € ), for some 0y € (7/2, 7) where
2k, 1s defined in (8.3.21) below and 6 is introduced in (8.1.4).

Lemma 8.3.5. [47, Lemma 3.7] Let 6 > 7/2 be close to 7/2. Let z € T'y with I'y, = {z €
ISz < w/k}and I’ = {z: |arg z| = 0} (with Sz running from —oo to c0). Let
2, = %,( = e defined by (8.3.21). Then there exists 6y € (7/2,7) such that

2y € D g,y forall, ze ).

Remark 9. In Lemma 8.3.5 in Jin et al [47], the authors proved that for all —7 < 0 < 7,
there exists 0y € (m/2,7), such that 2 € >, for all z € } ;. Actually in our analysis,

we only need to show 2 € >, for all z € ), for some 6 > 7/2 close to /2.

Proof of Theorem 8.3.4. Let V(t) = u(t) —up and V" = U™ — uy. It suffices to show
1V () = VIl < OB 4572 uol |,
which we will prove now. Note that, by (8.1.6),

/ Bt —s)AV (s / B(t — s)Augds, (8.3.18)

(8.3.19)
Taking the Laplace transform in (8.3.18), we have,
V(z) = —27 (2% + A) ! Ay,
which implies that

V(t) = —L, e 22 4+ A) T Augdz. (8.3.20)

21t Jr



Further we note that V™", n =1,2,3--- satisfy (8.3.9)-(8.3.10) and therefore

DoV D gAY = = (D aa(1)¢") Auo
n=1 n=1 n=1
Denoting [63]

3(6)™ = B(Q),

we obtain

an (AV)¢" = Z kazm Li(AV) 4 cok® B AVO)C"
n=1 7=1

and

3

S aC =Y (KD Bl + cokBunC”)

=1

3
Il
-
3
-
<.

Denote

J
By Lemma 8.3.5 we see that (2 + A)~! exists and hence we have

V(0) = — (5 + A (—— + o) Aup.

1-¢
Hence we have
n— _L —n—1 < o _1
[l =r M (7= 0 (o + 4) Aud
_ 1 1S SON 4, . )
" o Jg 15 <" ) (T ) kA Auadc

- (6_0> (C+ )+ cok™(Bo€ + Bi* + (P +
)

136

(8.3.21)
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Let C _ B_Zk, 2 = %log% + Z(—%)W’ <7, we have

1
Vr= g | 0O e+ A) A

where T'y, = {z € T : |Sz| < 7/k}. For the details of the notation Iy, see the proof of
Lemma 8.3.2 in [47].

Denoting
(.S
p2(C) = <1TC + COC>5(C)> (8.3.22)
we obtain
1
V= =l [ (0 e + ) Ao (8:3.23)
21 Jp,
Thus we have, subtracting (8.3.20) from (8.3.23),
1
V(t,) - V"= 5 . efn® </L2(C)Zk_1(2? + AT -2+ A)_1>Au0dz
1
+— ey (2 + A) T Augdz
211 Tk /T
=I+1I.
Denote
k(z) =271 (2% + A) 1A (8.3.24)

For I, we have, with some suitable constant ¢y > 0,
1

Ml < o= [ e lna(Cb(zs) — k) o]
Tk
1 —a —a
<5 €% |C (k> 7*)]|uol | |d2|
m T

S CkZa/ efc’otnr(tnr)lfad(rtn)tzfltgl||u0‘|
0
< Okt Juo|| < CR*272||uo|.

For II, we have by (8.1.5) and noting that (2* + A)™'A = I — 2%(2* + A)~!, with some

suitable constant ¢y > 0,

1 — ot — OO —Coln|z -
1] < 5~ / e [Muol 11271 (2" + A) =" Alfuol |z uol| SC/ e P El |2 7 dz ol
T Jr/ry 1

o0

[o@)
<C [ el s fug]| < R [ e e o]
1 1

k k

oo
<cren [ et drfug < CF 0t .
0
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The proof of Theorem 8.3.4 is now complete. O]

We close this section by introducing some lemmas which we need in the proof of

Theorem &.3.4.

Lemma 8.3.6. We have the following singularity expansion, with ¢ = e,

> wi¢) = (k)" + ea(zk)® + cs(2k)* + -
j=0

for some suitable constants ¢y, c3 - - -

We also need to introduce the polylogorithm function

oo
Zi

Liy(z) = =
P

The polynomial function Li,(z) is well defined for |z| < 1 and p € C. It can be analytically
continued to the split complex plane C/[1, +00); see Flajolet [36]. With z = 1, it recovers

the Riemann zeta function ¢(p) = Li,(1). We also recall an important singular expansion

of the function Li,(e™*) (Flajolet [36, Theorem 1]).

Lemma 8.3.7. [47, Lemma 3.2] For p # 1,2,--- the function Li,(e™*) satisfies the

singluar expansion

l

Liy(e™®) ~T(I — p)z"~' + Z(—l)lg(p - ])ZT, as z — 0,
1=0
where ¢(z) denotes the Riemann zeta function.

Lemma 8.3.8. [47, Lemma 3.4], Let |z]| < I with 6 € (5,2F) and —1 < p < 0. Then

Li(e™) = T(1 = 9 + 32 1)so— 1)

converges absolutely.

Proof of Lemma 8.5.6. We have, by the definition of w(z) in (8.3.2) with ¢ = e~
0(2) = Y0 = (=24 ()
g / 2 -a) =

-t -2 ) (E0)

1

R



where Li,—1(¢) denotes the polylogarithm function. We then have, by Lemma 8.3.8,

zk)!
l Y

Lia_1(¢) = Lia_1(e™*) =T(2 = ) (zk)* > + ) (-1)'s(1 —a — 1)(

where ¢(z) denotes the Riemann zeta function.

Hence, with some suitable constants ¢y, dg, d; - - -,

_ 2, 1
w(z) = ((zk) + 15

= (2k)* + cp(2k)? + - -

(k) o ) (H)°72 o do (k) -y () ),

Together these estimates complete the proof of Lemma 8.3.6.
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Lemma 8.3.9. Let ¢ = e ** and z € T Let 115(C), 2 and k(z) be defined as in (8.3.22),

(8.3.21), (8.3.24), respectively. We have

pa(e™*) =1 =0((2k)*™), as zk — 0, (8.3.25)

clz] < |zl < Clz|, (8.3.26)

[[k(zx) — k(2)]] < CK*¥|z|7>, (8.3.27)

112(O)k(21) — k()| < CR* 2. (8.3.28)
Proof. We first show (8.3.25). It is sufficient to show

lp2(e™™) — 1| = O(w*™®), asw — 0. (8.3.29)

Note that, by Lemma 8.3.6,

—w

pa(e”™) — 1= (1 i T coe’w> (f:wj(ew)j)‘i —1

Jj=0

—w 1
«@

:<1e +coe_w>(wo‘+02w2—|—03w3+---> -1
_efw

Q=

= (o™ (1= e ™)) () (1 2w et )
—w —w —w w 2—«a 1
=(e"4ce (l—e ))(1_6_w>(1+02w +-)e—1

= fi(w) fo(w) f3(w) — 1,

where fi(w) =e ¥ +ce (1 —e™™), fo(w) =25 and f3(w) =14 cow* >+ ---

l—e—w

-1

and

where ¢y, c3 - - - denote generic constants, which may differ at different occurrences. Thus
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we get
lim pa(e™) — 1 — lim F(w) + fi(w) fo(w) fi(w)
w—0 w2—o w—0 (2 _ a)wlfa
iy Fl) 4 fi(w) fo(w)(eqw' ™ + )
w—0 (2 _ oz)wl a 5
where

F(w) = fi(w) fa(w) fs(w) + fr(w) fo(w) fa(w)
= (e7(=1) +coe™(=1)(1 = e7) + coe™"e™™) fo(w) f3(w)
(I1—e™)—we™

(e e (1= ) = ) falw).

With ¢y = 1/2, it is easy to see that F(w) = O(w), w — 0. Further we have lim,,_, f1(w) fo(w) =

C. Thus the following limit exists

pa(e™) —1 . F(w) + fi(w)fo(w)(caw' ™ + )
o w—0 (2 _ Oé)’wl_a

which shows (8.3.29).
Next we show (8.3.26). Note that

lim
w—0 w2

9

B |k
ol JE] T Je(e
To show (8.3.26) it suffices to prove | 5(‘ 7 has limit as |zk| — 0, which follows form
ling S(ew) dimg (3% ww(e w)i)a =l (we + 02;02 . )a (8:3.30)
j=0 Wj
= lim L - = 1.

w—0 (1 + ngg_a + .- )a

Hence we have proved, for any fixed constant M > 0, there exists a constant C' such that

Similarly we may show % < C,V|zk| < M. Thus we get (8.3.26). We now show
(8.3.27). Note that

Be) B —zk (SRpwi(e®))E — 2k
2 — 2= —z= -
k k &
(R K)o — 2k (2R)(1 4 cp(2k) 2 - Yo — 2k
V1 + 2(zk)2~ >4+ ...) — 2k
_ (zh)(1+ 2(zk)+---) — 2 =0k *2*), askz—0.

k
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Thus we have, following the proof [63, (4.6)] and noting ||&’(2)|| < C|z|~2 in [63, (3.12)]
k(1) = k(2)I| < Clo| K02~ = CR* 2z

Finally we show (8.3.28). Following the same proof as in the proof of [63, (4.3)], we have

§ ]zk\z_“C]z\_l =+ k2_a‘2’1_a S Ckg_a\z\l_o‘.
Together these estimates complete the proof of Lemma 8.3.9. O

Remark 10. We remark that assuming that ug € D(A) rather than uy € L*(Q2) reduces
the singular behavior of the error bound at t = 0 . We can prove the convergence order

O(k*™*),0 < a < 1 similarly, see Lubich et al. [63].

8.4 Numerical Simulations

In this section, we will consider the convergence rates of the numerical methods with both

smooth and nonsmooth data for the following homogeneous problem. Consider

SDCu(w,t) —upe =0, 0<a2<1,t>0, (8.4.1)
w(0,t) = u(1,t) =0, (8.4.2)
u(z,0) = up(x), (8.4.3)

where ug(z) = x(1 — ) or up(x) = X(0,1/2)-

Let 0 < tg < t1 < ty < --- < ty = T be the time partition and k the time step
size. Let Nj, be a positive integer. Let 0 = 29 < 21 < 3 < --- < zy, = 1 be the space
partition and h the space step size. We will use finite element method to consider the
spatial discretization.

We first consider the scheme (8.1.13)-(8.1.14) and the convergence rate was proved to
be O(k) for both smooth and nonsmooth data in [47].

To observe this convergence order, we first calculate the reference solution w,.s(t) at
T =1 with h.ep = 279 and kyey = 271% We then use h = 27% and k = kappa * k,.; with

kappa = [22,23,2% 2% 26] to obtain the approximate solutions u(t) at t = 1. We choose



o k=28 k=277 k=26 k=275 | k=2 | Rate
0.1 | (a) | 0.02212e-4 | 0.0496e-4 | 0.1067e-4 | 0.2218e-4 | 0.4564e-4 | 1.1063
(b) | 0.0055e-3 | 0.0127e-3 | 0.0274e-3 | 0.0570e-3 | 0.1172¢-3 | 1.1063
0.3 | (a) | 0.0056e-3 | 0.0130e-3 | 0.0280e-3 | 0.0585e-3 | 0.1209e-3 | 1.1100
(b) | 0.0143e-3 | 0.0333e-3 | 9 0.0718e-3 | 0.1479¢-3 | 0.3094e-3 | 1.1099
0.8 | (a) | 0.0078e-3 | 0.0185e-3 | 0.0403e-3 | 0.0857e-3 | 0.1824e-3 | 1.1359
(b) | 0.0198e-3 | 0.0466e-3 | 0.1017e-3 | 0.2160e-3 | 0.4595e-3 | 1.1350
0.9 | (a) | 0.0054e-3 | 0.0128e-3 | 0.0284e-3 | 0.0621e-3 | 0.1404e-3 | 1.1766
(b) | 0.0134e-3 | 0.0320e-3 | 0.0708e-3 | 0.1546e-3 | 0.3490e-3 | 1.1757

Table 8.4.1: Time convergence orders with the different a for the L1 scheme
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the smooth and nonsmooth initial data (a) ug(z) = x(1 — x) and the nonsmooth data (b)
uo(r) = X(0,1/2) We obtain the following results in Table 8.4.1, which are consistent with
the Table 8.4.1 in [47]. The convergence order indeed is almost O(k) for the different
a € (0,1) in both smooth and nonsmooth data cases.

We next consider the modified L1 scheme (8.1.19)-(8.1.20) and the convergence rate
is O(k*=) for both smooth and nonsmooth data.

To observe this convergence order, we first calculate the reference solution u,.r(t) at
T =1 with hyey = 27% and k,.; = 271°, We then use h = 27% and kappa = [2%,2?,24,2°, 2]
to obtain the approximate solutions u(t) at ¢ = 1. We choose the smooth and nonsmooth
initial data (a) ug = (1 — x) and the nonsmooth data (b) ug = X(0,1/2) We obtain the
following results in Table 8.4.2.

We found that the modified L1 scheme has the better accuracy than L1 scheme and
the errors are about le — 05 or le — 04 for all o € (0, 1). The error of the L1 scheme are

only le — 03.



o k=28 k=277 k=26 k=25 | k=2 | Rate
0.1 | (a) | 0.0007e-5 | 0.0030e-5 0.0125e-5 | 0.0517e-5 | 0.2197e-5 | 2.0674
(b) | 0.0018e-5 | 0.0078e-5 0.0322e¢-5 | 0.1333e-5 | 0.5658e-5 | 2.0668
0.3 | (a) | 0.0013e-5 | 0.00064e-5 | 0.0291e-5 | 0.1302e-5 | 0.5891e-5 | 2.1914
(b) | 0.0004e-4 | 0.00017e-4 | 9 0.0076e-4 | 0.0339e-4 | 0.1527e-4 | 2.1839
0.8 | (a) | 0.0079e-4 | 0.0201e-4 0.0462e-4 | 0.0981e-4 | 0.1782e-4 | 1.1223
(b) | 0.0196e-4 | 0.0496e-4 0.1140e-4 | 0.2421e-4 | 0.4407e-4 | 1.1230
0.9 | (a) | 0.0141e-4 | 0.0345e- 4 | 0.0778e-4 | 0.1687e-4 | 0.3848e-4 | 1.1573
(b) | 0.0347e-4 | 0.0851e-4 0.1920e-4 | 0.4162e-4 | 0.8597e-4 | 1.1572

Table 8.4.2: Time convergence orders with the different « for the L1 scheme
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Chapter 9

Conclusions and Forthcoming

Research

This thesis mainly consists of four papers which have been published in the peer refereed
international journals. In Chapter 5, we consider the Fourier spectral methods for solving
some linear stochastic space fractional partial differential equations perturbed by space-
time white noises. The space fractional derivative is defined by using the eigenvalues and
eigenfunctions of Laplacian subject to some boundary conditions. We approximate the
space-time white noise by using piecewise constant functions and obtain the approximated
stochastic space fractional partial differential equations. The approximated stochastic
space fractional partial differential equations are then solved by using Fourier spectral

methods.

In Chapter 6, we consider the Fourier spectral methods for solving stochastic space frac-
tional partial differential equation driven by special additive noises. The space fractional
derivative is defined by using the eigenvalues and eigenfunctions of Laplacian subject
to some boundary conditions. The space-time noise is approximated by the piecewise
constant functions in the time direction and by appropriate approximations in the space
direction. The approximated stochastic space fractional partial differential equations is

then solved by using Fourier spectral methods.

144



145

In Chapter 7, we consider the discontinuous Galerkin time stepping methods for solving
the linear space fractional partial differential equations. The space fractional derivatives
are defined by using Riesz fractional derivative. The space variable is discretized by
means of a Galerkin finite element method and the time variable is discretized by the
discontinous Galerkin method. The approximate solution will be sought as a piecewise
polynomial function in ¢ of degree at most ¢—1,¢ > 1, which is not necessarily continuous
at the nodes of the defining partition. The error estimates in the fully discrete case are

obtained and the numerical examples are given.

Finally, in Chapter 8, we consider error estimates for the modified .1 scheme for solving
time fractional partial differential equation. Jin et al. (2016, An analysis of the L1
scheme for the subdiffifusion equation with nonsmooth data, IMA J. of Number. Anal.,
36, 197-221) established the O(k) convergence rate for the L1 scheme for booth smooth
and nonsmooth initial data. We introduce a modified L1 scheme and prove that the
convergence rate is O(k?®),0 < a < 1 for both smooth and nonsmooth initial data.
We first write the time fractional partial differential equations as a Volterra integral
equation which is then approximated by using the convolution quadrature with some
special generating functions. A Laplace transform method is used to prove the error
estimates for the homogeneous time fractional partial differential equation for both smooth
and nonsmooth data. Numerical examples are given to show that the numerical results

are consistent with the theoretical results.

The importance of research into stochastic space fractional differential equations, time
fractional differential equation and their significance to future applications warrants the

continued study. We propose some possible research topics in this active research area:

e Spectral method for solving stochastic space fractional PDEs with some special

space-time noise.
e Finite element method for solving stochastic space fractional PDEs.

e Stochastic space fractional PDEs with multiplication noise.
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